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Preface 


This book provides an introduction to the use of algebraic methods and sym- 
bolic computation for simple quantum systems with applications to large order 
perturbation theory. It is the first book to integrate Lie algebras, algebraic 
perturbation theory and symbolic computation in a form suitable for students 
and researchers in theoretical and computational chemistry and is conveniently 
divided into two parts. 

The first part, Chapters 1 to 6, provides a pedagogical introduction to the 
important Lie algebras so(3), so(2,1), so(4) and so(4,2) needed for the study 
of simple quantum systems such as the D-dimensional hydrogen atom and 
harmonic oscillator. This material is suitable for advanced undergraduate and 
beginning graduate students. Of particular importance is the use of so(2,1) 
in Chapter 4 as a spectrum generating algebra for several important systems 
such as the non-relativistic hydrogen atom and the relativistic Klein-Gordon 
and Dirac equations. This approach provides an interesting and important 
alternative to the usual textbook approach using series solutions of differential 
equations. 

The second part, Chapters 7 to 10, provides an introduction to large or- 
der perturbation theory, using the so(4,2) algebraic approach developed in the 
first part, to large order perturbation theory for the Stark and Zeeman per- 
turbations in hydrogenic systems and central field perturbations arising from 
the charmonium, harmonium, screened Coulomb and Yukawa potentials. The 
emphasis here is on the symbolic computation of the energy and wavefunction 
corrections using the Maple computer algebra system. Many results previ- 
ously available only in research journals are presented here along with some 
new results and applications. 

The general concepts of Lie algebras and their matrix representations are 
introduced in Chapter 1 using only the familiar concepts of vector spaces, linear 
transformations and matrices with examples from angular momentum theory. 
In Chapter 2 commutation relations involving position, momentum and angular 
momentum operators г, р and Г are derived in a systematic way. They are 
needed to obtain the coordinate realizations of the Lie algebras so(3), so(2,1), 
so(4) and so(4,2) which are of primary importance in algebraic perturbation 
theory. 

A brief review of so(3) is presented in Chapter 3. This is just the familiar 
angular momentum theory from an algebraic viewpoint. Since angular mo- 
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mentum theory is covered in considerable detail in many specialized books 
and textbooks on quantum mechanics using both the algebraic and differential 
equations approaches, we consider only the basic ideas which illustrate, in a 
familiar context, the algebraic approach used in subsequent chapters to study 
more complicated Lie algebras. The important concept of a vector operator 
with respect to so(3) is also introduced here and the matrix representation of 
a vector operator is derived. These results are useful later in the derivation of 
matrix representations of so(3,1) and so(4). 


In Chapter 4 the matrix representations of so(2,1) are derived following the 
same approach used in the previous chapter for so(3). The general theory is 
the same in either case. However, there are fundamental differences when we 
restrict our representations to the unitary irreducible representations (unirreps) 
needed for the applications of so(2,1) as a spectrum generating algebra for a 
class of radial Schrodinger equations. In fact all the unirreps of so(3) are 
finite-dimensional whereas those of so(2,1) are infinite-dimensional. 


Next, realizations of the so(2,1) generators in the coordinate representation 
are derived in a form suitable for expressing the radial eigenvalue problems for 
various simple quantum systems such as the hydrogen atom. We use these 
realizations, the matrix representations of so(2,1) and a simple scaling trans- 
formation to show that the radial Schrodinger equation for the D-dimensional 
hydrogen atom and harmonic oscillator can be expressed as eigenvalue prob- 
lems for one of the so(2,1) generators. Since the classification of the eigenvalue 
spectra of this generator are known from the matrix representation theory, 
the formulas for the energy levels and wavefunctions are directly obtained, 
thus providing a purely algebraic alternative to the usual differential equation 
approach. 

We also consider other systems such as the Klein-Gordon equation and the 
relativistic Dirac equation. Finally we show how to separate the Schrodinger 
equation for the 3-dimensional hydrogen atom in parabolic coordinates and 
we obtain a parabolic realization of the so(2,1) generators. This realization 
will be useful in the application of perturbation theory to the Stark effect in 
Chapter 8. 

To proceed to higher Lie algebras containing both so(3) and so(2,1) as sub- 
algebras it is necessary to consider the representation theory and realizations of 
so(4), the Lie algebra of the 4-dimensional rotation group. In Chapter 5 so(4) 
and so(3,1) are introduced by closing out the commutation relations of so(3) 
with a vector operator. Then the general representation theory is developed. 
Again when we specialize to unirreps it is found that all the unirreps of so(4) 
are finite-dimensional whereas those of so(3,1) are infinite-dimensional. 

In the so(4) case, in which we are primarily interested, an important real- 
ization of this vector operator is provided by the quantum mechanical version 
of the classical Laplace-Runge-Lenz vector first used by Pauli in his purely 
algebraic group theoretical treatment of the hydrogen atom. This energy- 
dependent realization of so(4) is not suitable for merging with our so(2,1) real- 
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izations so we apply a scaling transformation to obtain an energy-independent 
realization referred to as the scaled hydrogenic realization of so(4). It follows 
that the scaled hydrogenic basis functions introduced in Chapter 4 provide a 
matrix representation of both so(2,1) and our scaled hydrogenic representation 
of so(4). 

Chapter 6 concludes the first part of the book. Here we finally merge to- 
gether the Lie algebras so(3), so(2,1) and so(4) into a bigger Lie algebra by 
closing out the commutation relations with three additional vector operators. 
The result is a Lie algebra with 15 generators called so(4,2). The scaled hy- 
drogenic realization of these generators is then obtained. The important result 
is that the complete set of scaled hydrogenic wavefunctions form a basis for 
a single infinite dimensional unirrep of so(4,2). This means that we can eas- 
ily calculate the matrix elements of any operator expressible in terms of the 
so(4,2) generators. In particular the various perturbations considered in the 
second part of the book are easily expressed in terms of the so(4,2) generators 
and their matrix elements are simple finite sums. 

In Chapter 7 Rayleigh-Schrodinger perturbation theory (RSPT) is pre- 
sented in a general context for a nondegenerate reference state in preparation 
for several detailed examples of hydrogenic perturbation theory in the next 
chapters. First we develop the conventional RSPT formalism in terms of iter- 
ative formulas for the wavefunction and energy corrections. 


Our interest is in hydrogenic perturbation theory for which the unperturbed 
Schrodinger equation is defined by a hydrogenic hamiltonian. In this impor- 
tant case it is well known that conventional perturbation theory is incomplete 
in the sense that the unperturbed radial hydrogenic eigenfunctions for bound 
states do not form a complete set for the expansion of a bound state solution 
to the perturbed Schrodinger equation. The continuum states must also be 
taken into account in the perturbation expansions. This problem begins in 
second order and higher orders become unmanageable due to the multiple in- 
tegrations over the continuum state contributions. Even if these contributions 
were negligible there remain slowly converging infinite sums over the discrete 
set of unperturbed bound states. We briefly discuss the Dalgarno and Lewis 
method for avoiding the continuum states by directly solving the inhomoge- 
neous differential equations. However this method can not be easily extended 
in a systematic way to higher orders. 

The most promising methods for avoiding the continuum state contribu- 
tions are those which do not require the direct calculation of the wavefunction 
(see Chapter 10) and the algebraic perturbation theory based on the Lie al- 
gebra so(4,2) which relies on a simple scaling transformation to replace the 
unperturbed hamiltonian by a new unperturbed eigenvalue problem which has 
only discrete states. Here the matrix representations of the most important 
perturbations are not expressed as infinite sums over this complete set of dis- 
crete states but as finite sums with a small number of terms. This perturbation 
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theory is referred to as modified algebraic RSPT and the formalism is devel- 
oped in Chapter 7. 

In Chapter 8 the algebraic RSPT for the Stark effect is developed to large 
order for the ground state using symbolic computation and the Maple com- 
puter algebra system. The Stark effect is a special case in the sense that the 
conventional perturbation theory is also applicable to high order using the sep- 
aration in parabolic coordinates. We consider the symbolic computation for 
the perturbation of a general parabolic state in the two-dimensional and three- 
dimensional cases, thus extending the original work of Alliluev and Malkin 
and of Silverstone. This is an excellent example of the application of symbolic 
methods to perturbation theory. 

In Chapter 9 the Zeeman effect is considered in detail. Unlike the Stark ef- 
fect, which is reducible to a one-dimensional problem by separation in parabolic 
coordinates, the Zeeman effect is inherently a two-dimensional problem. In this 
chapter we show how the modified algebraic RSPT of Chapter 7 can be used to 
obtain the energy and wavefunction corrections in rational form to high order 
using Maple. We also develop the modified algebraic RSPT for degenerate 
states in the special case of a doubly degenerate state by adapting the general 
case of conventional degenerate RSPT and applying it to the 3s — 3dp sublevel 
which is the first case where degenerate RSPT is needed for the Zeeman ef- 
fect. Finally we show how the method of moments, which does not require the 
wavefunction, can also be used to obtain the ground state energy corrections 
in rational form. 

The modified algebraic RSPT is then applied to several spherically symmet- 
ric perturbations of a hydrogenic system in Chapter 10. We consider the power 
potentials of the form г“ for the charmonium (4 = 1) and harmonium (4 = 2) 
cases. Next we consider alternative approaches to obtaining the energy series 
that do not require the wavefunction but are easily adaptable to symbolic com- 
putation. The first method is a power series or difference equation approach 
which is applied to the Yukawa potential and the second method is the HVHF 
method which is based on the Hypervirial and Hellman-Feynman theorems. 
This method is applied to the charmonium and harmonium potentials and to 
the screened Coulomb and Yukawa potentials. 

Several appendices containing tables of symbolic results for various energy 
series and the solutions to all exercises are also included. 

To conclude, I would like to thank Professors Josef Paldus and Лн Cizek 
for many fruitful and stimulating discussions over the the past several years. 
This book, which had its beginnings in the articles [CI77a] and [AD88b], is a 
direct result of my collaboration with them. 
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Chapter 1 


General Discussion of Lie 
Algebras 


1.1 Introduction 


In this chapter a discussion of the general aspects of Lie algebras is presented 
using only the familiar concepts of vector spaces, linear transformations and 
operators, matrices and commutators. Our treatment is brief in order to pro- 
vide only the necessary background for an understanding of the applications in 
later chapters. The relationship between a Lie algebra and its corresponding 
Lie group is discussed in Appendix B. 

We first define an algebra in terms of a vector space with a bilinear multi- 
plication and then define a Lie algebra as a particular kind of nonassociative, 
noncommutative algebra. Next the concepts of a representation, matrix rep- 
resentation, irreducible representation, and realization of a Lie algebra are 
discussed since they are important for our applications in later chapters of Lie 
algebras to the evaluation of matrix elements of quantum mechanical operators. 


1.2 Definition of a Lie Algebra 


First we define a linear algebra over a field F as a vector space A over Л having 
a bilinear law of composition (multiplication) denoted by Ao B which has the 
following properties, for all a € Л and A,B,C € A. 


(1) Ао ВЕД, 

(2а) Ао(В+С) = Ао В+ АоС, 
(2b) (А+В)оС = АоС+ ВоС, 
(3) а(АоВ) = (аА)} о В = Ао(аВ). 


The product of А and В is often denoted, using juxtaposition, by АВ. We 
shall always assume that F is either the real or complex number field. 

The first rule guarantees the closure of the algebra under the multiplication. 
The distributive rules (2) and rule (3) combine this multiplication with the 
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multiplication by the scalars of the underlying vector space A and imply the 
usual bilinearity rule 


(> a; A;) о ю Bx Bi) = 2, asPa(A; о Bx), (1.1) 


for all scalars a;, 8, Е Л and elements A;, By, € A. 

Different types of algebras can be defined by imposing further rules. For 
example a commutative algebra would have the additional rule that the mul- 
tiplication be commutative: 


(4) АоВ = ВоА. 


In this case rule (26) follows from rule (2a) and would be redundant. An 
associative algebra would have the additional rule that the multiplication be 
associative: 


(4”") Ao(BoC)=(AoB)oC. 


A commutative associative algebra would include both rules (4’) and (4"). 
A standard example of an algebra that is associative but not commutative is the 
n-dimensional algebra of п xn matrices over the real or complex number fields 
with respect to the usual operations of scalar multiplication, matrix addition 
and matrix multiplication. 

In general a Lie algebra CL is neither associative nor commutative. The 
Lie multiplication is usually denoted by [A, В] rather than Ао В and is also 
called the bracket of A and В. If we use С to denote both the Lie algebra 
and the underlying vector space then the Lie multiplication has the following 
properties, for all a € Л and A,B,C € Г. 


(1) [А, ВЕБ, 

(2) [A,B+C] = [A,B] + [А,С71, 

(3) а[А, В] = [aA, В] = [A,aB], 

(4) [A, В] = —[В, Al, 

(5) ГА, [В,С7] + [В, [С, 41] + [С, [А, В]] =0. 


Thus а Lie algebra is an algebra with the additional rules (4) and (5). Rule 
(4) shows that the Lie multiplication is anticommutative. The left distributive 
rule [A+ B,C] = [A,C] + [B,C] follows from rules (2) and (4). Rule (5) 
shows that a Lie algebra is not associative. It is called the Jacobi identity 
and replaces rule (4”) of an associative algebra. Rules (2) and (3) imply the 
bilinearity rule analogous to (1.1) 


Sa;A;, >, ВьВь 
k 


j 


= У а;вь[А;, Bel. (1.2) 
ak 


Lie algebras can often be obtained from an associative algebra A of matri- 
ces, linear transformations or linear operators on some vector space, by defining 
the Lie multiplication of two elements A, ВЕ A as the commutator 


[A,B] = АВ- BA, (1.3) 
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in terms of the associative multiplication (denoted here by juxtaposition). The 
importance of the commutator is that it satisfies the defining rules (2) to (5) 
of a Lie algebra (see Exercise 1.2). Thus to obtain a Lie algebra using the 
commutator it is only necessary to verify the closure rule (1) in any particular 
case. 

Since a Lie algebra has an underlying vector space structure a basis for the 
vector space is also said to be a basis for the Lie algebra. If dim(£) = п and 
{E; :j =1,...,n} is a basis Юг С the closure property (1) implies that the 
Lie products of the basis vectors have the form 


LE;, Ex] = Усы +. (1.4) 
4 


The constants сле are called structure constants of the Lie algebra. Because 
of the bilinearity rule (1.2), the Lie product of any two elements of the Lie 
algebra is completely specified by (1.4): if A = У; а,Е; and В = Be Ex 
then [A, В] = С, where С = >, yey and Ye = Yo 54 Oj Вьсуы. 

We should also mention that to each Lie algebra there corresponds one or 
more Lie groups. In fact each basis vector of a Lie algebra is an infinitesimal 
generator of a one-parameter subgroup of some Lie group. The study of Lie 
groups is quite complex, involving both topology and differentiable manifolds, 
and will not be undertaken here. A brief discussion of the relationship between 
Lie algebras and Lie groups is given in Appendix B. 


1.2.1 Example: the general linear Lie algebra 


The set of all linear transformations (operators) A: У — У on a vector space 
У is also a vector space and an associative algebra with respect to the usual 
scalar multiplication and addition and composition of linear transformations. 
If the commutator (1.3) is used as the Lie multiplication, a Lie algebra denoted 
by gl(V) is obtained. This algebra is called the general linear Lie algebra. In a 
sense to be made precise in the next section, all finite dimensional Lie algebras 
are isomorphic to a subalgebra of some gl(V). 

If an n-dimensional basis is chosen for У then each linear transformation is 
represented by an п X п matrix A with matrix elements (A);, Е Л. This set 
of matrices is an n*-dimensional vector space and also an associative algebra 
with respect to the usual matrix addition and matrix product. The standard 
basis for this algebra is {Еж:1< j,k <n} where E;, is the matrix with 1 in 
position (j,k) and 0 elsewhere. Matrix element (r,s) of £;, can be expressed 
as 


(Esk )rs = будь», (1.5) 


where 6,, denotes the Kronecker delta symbol equal to 1 if 7 = & and 0 
otherwise. Every п xX п matrix can be expressed as the linear combination 
A = 0 (А) ьЕз». This algebra can be made into a Lie algebra called gl(n, Л) 
using the commutator (1.3) as the Lie multiplication. The closure property (1) 
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is expressed by the defining commutation relations (see Exercise 1.5) 


CE jn, Bem] = быт — биз Век. (1.6) 


1.3 Representations of a Lie Algebra 


The important concept of a representation of a Lie algebra can be defined in 
terms of a homomorphism of the underlying vector spaces of two Lie algebras 
which also preserves the Lie product. Thus, if С and L’ are two Lie algebras 
then a linear transformation T : С -+ L' is a homomorphism if 


T(aA + ВВ) = aT(A) + ВТ(В), (1.7) 
Т(ГА, В1) = [T(A), T(B)), (1.8) 


for а] а, ВЕ Л and А, ВЕ CL. A representation of С can now be defined аз 
a homomorphism T : 6 -+ gl(V). If T is 1 to 1 it is called an isomorphism 
and the representation is said to be faithful. The vector space У on which the 
linear operators T(A) act is referred to as the representation space. 

We are primarily interested in matrix representations of finite dimensional 
Lie algebras. If we choose a basis for У then we can define an п х п matrix 
representation of С as a homomorphism T : С -+ gl(n, Л) and we say that 
each element A of the Lie algebra is represented by the matrix T(A). There is 
no loss of generality here since it can be shown that every finite dimensional 
Lie algebra is isomorphic to a subalgebra of some #1(У). 

Another way to introduce matrix representations is to start with the defin- 
ing commutation relations (1.4) of a Lie algebra and consider the basis vectors 
Е; as operators acting on some N-dimensional vector space У. If {|j) : 1 = 
1,...,N} is a basis for У then ВК) = Yo; |1) (ЛЕК), 9,4 = 1,...,N and 
€=1,...,n where (ЛЕК) denotes matrix element (j,k) of Ey. These matri- 
ces also satisfy the defining commutation relations (1.4) and we say that they 
are a basis for a matrix representation of the Lie algebra. 


1.3.1 Examples of matrix representations 


Consider the real Lie algebra, denoted by so(3) or su(2), having basis vectors 
Е;, ] =1,2,3 and the defining commutation relations 


(Ey, Ey) = №, [Е›, Ез] = fy, [Ез, Ел] = Ep, (1.9) 


which can be compactly expressed as [E;, Fx] = УЕ Ёь using the fully 
anti-symmetric Levi-Civita symbol Ее (see Appendix A). A two-dimensional 
matrix representation is given by the three matrices 


0 —- о 0 
X=] ; 2 №=р у 21,=| 2 | I, (1.10) 
5 «CO 5 0 3 
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and a three-dimensional one is given by the three matrices 


оо о оо 1 0 -1 0 | 
Y;=] 0 o -11,¥%2=] 0 о of ,¥3=] т о , (1.11) 
ото -1 о 0 оо о 


under the isomorphisms Т1(Е;) = X; and Т2(Е;) = Y,. This shows that there 
can be many matrix representations of a given Lie algebra. 

Even though some of the matrix elements in (1.10) are complex numbers, 
the reference to the Lie algebra as a real one is to the underlying vector space 
structure and means that every element has the form Х = >; a,X; for a; Е В, 
the real number field. Alternatively, we could consider the complex Lie algebra 
by letting the coefficients a; be complex numbers. 

As a second example consider the real Lie algebra, denoted by so(2,1), 
having defining commutation relations 


[21,22] =—Z3, (22, 63] = а, [23,21] = Zo. (1.12) 


А three-dimensional matrix representation of this Lie algebra is given by the 
matrices 


оо о 0 oO -1 ото 
И=]о о -1| ,22=| о о of ,Z3=]-1 о of. (1.13) 
0 -1 0 -1 о о оо о 


It is important to note that the real Lie algebras so(3) and so(2,1) are not 
isomorphic since the transformation 21 = 1f£,, 22 = 1h, and Z3 = E3 which 
transforms the defining commutation relations (1.12) into (1.9) is a complex 
linear transformation, not a real one. As complex Lie algebras they are iso- 
morphic. For an example of a representation of the 8-dimensional Lie algebra 
su(3) see the end of chapter exercises. 


1.4 Realizations of a Lie Algebra 


For our purposes a realization of a Lie algebra is a homomorphism which 
associates a concrete set of operators with each abstract basis vector of the Lie 
algebra. It is more of a physical concept than a mathematical one and is of 
great importance in the application of Lie algebras. 

In quantum mechanics such operators are often differential operators ex- 
pressed in terms of the position and momentum operators, 4 and р, and acting 
on some Hilbert space of quantum mechanical states. Alternatively, the real- 
ization may also be expressed in terms of matrix operators as is the case for 
the spin operators which are naturally constructed in terms of the Pauli spin 
matrices. We shall also refer to such a set of concrete operators and states as a 
realization of the Lie algebra. There are two ways to approach this connection 
between operators and abstract basis vectors. 
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One approach is to begin with an abstract Lie algebra and try to find a 
suitable set of operators which satisfy the same commutation relations as the 
abstract basis vectors of the Lie algebra. Alternatively, the more common 
approach is to start with a set of physically meaningful operators A = {A;} 
and evaluate their commutators. If [A;, Az] = do¢cjeeAe for each pair of 
operators in A then A is closed under commutation and is a realization of 
some Lie algebra. Otherwise we can attempt to extend the original set by 
including in it any new operators arising as commutators and not expressible 
as linear combinations of the operators in A. More precisely, let CO) = {С (1) 
be the set of operators such that each cM) = [A,, Ак] for some pair of indices 


j, К and such that ol) is not expressible in the form У`\;, а» Ак. Now consider 
the commutators of all operators in the extended set A?) = C@) UA. We can 
iteratively continue this process to obtain A), A), ..-, А®. It may happen 
after a finite number of steps k that a closed set of operators is obtained and 
we have a basis for some Lie algebra. 


Another variation of this approach is to merge together the realizations of 
two Lie algebras to obtain a realization of a larger Lie algebra. Thus if the 
sets A = {A;} and B = {B;} are realizations of the basis vectors of two Lie 
algebras we can ask if their union AU B is a basis of a larger Lie algebra. 
This will be the case only if the commutators of the form [A;, B,J] can be 
expressed as linear combinations of the operators in AUB. Otherwise we must 
extend AUB to include the set C” of operators of = [A;, By] which are not 
expressible in this form. Continuing in this fashion we may or may not arrive 
after a finite number of steps at a set AUBUCM U- --UC™ of operators which 
form the basis of a Lie algebra. 

This merging of two Lie algebras will be done several times in subsequent 
chapters. For example the Lie algebra so(4) will be obtained by merging two 
so(3) algebras. In this case no additional operators are needed to “close out” 
the commutation relations so so(4) is generated by 6 operators. Then these 
6 generators of so(4) will be merged with the 3 generators of so(2,1). In the 
process 6 new operators are necessary to “close out” the commutation relations 
and obtain the 15 generators of the Lie algebra so(4,2). 


A realization of a Lie algebra in terms of operators is usually accompanied 
by a realization of the underlying vector space on which the operators act and 
we are naturally led to consider matrix representations of the operators using a 
concrete basis for this vector space and hence to matrix representations of the 
Lie algebra. We should emphasize however that there are many advantages 
to working with the abstract basis of the Lie algebra. In fact we shall see 
that the matrix representations can be obtained without using a particular 
realization of the basis or the underlying vector space. This is one of the main 
advantages of Lie algebras. Moreover if we have a set of operators and we can 
show that they form a realization of the basis vectors of a Lie algebra whose 
representations are known then we can use these known results to evaluate the 
matrix elements of our operators. This is the case for all of the Lie algebras 
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considered in this book. 


1.4.1 Examples of realizations 
Orbital angular momentum and so(3) 


The three components L;, 7 = 1,2,3, of the orbital angular momentum Ё = 
г X p, where r = (21,22, хз) is the position vector in ВЗ and р = —У is the 
momentum vector’, provide a realization of the basis vectors of the Lie algebra 
so(3) since they satisfy the commutation relations 


Ил, [2] = 1Ls, (15, [3] — aL, (15, [1] — $[.2, (1.14) 
which can be written together аз 


(L;, Ly] = 93277772 (1.15) 
Г. 


These commutation relations are equivalent to those in (1.9) И we define 
Е; = -1L,;, 3 = 1,2,3. 

In quantum mechanics it is more usual to consider so(3) using the compo- 
nents of the angular momentum rather than the basis vectors Ё; even though 
the L; are not basis vectors of the real so(3) Lie algebra (they are hermitian but 
the commutator of two hermitian operators is skew hermitian not hermitian). 
Physically they generate infinitesimal rotations of the real Lie group SO(3) 
considered as a transformation group оп В. In quantum mechanics we are 
mainly interested in unitary representations of Lie groups and these correspond 
to representations of the Lie algebra for which the infinitesimal generators are 
hermitian (see Appendix В). 

In Cartesian coordinate space the L; are differential operators and they 
act on some suitable vector space of functions 7%(r). Alternatively a spher- 
ical coordinate system can be used and a realization of the basis vectors 
can be chosen as the set of spherical harmonic functions {Yjn(0,¢) : 2 = 
0,1,-.-, со, -€<m< 2}. From this point of view the У are simultaneous 
eigenfunctions of L? = [2+ [2 + [2 and L3 satisfying the differential equations 
LV pm = (6 + ТУ. (0, $) and L3Yim(9,¢) = тУшт(0, $). Thus the study of 
Lie algebras, their representations and their realizations, is closely connected 
with the solution of various classes of differential equations. 

We can also consider SO(3) as the three parameter 3 x 3 matrix group of 
rotations in В? (see Appendix В). This gives rise to a natural realization of the 
so(3) commutation relations in terms of the infinitesimal generators in (1.11) 
or, defining L; =7Y;, 7 = 1, 2,3, in terms of the hermitian matrices 


ооо оо i о- о 
= о о -|, №=|о o of, = го of. (1.16) 
ого -i 0 0 оо о 


1we use atomic units throughout this book with h = 1 
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It is shown in Appendix В that each matrix L; generates a one-parameter 
unitary subgroup of SO(3). For example, if a Е R then the matrices U(a) = 
e~t*la = e°%3 are a one-parameter subgroup of SO(3) of rotations about the 
v3 axis in R°. 

Another useful set of commutation relations equivalent to (1.15) can be 
obtained using the so-called ladder operators (also called raising and lowering 
operators ) 


L, =1,+ils, (1.17) 
L_=1, il», (1.18) 


instead of [1 and [2. Then the commutation relations among L,, [_ and L3 
are given by 


(+, 0 ] = 2L3, (1.19) 
(з, [+] — Ly, (1.20) 
[3,2] =—-L-. (1.21) 


This form of the so(3) commutation relations and similar ones for so(2,1) will be 
used in later chapters in the construction of the irreducible representations of 
so(3) and so(2,1). They can often arise naturally from physical considerations 
as shown in the isospin and quasispin examples below. 


Spin and su(2) 


Consider the real Lie algebra su(2), which corresponds to the real Lie group 
SU(2) of 2 x 2 unitary unimodular matrices and also has the defining com- 
mutation relations (1.15), or equivalently (1.9) (see Appendix B). The natural 
realization of su(2), which is also a matrix representation is given by the com- 
ponents of the one-electron spin vector S = 20 defined in terms of the Pauli 


spin matrices 
0 1 0 -2 10 
1 = ( 5) ‚ ва = ( 5) ‚ 03 = ( 4) . (1.22) 


The spin components 5; also satisfy the su(2) commutation relations (1.15) 
and are related to the matrices in (1.10) by X; = —50;. The components 
of the total one-electron angular momentum J = L + S also satisfy these 


commutation relations and provide another realization of su(2). 


Isospin and elementary particles 


In nuclear physics we might consider neutrons and protons to be different 
nucleon states. A state vector consisting of several nucleons could then be 
described in terms of fermion annihilation and creation operators. An over- 
simplified picture, ignoring the space and spin dependence of the states, is to 
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assume that there are only two states for a nucleon: it is either a proton or a 
neutron. Then we can define a¥ to be a proton creation operator and a, to 
be a proton annihilation operator. Similarly, define a+ and a, for neutrons: 
These operators satisfy the characteristic fermion anti-commutation relations 


{a,,a>} = {a,,at} =1, 

{a,,a,} = {а а, } = {а а} = {az , a5} =0, 

+ _ f+ _ _ ft _ 

{a} ,a,} = {а а,} = {a,,a,} = {at af = 0, (1.23) 


where {А, В} = АВ + BA defines the anticommutator of two operators. We 
are interested in products of pairs of these operators which describe excitations 
preserving the number of nucleons. There are four such operators: 


Е12 = at 


р Ел = ата 


— gt 
a,, ЕР =ала „а, 


р’ Ea = ата». (1.24) 

The first operator, E42, describes the annihilation of a neutron followed 
by the creation of a proton. We can think of this as a state change in which 
a neutron is changed into a proton. Similarly, Ё1 describes the opposite 
situation. The last two operators are called number operators: FE; gives the 
number of protons (0 or | in our simple case) and similarly E22 gives the 
number of neutrons. Since none of the operators in (1.24) changes the number 
of nucleons it follows that the operator 


_ t+ + 
№ = aja, +ала,, (1.25) 


gives the total number of nucleons and commutes with each of the four oper- 
ators in (1.24). This can be verified by direct calculation of the four commu- 
tators (CN, Е;ь] = 0), using the anticommutation relations (1.23). The four 
excitation operators Ё;к satisfy the commutation relations (1.6) of the general 
linear Lie algebra gl(2). This can be verified by direct calculation using the 
identities proved in Exercise 1.3. For example, the commutator of ЁЕ12 and Fa 
can be evaluated as follows: 


[Ел2, £21] 
= [ата афа,] 


= а* [ааа] + [at ата ]а, 


— ay ({a,, a, }a, ~~ at {а„, а, ) + ({а+,а*}а, — ax {az ,a, a, 


+ + — 
а, аа, = Fa — Е. 


= a, a, 


The full set of commutation relations is given by 
[Е12, Е21] = Fy, — Fa, 
CFy2, Е11] = —Fy2, [ЁЕ12, Foo] = Era, 


[Fo1, Е11] — Fay, [Езт, Eo] — — Fo, 
(Ey, E22] = 0. (1.26) 
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Now if we define operators K,, K_ and K3 by 


Ky, = Ey. = а, аи, 
К_ = Ea = a, а, 
Кз = (Е — Ey) = (ата, —ata,), (1.27) 


then these operators satisfy the commutation relations (see (1.19) to (1.21)) 
(K,,K_] =2K3, (€K3,K4] =K,, (K3,K_] =—-K_, 


of the Lie algebra su(2). Thus we can “play the same game” [1165] with them 
as with the angular momentum operators. The analysis given here parallels 
that for spin in a two-state system (spin up and spin down) and by analogy is 
called isospin in the nuclear case. 

Boson systems, having annihilation and creation operators which satisfy 
commutation relations rather than anticommutation relations, can also be used 
to construct realizations (see Exercise 1.14). The reason is that in both the 
fermion and boson case only bilinear products of the annihilation and creation 
operators are used and these satisfy commutation relations (see Exercise 1.3). 


1.5 Irreducible Representations 


The problem of classifying all matrix representations of a given Lie algebra 
is an important but difficult one which reduces to the determination of all 
irreducible representations (irreps). There is a close relationship between the 
representation theory of Lie groups and Lie algebras in the sense that the 
purely algebraic problem of computing all irreducible representations of the Lie 
algebra of a group also gives, via exponentiation, the irreducible representations 
of the group. The basic terminology and definitions are the same as in the 
representation theory of finite groups. 

The concept of an irreducible representation of a Lie algebra can be defined 
in terms of invariant subspaces of the representation space. ШТ : С — gl(V) is 
a representation of a Lie algebra С, with representation space У and if W is a 
subspace of У then W is invariant under T if T(A)w Е W for every A Е £ and 
w € W. In other words W is mapped to itself by all linear operators in gl(V). 
A representation is said to be reducible if there is a proper subspace of У which 
is invariant under Т. If this is not the case we say that the representation is 
irreducible. 

Two representations T’ : С -+ gl(V) and T” : С — gl(V) having the same 
representation space V are said to be equivalent if there exists a non-singular 
linear transformation S : У -+ У, called a similarity transformation, such that 
T"(A) = ST’(A)S"! for all АЕ С. In terms of matrix representations this 
simply means that a suitable change in the basis of У can be found which 
transforms the matrices T’(A) into the matrices Т"(А). 
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The concept of an irreducible representation is more easily understood in 
terms of matrix representations. Let T : С — gl(n,F) be a matrix represen- 
tation such that the п x п matrices T(A), АЕ CL, all have the identical block 
structure (or are equivalent to such a representation in the sense defined above) 


T'(A) Х(А 
(A) = ( (и т и). (1.28) 


where T"(A) is a k x k matrix, Т"(А) is an (n — К) x (n —k) matrix, Х(А) is 
an arbitrary k x (n—k) matrix and Я is ап (п —k) x k zero matrix. It follows 
that Т’: С > gl(k, Г) and T” : L - gl(n—k, Г) are smaller dimensional 
matrix representations of £ and T is reducible. Furthermore if a similarity 
transformation can be found such that X(A) is the zero matrix for all АЕ L 
then the matrices of the representation have the same block diagonal structure 
and we say that Т is completely reducible to the direct sum T = T’ @ T". 
We can continue this process and eventually in the completely reducible case 
T can be expressed as the direct sum of irreducible representations T = T; @ 
Т.Ф... ФТЬь. For infinite dimensional representations this may be an infinite 
direct sum and some of the irreps may also be infinite dimensional. 

For finite groups it can be shown that every finite dimensional unitary 
representation is completely reducible to a direct sum of unitary irreducible 
representations (unirreps). Also the irreps are all finite dimensional and every 
representation is equivalent to a unitary one, The irreps are the building blocks 
for more general representations. These important results also carry over to 
the compact Lie groups and their corresponding Lie algebras. 

On the other hand non-compact Lie groups can have infinite dimensional 
irreps. In particular we shall consider the Lie algebra so(2,1) of the non- 
compact group 50(2,1) and show that all unirreps are infinite dimensional. 
This will be important in our algebraic study of the hydrogen atom where 
the scaled radial eigenfunctions {|né) :n = €4+1,...,00} form a basis for an 
infinite dimensional unirrep of so(2,1). 


1.5.1 Example: a reducible representation 


Consider the three 8 x 8 matrices 


Kk;=L;® Г; = ($ р, , 3 =1,2,3, (1.29) 
J 


where the matrices L; are given in (1.16) and the Li; are the 5 x 5 matrices 


0 2 0 0 0 0 2 OO 0 
2 0V6 о 0 2 0 V оо 
М=т [о ove oj, №=-:| 0-ve 0% 0 
о 0V6 о 2 0 о —/6 о 2 
0 0 0 2 0 0 oO 0-2 0 


12 Chapter 1. General Discussion of Lie Algebras 


20 00 0 
0 10 0 0 
[4 = 1.30 
з=| оо 00 0 (1.30) 
оо 0-1 0 
0 0 0 0-2 


The matrices [/; also satisfy the defining commutation relations (1.15) so they 
provide a matrix representation of so(3). Therefore the matrices K; form a 
reducible representation of so(3). In Chapter 3 we shall see how these matrices 
arise from the representation theory of so(3). We shall see that the sets {Г;} 
and {L’,} are bases for irreducible representations corresponding to the values 
{# = Тапа é = 2, respectively, of the orbital angular momentum quantum 
number. Thus the matrices L, cannot be reduced further to a block diagonal 
form with lower dimensional matrices. 


1.6 Exercises 


< Exercise 1.1 It follows from rule (4) that [A, А] = 0. Conversely, show 
that [A, A] = 0 for all A implies rule (4). Therefore rule (4) is often replaced 
by the rule [A, A] = 0. 


< Exercise 1.2 Show that the commutator definition 
[A,B] = АВ - ВА 
of the Lie multiplication satisfies the Jacobi identity, rule (5). 


& Exercise 1.3 Show that the commutator satisfies the identities 


[АВ,С] = АВ, С] + ГА, С] В, 
[А, BC] = [A, BIC + ВГА,С1, 
[АВ, С] = A{B,C} — {А.С} В, 
[А, ВС] = {A, B}C — B{A,C}, 


where {A, B} = AB+ BC is the anticommutator of A and B. These identities 


are useful for simplifying commutation relations. 


& Exercise 1.4 Consider the three-dimensional vector space ВЗ with or- 
thonormal basis vectors ет, €2 and ез so that any vector 2 can be expressed as 
т = (£1, 22,23) = do; 2;e;. Define a Lie multiplication in terms of the vector 
cross product by [e;,e,] = e; X e,. Show that the defining rules (1) to (5) 
of a Lie algebra are satisfied and that the defining commutation relations are 
[e1,€2] = e3, [e2,e3] = e; and [e3,e,] = e2. 


Exercise 1.5 Derive the defining commutation relations for the general 
linear Lie algebra gl(n, Л). 
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$ Exercise 1.6 Show that the Pauli spin matrices satisfy the following iden- 
tities 
(а) ojo, = уз E54 Oe + дук, 

(5) [o;,o%] = 22 2. 40, 
(с) 
(4) 
(е) 
(f) 


{o;,0,} = — в 

(u-a)(veo)=Uu-vt+i(uxv)-a, 
[wro,v-o] = (и хо). о, 
{ 


и. в, 9.0} =2и.5. 


Here и and v are vectors or vector operators whose components commute 
among themselves and also with the components, o;, of ©. Also {A,B} = 
AB + BA denotes the anticommutator of A and B (see Appendix A for the 
definition of €;x2.) 


< Exercise 1.7 Show that components of the total one-electron angular mo- 
mentum J = L + S satisfy the commutation relations (1.15). 


Exercise 1.8 Show that the square of the orbital angular momentum L? = 
+12 + [2 commutes with the so(3) basis vectors [1, [2 and L3. An operator 
which commutes with all elements of a Lie algebra is called a Casimir operator. 


<> Exercise 1.9 Derive the commutation relations (1.26) 


<> Exercise 1.10 Show that the set of all п x п skew hermitian matrices is а 
real Lie algebra. (A matrix A is skew hermitian if АТ = —A where A! denotes 
the hermitian conjugate of A.) 


& Exercise 1.11 Show that the set of all п x п traceless skew hermitian 
matrices forms a real Lie algebra of dimension п? — 1 and show that a suitable 
basis set, defined in terms of the elementary matrices Ej, (see Section 1.2.1) 
is given by the matrices 


Gye = "Еж + Ex;), j<k, 
Ay, = Еж- Ex;, 1 <, 
р; (Е; — Чая), j= 1, woe yg hl — 1. 


The matrices 7G;,, 1H;, and 7D; are hermitian and are infinitesimal gen- 
erators of the special unitary group SU(n) of all unitary matrices with unit 
determinant so the Lie algebra is called su(n). The special case n = 2 is 
important and is considered in Appendix B. 
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< Exercise 1.12 For the case п = 3 in the preceding exercise there are 8 
generators which can be denoted by 
ото 
-1 0 
ооо 


0 2 0 
7 0 ‚ Е2 = Ay 
0 0 0 
2 0 0 0 0 t 
Es = dD, = 0 — 0 , Ел = G13 = ооо ; 
0 0 0 


© 
© 


Fy — Gio 


© 
> 
© 


001 ооо 
Е = Н1з = оо ‚ Ев =Gx3 = оо , 
т 0 0 0 + о 
оо о + 0 0 
_ 1 
0-1 о о 0-2 


where Eg = (Di +20). Use the commutation relations (1.6) in Section 1.2.1 
to obtain the structure constants e,,¢ defined by LE,, Ex] = ели Ее. The 
choice given for Eg (rather than Eg = D2) makes the structure constants 
antisymmetric in all pairs of indices (like the Levi-Civita symbol €,4¢ which 
gives the structure constants of su(2)). 

Also show that the generators £,, Е and Ез form an su(2) subalgebra with 
defining commutation relations isomorphic to (1.9) and that the quadratic 
operator C = }°_, Е? is a Casimir operator for su(3) ([C,£,] = 0, j = 
1,...,8). The Lie algebra su(3) is important in the classification of elementary 
particles [GR89], [SC68]. 


<> Exercise 1.13 Show that if T is a representation of a Lie algebra whose 
matrices have the block structure (1.28) then T’ and T” are also representa- 
tions. 


<> Exercise 1.14 In Section 1.4.1 fermion annihilation and creation opera- 
tors, defined using anticommutators, were used to construct a realization of 
su(2). Bosons can also be used. Consider the boson annihilation and creation 
operators a}, a,, k = 1,2 for a two-state system which satisfy the commuta- 
tion relations [at az] = [a,,a,] = 0, [a,, ag] = 6,4. Show that the three 
operators 


1 
Л = 5(@1 а, + а.аф), 


2 
Л = —5 (474, — а1а3), 
1 


Лз = = (ата, — аз a), 


2 
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satisfy the su(2) commutation relations (1.14). The ladder operators J, = af a, 
and J_ = ata, represent excitations of a boson from state 2 to state 1 and from 
state 1 to state 2 respectively. This boson realization of su(2) can be expressed 


compactly in terms of the Pauli spin matrices (1.22) as [SC65], [WY74] 


where 


Chapter 2 


Commutator Gymnastics 


2.1 Introduction 


In later chapters we will require various commutators involving position, r = 
(x1, 22, 13), Momentum р = —У and angular momentum Ё = г Хр so we 
collect these results together in this chapter. Derivations of selected identities 
are also given to provide the reader with experience in “commutator gymnas- 
tics” (the calculus of commutators). Derivations of the remaining identities 
are given in the solutions to the end of chapter exercises. 

The derivation of many of the important commutation relations is tedious 
but not difficult. Many of the commutations relations can be expressed con- 
cisely in terms of the Levi-Civita symbol and the various identities associated 
with it (see Appendix A) are very useful in the derivations. 


2.2 General Commutator Identities 


The following two identities are useful for moving operators in products outside 
the commutator brackets: 


[A, BC] = ГА, B]C + ВГА,С1, (2.1) 
[AB,C] = АГВ,С1 + ГА, С1В. (2.2) 


These rules are of fundamental importance and are used in virtually all cal- 
culations involving the simplification of commutators. They have the same 
structure and importance as the product rule for differentiation does in the 
calculus: in fact, defining D,(B) = ГА, В], the first rule becomes D4(BC) = 
ВРА(С) + DaA(B)C. 

The following two rules are often useful for moving functions of an operator 
inside or outside a commutator: 
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Here we assume that a function of an operator is a polynomial or a formal 
power series in the operator without regard to the convergence of the power 
series. Thus if f(z) = У; ауд! is a formal power series in the real variable 
т and A denotes an operator then by f(A) we mean the series obtained by 
formally replacing х by A. 

Finally, two identities involving powers and exponentials of an operator are 


п-1 
[A,B"] = >> B*[A,B1B"*", п>1, (2.5) 


k=0 


e 7 АеВ = A+ [A,B] +7 (А, BI, В1 +... 
оо 1 
=у`— (п) 
as [А, B]”, (2.6) 


where [A, B] (0) — А [A, В] (1) = [A,B] and in general 


[A,B] = [[... (LA, Bl, Bl,---], В1 
= ЦА, B]"-”, В], forn > 1. 


Equation (2.5) can be proved by induction as follows. It is true for n = 1 
so assume (2.5) is true. Using (2.1) 


[A, В+] = ГА, BB"] = BLA, В"] + ГА, В1 В" 


п-1 

= 5° B**'TA, B]B"-*"! + ГА, В] В" 
k=0 
n-1 

— > В+! [А, В] Br-k-} 


k=-1 
= >> BCA, B]B", 
k=0 
which is just (2.5) with n replaced by n + 1. 
To obtain (2.6) define f(X) = е-^В Ае^В. The first two derivatives are given 
by 
f'(d) — —e 8 В Ае^В + е-^В АВе^В 
— е-^В [А, В] е^В 
= —е. ,Dbje +e. , е 
f"(A) BBA B] AB ABTA В] В АВ 
= е—^В (LA, В1, В] е^В. 


and the result for the order п derivative is f(A) = е-^В[А, B]™ 8, which 
can be proved by induction. Letting Л = 0 and substituting into the formal 
Taylor series 


oo 


FO) = FOO) 


n=0 °"° 


it follows that (2.6) is f(1). 
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2.3 Commutators Involving г and р 


In the coordinate representation in quantum mechanics the momentum is a 
differential operator р = (p1,p2,p3) = —У so commutators involving р will 
contain differential operators. The simplest such nonvanishing commutator is 
[x,d/daz] which can be evaluated by applying it to an arbitrary function f(z): 


= (22 - Zs) 100) 


= f(z) — =] (а) — f(z) = —f(2). 


Therefore [х,4/4х] = —1. It is important to understand the difference be- 
tween чт аз an operator product which can act on functions of z and # (т) =] 
which is just the derivative of the function f(z) = г. Commutator identities 
involving derivatives are usually derived by applying them to an arbitrary 
function. 

It follows that the basic commutation relations involving position and mo- 
mentum are 


|| 
8 
~ 
7 
8 
— 
| 
>. 
— 
8 
sh 
7 
8 
— 
— 


[z;,z,] = 0, (2.7) 
[p;, Pr = 0, (2.8) 
[z;, Pel = 165k, 7, k= 1,2, 3. (2.9) 


All other commutators and identities involving r and р can be obtained using 
them and general rules such as (2.1) and (2.2). In the following we shall 
sometimes use the implied summation convention over repeated indices in the 
same term unless otherwise stated. For example, setting k = j and summing 
over j in (2.9) gives the identity 


т.р; - Pjtj =P p—p r= 32. (2.10) 
Defining the length of the position vector as r = |r| we can obtain the 
following commutation relations involving the components of p: 
; . д 
р» (г) = —ieyr f(r) = iE, 2.11 
Ox; 


(p;,r-"] = inz;r7"~?, 


_ i _2 
[ру ть" ] = "(птотьг ^ — бд), 


[p;,v;r~"] = i(n — 3)r~”, (summed over 1). 


The first two of these equations can also be expressed in vector form: 


[p, f(r)] =-iVf, (2.15) 
[p,r-"] = тг”. (2.16) 
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There are also several useful commutators involving р? = p+ p = p,p, and 


т. р-т.р.. 


[r,p?] = 2tp, 
[f(r), р] = ir f'(r)(r +p — i) + f"(r), 
[r +p, p’] = 2ip’, 
[r,r-p] =r, 
[p,r>p] = —, 
[f(r),7 +p] = и (т). 


Similar commutators involving p-r rather than r-p can be obtained using 
identity (2.10). We derive (2.18) here and the others in the solutions to the 


end of chapter exercises: 


[f(r),p°] = (f(r), рур.] 

= p,[f(r),p,] + Cf(r),p,Jp,, from (2.2) 

= p, (ixyrf'(r)) + («ит (г) py, from (2.11) 

= ip zr f'(r) +ir7'f'(r)z,p, 

= ip, f'(r)z, + ir f'(r)z,p,. 
Now use (2.11) with r-f’(r) in place of f(r) to obtain 

pyr f(r) =r" f'(r)p, + er NO) 

=r" f'(r)py — iayr < (т f(r). 

Substitute this result in the first term to obtain 


[f(r),p7] 
=i (ep, выл) учр 


= ir (рт, +r Ay —r f(r) чи") ep. 


Finally use (2.10) in the first term to obtain 


[f(r),p°] 
=" f'(r)(r+p—3i) + f(r) —r“f'(r) + "гг ep 
= 2 "(гут p+ 2" f(r) + f(r) 
= 2ir™ f'(r)(r -p—i)+ f"(r). 
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2.4 Commutators Involving L 


The basic commutation relations involving the orbital angular momentum, 
obtained from Ё = r X p and the properties of the Levi-Civita symbol (see 
Appendix A) are 


[[;, тк] = t€;per0, (2.23) 
[Ё;,рк] = t€;KeDe, (2.24) 
[L;, Lal = tejueLe, (2.25) 
(L;, f(r)] = 0. (2.26) 


The implied sums in the first three equations each contain only one term 
because of the antisymmetric properties of Ежи. The components of Ё are given 
by Г; = €jxe@epe ог х;ре — LEP; = €jreLe. Equations (2.23) to (2.25) can be 
expressed in vector form as 


Гхт=т, Lxp=ip, LxXL= iL, (2.27) 


and (2.26) expresses the fact that functions having radial symmetry are invari- 
ant under rotation since the components of angular momentum are infinitesimal 
generators of the rotation group SO(3) (see Appendix В). 

Equation (2.25) can be derived in two ways as follows. First derive [L,, [2] 
= 213 using specific subscripts. Then (Lo, [3] =7L, and [[з, 1] = iL follow 
by cyclic permutation of the indices: 


(Ly, £2] = [rop3 — r3p2, тзр1 — т1р3з] 
= [r2p3, хзр1] — [r2p3, т1рз] — [хзро, хзр1] + [тзро, т1рз] 
= 12 [рз, тзр1] + [r2,23p1]p3 — t2[p3,21p3] — (v2, 21 p3] 12 
— тз [р2, тзр1] — (23, 23pi) po + хз [р2, 21p3] + [тз, 21p3] po 
= 22 [рз, 23] ри + 21 [тз, p3] po 


= 1(21 po — т2р1) = 1L3. 


Here we have used the basic commutation relations (2.7) to (2.9) and the 
general rules (2.1) and (2.2). Alternatively we can derive (2.25) directly, using 
the properties of the Levi-Civita symbol (see Appendix A): 


(L;, Le] 
= LejemTePm Eknqg@nPq] 
= €jtm€kng LLePms То. 
= вт Ета (те[рть Хора] + (xe, npg] Pm) 
= €5tm€kng (LelPms Tn] Pg + Ful Le, Pg] Pm), from (2.1) 
= €j¢m€knq(—lmnXePy + tbeq2nPm), from (2.2),(2.8) 
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Now redefine the summation indices in the first term so that both terms contain 
InPm as a factor to obtain 


(L;, Ly] = КЕ лет + €jtm€kne)2nPm 
= 1(—EmkeEjnt — €jme€knt)LnPm 
= 1€45t€mntZnPm, from (A.8) 
2€;k€nmeTnPm 
ВЕ де. 


From these results commutators involving [2 and р? can be obtained: 


(L? vr] = 2ir x L + 2r, (2.28) 
[L?,p] = 2ip x L + 2p, (2.29) 
[Гр] =0. (2.30) 


Equation (2.28) can be derived as follows 


(L?,2;) = (Ly Ly, 2;] 
= [+ [Гь,х;] + (Ly, cj) Ly, from (2.2) 
= [+(—елите) + (—2€;ne0¢)L,, from (2.23) 
= еже (тек + Lez) 
= —16;pe(2eL, + тк — t€tkm2m), from (2.23) 
= —21€jpeteL, — €jke€tkmem 
= Qe jen Tele + €jKeEmkeLm 
= 2eje,teL, + ттт, from (A.10) 
= 21€;¢,0¢L, + 22; 
= 2i(r xX L); + 22;. 


Finally some useful vector identities involving Ё are 


r-L=L-r=0, (2.31) 
p:-L=L-p=0, (2.32) 
pX L=rp’— p(r-p—) 
= p’r —(p-r—1)p, (2.33) 
rx L=-—pr’+(r-p—i)r 
=-r'pt(repti)r 
= г(т р) —r’p, (2.34) 
rxXL+LxXr = 2dr, (2.35) 


pxL+L Xx p=n2p. (2.36) 
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The derivation of (2.31) illustrates another useful rule: 
r-L= т; = едит утьре = (т x г) -p=0, 
since т X r = 0. This result also follows from the general rule: 


If A = > жаздкзук 18 such that aj, is antisymmetric in 7 and К and 
3ук 18 Symmetric in j and К, then A= 0. 


We can conclude that r- Ё = 0 since Ее is antisymmetric in j and k but x;2, 


is symmetric in 7 and k. 


2.5 Exercises 


$ Exercise 2.1 Prove that if A = Указу 1s such that a;, is antisymmet- 
ric in j and k and s,, is symmetric in and К, then A = 0. This result is often 
useful for evaluating commutation relations involving the Levi-Civita symbol 
Ее and will be used several times in the following exercises and the exercises 
of later chapters. 


< Exercise 2.2 Derive commutation relations (2.11) to (2.14). 


$ Exercise 2.3 Derive the commutation relations which involve т + р and р? 
that are given in (2.17) and (2.19) to (2.22). 


$ Exercise 2.4 Derive the commutation relations (2.23), (2.24) and (2.26). 
The first two commutation relations show that r and p are so(3) vector oper- 
ators (see Chapter 3). 


$ Exercise 2.5 Derive commutation relations (2.29) and (2.30). 


< Exercise 2.6 Derive identities (2.32) to (2.36). 


Chapter 3 


Angular Momentum Theory 


and so(3) 


3.1 Introduction 


The study of so(3) and its representations is the study of the familiar angular 
momentum theory but from the algebraic viewpoint. 

Since angular momentum theory is covered in considerable detail in many 
specialized books and textbooks on quantum mechanics, using both the al- 
gebraic and differential equation approaches, we consider only the basic ideas 
which illustrate in a familiar context the algebraic approach used in subsequent 
chapters to study more complicated Lie algebras such as so(4) and so(4,2). Also 
the algebraic approach presented here is directly applicable to the derivation in 
the next chapter of the unirreps of so(2,1). which are much less familiar than 
the unirreps of so(3). In fact the algebraic approach for these two Lie algebras 
is almost identical yet the unirreps obtained are quite different: all unirreps of 
so(3) are finite dimensional but all unireps of so(2,1) are infinite dimensional. 

The algebraic approach is also superior to methods based on the solution of 
differential equations (e.g., for so(3) the spherical harmonic functions obtained 
as solutions of a differential equation provide representations only for integral 
values of the angular momentum) since all representations are obtained and all 
relevant matrix elements of the operators of the Lie algebra in a representation 
can be evaluated without knowledge of the various special functions which arise 
as series solutions in the differential equation approach. In fact Lie algebraic 
methods can provide a unifying foundation for the study of many of the special 
functions of mathematical physics since they arise as particular realizations of 
the abstract basis vectors used in the algebraic approach. 

The simplest example illustrating the two approaches is given by the one- 
dimensional harmonic oscillator considered in virtually all textbooks on quan- 
tum mechanics using annihilation and creation operators and as an application 
of the series solution of a second-order differential equation to obtain eigen- 
functions in terms of Hermite polynomials. 
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The basic idea behind the algebraic approach is to start with the commu- 
tation relations for the generators „Л, Ло and J3 of the Lie algebra so(3) and 
an abstract vector space of states, whose basis vectors are chosen as simulta- 
neous eigenfunctions of the maximal set {J*, J3} of commuting operators, and 
construct the irreducible representations (irreps). 

For angular momentum theory the most general irreps are not required. 
We need only the irreps corresponding to unitary representations of the Lie 
group SO(3) and these correspond to irreps of so(3) for which the generators 
Л, 42 and J3 are hermitian with respect to some scalar product?. We find 
that all the unirreps are finite dimensional: a well known fact from angular 
momentum theory. 

The important concept of a vector operator with respect to so(3) is intro- 
duced. In fact vector operators are rank-1 tensor operators and the results 
obtained here in a pedagogical and “classical” fashion for the matrix elements 
of a vector operator are a special case of the Wigner-Eckart theorem that 
is originally due to Dirac, Pauli and Guttinger (see Appendix 31 of [51,60]. 
The representation of a vector operator in an angular momentum basis is ob- 
tained as far as is possible since the complete representation requires additional 
properties of the vector operator. These results will be useful later for the rep- 
resentation theory of so(4). 

In the final section an alternate derivation of the matrix representation of 
a vector operator is given using some of the more advanced aspects of angular 
momentum theory based on the Wigner-Eckart theorem. This section is not 
essential for the understanding of later chapters. 


3.2 Ladder Operators for so(3) 


We begin with the defining commutation relations 
Л, Jo] — tJ3, [Jo, J3] = tJ, [J3, J1] = to, (3.1) 


and the Casimir operator 12 = J? + J? + J? which commutes with the gener- 
ators: 
(J?,J,.] =0, k=1,2,3. (3.2) 
The Casimir operator does not belong to so(3) since it is not a linear combi- 
nation of the generators?. 
It is more convenient to introduce the so-called ladder operators J, and J_ 
instead of J; and Ло: 


J — Л + tJ, J_ = Л — $. (3.3) 


1The word “unirrep” refers to representations of the Lie group by unitary matrices ог 
operators but it is common to also use it to refer to representations of the Lie algebra. 
2Casimir operators belong to the enveloping algebra of the Lie algebra. 
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These two definitions can be conveniently combined using the compact notation 
Jz = J, ttJ2. Instead of using the generators {Л, J2,J3} we now use the 
equivalent set {J,,J_,J3} so we need the commutation relations 


[Л.Л] = 2Js, (3.4) 
LJ3, Ja] = Е, (3.5) 


which are easily derived from (3.1) and (3.3). The Casimir operator J? now 
satisfies 


[J*, Jz] = 0, (3.6) 


and 

J = I,J. + Jb - J; = JJ, + 34+ Ja, (3.7) 
which can be derived using (3.2) and (3.3) and the expressions J, = (J,+J_)/2 
and Л = —1(J, — J_)/2. 

The next step is to introduce an abstract vector space of states on which 
the operators Ль, J3 and J? can act to produce matrix representations. From 
(3.2) it follows that we can choose J? and one of the Ль аз a complete set of 
commuting operators. It is conventional® to choose J3. Since a set of commut- 
ing operators can be simultaneously diagonalized we can choose basis vectors 
wam labeled by the eigenvalues A and т of J? and J3, respectively: 


J bam = Atam (3.8) 
УЗФАт = Mam: (3.9) 


The action of J; on an eigenvector can be obtained from (3.5) and (3.9) 


(3.7, — +3 )ФАт = Je Pam 
J3(Je bam) — (Je bam) = Je Pam, 
J3(J4 Pam) = (т + 1) Ат. 


This important result shows that J,w%am, if it is non-zero, is an eigenfunction 
of J3 with eigenvalue m + 1 so the effect of J, is to raise the eigenvalue by 
one unit. Similarly /_флю, if it is non-zero, is an eigenfunction of J3 with 
eigenvalue m — 1. This follows again from (3.5) and (3.9): 


(J3J_ — Л Лз)Флт — —У-Флт, 
J3(J_Wam) — т(У-Флт) — —J_Pam, 
J3(J_Wam) = (т — 1)J_Wam. 


This is why J, and J_ are often called raising and lowering operators. 


3for so(2,1) the different choices give different classes of representations. 
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3.3 General Eigenvalue Spectrum of Л 


We can now define 


У ФАт — АлюфФА т, (3.10) 
У\-ФАт — BamPam-1- (3.11) 


The eigenvalue of J* is not changed by any of the operators in so(3). If we 
assume the existence of some eigenfunction фл, then the general eigenvalue 
spectrum of J3 is a subset of 


Samo = {т : т = то +k, k =0,+1,+2,...}. (3.12) 


With no further restrictions оп the so(3) generators there are four types of 
eigenvalue spectra: 


1. bounded below: the set S,,,, has a smallest element m, 
which means that J_y~am, = 0, 


2. bounded above: the set S,,,, has a largest element m2 which 
means that Jivam, = 0, 


3. unbounded: J_Wam = 0 and Л, флю = 0 for all т Е Sam, 


4. bounded: the set S,,,, has both a smallest element та and 
a largest element то such that J_~am, = 0 and Л, флш, = 0. 


In each case the space of eigenfunctions of J3 is invariant under the action 
of the so(3) generators and gives irreducible representations (irreps). In the 
first three cases these representations are infinite dimensional. A complete 
characterization of all irreps is not needed for the applications considered in 
this book (see [AD88b], [BA65]). 

For our applications of angular momentum theory and so(3) to quantum 
mechanical problems only the unitary representations of the Lie group SO(3) 
are required and this imposes the condition that the generators Л, Jo and J3 
be hermitian with respect to some scalar product‘ and that the eigenfunctions 
Флт be normalizable with respect to this scalar product. 


3.4 Unirreps of so(3) 


If we introduce a scalar product (¢,~) and a norm ||| = (4,4)? then an 
operator A is hermitian if (A'd, 4) = (¢, Av), where At denotes the hermitian 
conjugate of A. It follows from J} = J,, k = 1,2,3 that J, and J_ are 
hermitian conjugates of each other 


Л=Л, Л=ЕЛ. (3.13) 


4A matrix 9 = e*4 is unitary if and only И A is hermitian. 
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We also assume that the abstract basis vectors are orthonormal with respect 
to the scalar product 


(Warm; Pam) — ОА’ Абтит- (3.14) 
Since the eigenvalues of an hermitian operator are real it follows that A and 
m are real. 


The operators J, J_ and J_J are also positive definite hermitian operators 
since 


(Dam, J_JaWam) = (Ja dams Jam) = фт |" > 0 
(Wam; J4J_Wam) = (J_vam,J-Wam) = 1 Флт|| > 0 
Then from (3.10) and (3.11) 


Ja 2am||? = |Aaml? > 0, and |[J_damll’ =|Baml? > 0. 
On the other hand from (3.7) J, J_ = J? — Л + Л and J_J, = J* — J? -J, 


SO 


J+ Pamll” = (bam, (J* — Jz — Л) = А — тт + 1), 
l|J—Pamll” = (hams (J* — 3 + Jz)Pam) = A — m(m — 1). 
Therefore 


|Aam|? =A —m(m+1) > 0, (3.15) 
|Bam|? =А-т(т-1) > 0. (3.16) 


Adding these results together gives m? < A which means that the eigenvalue 
spectrum of J3 is bounded above and below (case (4)) and the only unirreps 
are the finite dimensional ones. 

Let m, be the smallest value of m and let mz be the largest value of m. Then 
У]: Флт› = 0 and J_dam, = 0 which will be the case if Алт, = 0 and Bam, = 0. 
Therefore from (3.15) and (3.16) m, and то satisfy A — m(m, — 1) = 0 and 
A—m2(m2+1) = 0. Eliminating A gives (т. + т2)(ти —m2—1) = 0 so either 
m, = —m, ог п = т2 +1. The latter case is impossible since та < то. If 
we let 7 = m2 then т: = —j and A = j(j7 +1). Since m2 — т: = 27 must be a 
non-negative integer (J, and J_ raise or lower m in unit steps) it follows that 
the J3 eigenvalue spectra are 


={m=—j,-j+],...,j}, 27 =0,1,2,... (3.17) 


The standard choice of phase is obtained by taking the positive square root 
in (3.15) and (3.16) and we obtain the following matrix representations, using 
the Dirac notation |jm) = Pam: 


Лт) = + 1)т), (3.18) 
J3|jm) = тут), (3.19) 
Лт) = V9 — т) +m +1) ти, (3.20) 
J_|jm) = fj +m) —m +1) |j,m— 1). (3.21) 
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Strictly speaking the unirreps for integer values of 7 (corresponding to the 
orbital angular momentum) are unirreps of so(3) and those for non-integer 
(half-integer) values are the so-called spinor representations of su(2). 


3.5 so(3) Scalar Operators 
An operator S is an so(3) scalar operator if it commutes with the generators 
of so(3): 

[5, 1+] =0, k=1,2,3. (3.22) 
Since the Л, generate infinitesimal rotations in SO(3) or SU(2) it follows that 
a scalar operator is invariant under rotation. The matrix elements of a scalar 
operator with respect to the angular momentum basis {|jm),m = —j,...,7} 


have a particularly simple diagonal form obtained by taking matrix elements 
of the commutation relations (3.22): 


(j'm'| ES, Ja] |jm) = (j'm'|SJ3 — J3S|jm) 
= m{;j'm'|S]jm) — m'(j'm'|S|jm) 
= (m— m')(j'm'|S|jm) = 0, 
and since [S, J?] = 0, 
(j'm'|LS, 72] ут) = (j'm'|SJ? — J?S|jm) 
= 00+0-70 +1))(7т$ т) = 0. 


These results show that matrix elements of a scalar operator are represented 
by diagonal matrices in an angular momentum basis: 


(тут) = 656, (75. (3.23) 


The “double bar” matrix elements are called reduced matrix elements. They 
cannot be evaluated unless further algebraic or physical properties of S are 
known. For example from (3.2) and (3.18) J? is a scalar operator with reduced 
matrix elements 


(Л) = 9G + 1). (3.24) 


3.6 so(3) Vector Operators 


An operator V is said to be a vector operator with respect to so(3) if its 
components satisfy the commutation relations 


[J;, Vil = ем j,k, = 1,2,3, (3.25) 


where the summation over repeated indices is implied. If J, is substituted for 
У, we obtain the defining commutation relations for so(3) so J itself is a vector 
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operator. The commutation relations (2.23) and (2.24) also show that т and 
p are vector operators. 


We now obtain several identities relating J and V which will be used to 
determine matrix elements of components of V. From (3.25) 


ЛХУ+УХ. = У. (3.26) 
Since ЛИ = ИЛ and similarly for the other components, 
J-V=V-J. (3.27) 
Also 
[J-V,J,J =0, 7 =1,2,3, (3.28) 
which can be expressed in vector form as 
[J-V,J] =0. (3.29) 
Thus J: V is an so(3) scalar operator having matrix elements 
(jm'|J Ут) = 655mm (ill У). (3.30) 


The following three identities are also important: 


[J*,VJ] =i(VxJ-JxV), (3.31) 
[J*,J x V] =2КЛУ —(J-V)J), (3.32) 
(J?, [J?,V]] = (ЛУ -2J-V)J+ Vd"). (3.33) 


They are derived in the end of chapter exercises. The important double commu- 
tator indentity (3.33) will be used in the next section to obtain the j-selection 
rules for a vector operator. 


3.7 Selection Rules for a Vector Operator 


We want to derive formulas analogous to (3.18) to (3.21) for the action of the 
components of У on the angular momentum basis vectors. Defining Vi = 
У £1V2, the 9 commutation relations (3.25) can be expressed in the equivalent 
form 


LJ, V_] = 2V3, [J_, V4] = —2V3, 
[J3, Vi] = +V4, [J+, V3] = Vi, (3.34) 
[J,,V4] = [J_, V_] = [Л, Из] = 0. 


Using these commutation relations and the identities derived in the pre- 
ceding section we can evaluate matrix elements of the form (j’m’|V3|jm) and 
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(j'm'|Vi|jm). The relationship between т’ and т which corresponds to non- 
vanishing matrix elements is called the m-selection rule and similarly the rela- 
tionship between 7’ and 7 is called the j-selection rule. 

The m-selection rule is obtained by taking matrix elements of the appro- 
priate commutation relations in (3.34): 


(j'm'|[Js, Ут) = (рт бт) — (Ут Ут) 
= m'(j'm'|Vs|jm) — пут т) 
= (т — т) (ут М т) = 0, 


so matrix elements of Уз are non-zero only if т’ = т. Similarly 


(j'm'|CJ3, Ve |7т) = (ут Ут) — (Ут Лт) 
= т’ (ут [У |7т) — пит [Ут 
= (m! — т) (т Ут) 
= +(7т Ут), 


so (т —т=1)(7т!, 7т) = 0 and matrix elements of У, are non-zero only 
ifm’! = m+1. Therefore the m-selection rules are 


(j'm'|V3|jm) = 0, unless т’ = т, (3.35) 
(j'm'|V.|jm) = 0, unless п’ = т 1, (3.36) 


and we see that У, and V_ act like raising and lowering operators for т. 
However, unlike J, and J_, they can also change the value of 7. 
The j-selection rules can be obtained by taking matrix elements of the 


double commutator identity (3.33). The left side of (3.33) is 


(пт СЛ, СЛ, VI бт) = т, 1 — [ЛУ Прут) 
= j'(9" + 1)(j'm'| LJ’, VI jm) — 9+ От, V1 т) 
= (9'(7' +1) — 5(9 + 1) т, V1 5m) 
= (7+0 — (5 + YY’ (ут Ут). 
The right side of (3.33) is 


2(j'm'| РУ 1 .У)7+УЛ т) 
= 2j'(j! +1) т Ут) — «т У) J] jm) 
+2700 + (Ут У тт) 
=2(70'+1)+20+1)) (j’m!|V jm) - ут У) Лт). 


The term involving J+ У can be expressed аз 


(Ут У) т) = >) тут") (тт) 
gm" 


= (7 + Vila") (т т), 
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where we have used (3.23) for the matrix elements of J+ У since it is a scalar 
operator. Collecting these results together 


A(j’,9)(j'm'|V т) = —4(j"|| J > Vl’) тт), (3.37) 
where 


A(j',3) = (9G +1) -5G FD) - 200" 41) +5G + D) 
= (9-3-1) (+5 +11). (3.38) 


This result shows that the selection rules for any vector operator V follow 
from the selection rules for J. There are two cases to consider: j/ = 7 and 


j' #3. Ну =] in (3.37) then 


(Г. Vila) 
j(j +1) 
so unless (j||J + V/||7) is zero because of special properties of V in a partic- 
ular case then matrix elements of components of V are proportional to the 
corresponding matrix elements of J in case 7’ = 7. Later we consider the 
Laplace-Runge-Lenz vector А which satisfies А. Ё = L-A = 0, where Ё is 


the orbital angular momentum. 


Ну #37 then (j’m'|J|jm) = 0 and (3.37) reduces to 


(jm'|V|jm) = (тт), (3.39) 


Аб) (ит У т) = 0 (3.40) 
From (3.38) А(7', 1) = 0 for 7’ 7 7 only if 7’ = 7 1 so the off-diagonal matrix 
elements of У can be non-zero only if 7’ = 7 41. Combining both cases the 


4-selection rule is 


(j'm'|V|jm) =0, unless j’ = j —1,3,5 + 1. (3.41) 


3.8 Matrix Elements of a Vector Operator 


Using the m- and j-selection rules we can obtain the action of the components 
Vi, У. of a vector operator on the angular momentum basis vectors. For У, 


we obtain, using (3.36) and (3.41), 


Vilgm) = (+ т + ПИ ту + 1,m 4 1) 
+ (j,m + ПУ тут + 1) 
+0-1т+ ПИ ит -5т+1. (342) 


The three matrix elements can be partially evaluated by taking matrix elements 
of the commutator identity J,V, — ViJ4 = 0. Therefore 


(ут Ут) = (Ут Ут), 
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or using (3.20) and (3.21) 


(j’ + m')(7" — m! + 1)(7', mm! — ПИ, т) 


= [G— mG +m + D(j'm'|Vjlj,m +4 1). 


Since т’ = т + 2 for non-vanishing matrix elements 
(ут + ПУ, т) _ (7', m+ 2|V|3,m + 1) 
Уб-т)б+т+0 YG +т+2)0'-т-1) 
Substitute j’ = 7 + 1 to obtain 
(7+1, т + ПУ, 7т) (GF +1,m4t2|V|j,m + 1) 


(7 —m)(7 +m+1) (j +m + 3)(j — т) 


(3.43) 


Cancel the common factor and divide both sides by \/7 + т + 2 to obtain 
(т + ПИ т) _ G +1,m+2|Vlj,m +1) 


fig +m+ ly +m +2) 7 Jj +m +2)(j +m+3) 


This important result shows that these two ratios are independent of m 
(replacing т by т + 1 in the left side gives the right side). Denoting this 
common ratio by —4; we obtain (the minus sign is conventional) 

(+1 т + ПИ т) = —\/9+т+10+т+?2)а.. (3.44) 
Similarly Бу substituting j’ = j and 7’ = j — 1 into (3.43) we obtain 


(ут + ПУ, т) = —Y(g + m+ 00 — m)ay;, (3.45) 
(7 —1,m+1|Vyl9m) = YG -—m—-NG—m)q, (3.46) 


for some j-dependent factors —a; and c;. The importance of these results 
is that the m dependence of the matrix elements is completely known. The 
unknown factors a;, c; and d; cannot be obtained without specifying further 
properties of the vector operator V. 

The action of V3 on the basis vectors is obtained using (3.35) and (3.41): 


Ут) = (+ 1, m|Vs|jm)|j + 1,m) 
+ (jm|Valjm)|jm) + (7 — Бт т) — 1,m). (3.47) 


The matrix elements of V3 can be obtained by taking matrix elements of the 
commutation relation —2V3 = [J_,V,]: 


—2(j'm!|Valim) = (j'm!|J_V4|jm) — (Ут Лт 
= i= mj" + ml + 1) (jm! + Цит) 
- G+ mj -т+ Пти т- 1. (3.48) 
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Substituting т’ = т and 7 = 7 + 1 into (3.48) and using (3.44) gives 
—2(j + 1,m|Valjm) = 
—djV/(j —m4+1)\G+m+2)V/(G+m+1)\(j +m +42) 
+ djy(j + т) —m+1)¥(9 +m)G +m +1) 
= —2d;/(7 -m+1)(G@+m+1). 


Therefore 
(j +1,m|V3ljm) = f(g —m+1)(7 +m+1)d;. (3.49) 


Similarly substituting т’ = т and j’ = у into (3.48) and using (3.45) gives 
(jm|V3|jm) = —ma,;, (3.50) 


and substituting т’ = т and j’ = j — 1 into (3.48) and using (3.46) gives 


(7— тт) = Уб- т) + т) с;. (3.51) 


Finally the action of V_ on the basis vectors is obtained using (3.36) and 
(3.41): 


У т) = (7 +1,m—1|V_|jm)|j +1,m — 1) 
+ (j,m ~~ 1|V_|jm)|j,m — 1) 
+ (j —1,m — 1|V_|jm)|j — 1,m — 1). (3.52) 


The matrix elements of V_ can be obtained by taking matrix elements of the 
commutation relation V_ = [J_, V3]: 


(Ут Ут) = (j'm'|J_Valjm) — (Ут т) 


= [Gi = mG +m! ++ Цит) 


(7+ m)(j — m + отт — 1). (3.53) 
Substituting пу = т — 1 and 7 = j7 +1 into (3.53) and using (3.49) 
(j +1,m—1]V_|jm) = 
d; pee +m+1)V¥(j-—m41)G+m+1) 
iVG+m)G-—m+t ly (J —m+2)G +m). 
Therefore 
(j+1,m—1|V.|im) = /G—m+DG—m+2)d,. (3.54) 


Similarly substituting т’ = m—1 and j' = 7 into (3.53) and using (3.50) gives 


(j,m — 1|V_|jm) = -Y¥QG —m-+1)(G +m)a;, (3.55) 
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and substituting т’ = т and j’ = 7 — 1 into (3.53) and using (3.51) gives 


(j — 1,m —1|V_|jm) = —Y(j +m —1)G +m) cj. (3.56) 


Collecting these results together we obtain the following representation of 
a vector operator in an angular momentum basis: 


Valim) = JG — т) + m) с — 1,m) 
— тат) (3.57) 
—\/(-т+1(0+т+1) а; 7+1 т), 

Инт) = /б-т- 1) 0 - m)ej|j -1,m +1) 
- Уб+т+ Yj -m)ajlj,m 41) (3.58) 
~VfGtm+1)\(j+m+2)djj +1,m41), 

И. т) = -/б+т-10+т) 1 —1,m—1) 
- VG —m4 Yj +m)ajlj,m— 1) (3.59) 
- VG —m4 IG —m42)djlj+1,m-1). 


If V is assumed to be an hermitian vector operator (У! =У,У! = У, апа 


Vv} = V,) further simplification is obtained. Recall that the matrix elements of 
an operator A satisfy (a|A|b) = (b|A'|a)*. Therefore 


(+ т + ПУ, т) = ту + 1,m + 1)", 


and using (3.44) and (3.56) (with 7 replaced by 7 +1 and т replaced Бу m +1) 
we obtain 


Similarly, since (jm|V3|jm) = (jm|V3|jm)* it follows that 
a; =а,. (3.61) 


It is also possible to make a j-dependent phase change of basis (see Exer- 


cise 3.6): 
|ут) = e™|jmy’, 
such that c; and d; are real and 
4; = C;41. (3.62) 


In general, without assuming hermiticity, it is possible to make a suitable 
change of basis vectors of the form |jm) = w;|jm)’ so that (3.62) is satisfied 
but the new basis vectors are orthogonal although not necessarily normalized. 
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3.9 Wigner-Eckart Theorem 


In this section we provide an alternate derivation of the results of the pre- 
ceding section for the matrix elements of a vector operator in an angular mo- 
mentum basis. It is a much simpler derivation but requires some of the more 
advanced aspects of angular momentum theory, namely spherical tensor op- 
erators, Clebsch-Gordan coefficients and the Wigner-Eckart theorem ((SC68], 
[8086], [DE63], [ME70], [AL73], [ME70b], (ED57], [В1812], [BR68]). 

The concept of a vector operator can be generalized to tensor operators. 
Thus we can define an irreducible spherical tensor operator T') of rank k to 
be an operator with 2k + 1 components TM), 4 = —k,-k+1,...,k which 
satisfy the following commutation relations with the components J3, J,, J_ of 
an angular momentum J: 


[73,19] = qT), (3.63) 
(Js, 78] = [h(k +1) фата, (3.64) 


The components T\*) are called spherical components by analogy with the 
spherical harmonic functions. 

In case k = 1 we obtain the spherical components of a vector operator 
У =Т®), which are simply related to the components V3, V,, V_ introduced 
earlier in Section 3.7, by 


1 1 
ИФ = Ви Y=, YO = ви (3.65) 
With these definitions the commutation relations (3.63) and (3.64) for k = 1 
and 4 = —1,0,1 reduce to those in (3.34) for the components Уз, У, and V_. 
The Wigner-Eckart theorem states that the matrix elements of a spherical 
tensor operator T’*) can be expressed in the form 


i 


(y'j'm! Тут) 
= (—1)*(25’ + 0-7 (jm keqlj’m') (77 р. (3.66) 


Here the states |yjm) are angular momentum states (eigenfunctions of J* and 
J3) and y specifies any additional quantum numbers or labels needed to fully 
specify the state (e.g., for the hydrogen atom y would be the principal quantum 
number). The coefficient (jm kq|j’m’) is a Clebsch-Gordan (CG) coefficient 
and (7'j"\|T™||77) is called the reduced matrix element of the tensor operator 
T’. Unfortunately there are two common definitions of reduced matrix ele- 
ments depending on whether the factor (—1)2*(27'+1)-1/? is absorbed into the 
reduced matrix element or not (for example, [SC68], [ME70b], [ED57], [AL73], 
[DE63] use (3.66) whereas [AD88b], [BI81a], [BO86], [ME70], use the other def- 
inition). Our definition (3.66) is more suitable since it can be conveniently 
expressed in terms of the Wigner 3-] symbol 


1 . fm! |’ k ay) . 
ИТ ут = (1 (? ги“, (3.67) 


—m' qm 
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In calculations the Wigner 3-] symbol is more convenient than the CG 
coefficients since it has higher symmetry properties: it is invariant under cyclic 
permutations of the three columns, multiplied by the phase factor (—1)/ t*+/ 
under interchange of any two columns or under a change of sign of all entries in 
the second row. The connection between the two types of coefficients is simply 
given by 


(лпи J2Ma|jm) = (—1)2-2 4" (25 + 1)? (?: ae 3). (3.68) 
ог conversely 
л je J _ (—1)2-2-™(2 + 1)-/2 | _— ) (3 69) 
пи тот) > J т! J2™2|J, —M). 


The Wigner-Eckart theorem is an important result in the angular momen- 
tum theory since it states that the matrix element factors into a simple geo- 
metrical part, the CG coefficient or the Wigner 3-j symbol, which contains all 
the dependence of the components of the tensor operator on т, m’ and 4 and 
is the same for any tensor operators of rank k, and a physical part or reduced 
matrix element which is independent of the 2k + 1 components of the tensor 
operator, depending only on the particular tensor operator. 

The CG coefficients (j,m j2m2|jm)° are more convenient than the 3-j sym- 
bols in discussing the coupling problem for two angular momenta, J = Л. Ф... 
They vanish unless т = m,+mz and 1, 12 and 7 satisfy the triangle inequality 
[71 — 72| < J < ji tJje. This immediately gives the selection rules for the nonva- 
nishing matrix elements of T,*) in (3.66): п’ = m+q and |j —k| < j/ <j +k. 
In the vector operator case (Ё = 1), in which we are primarily interested, the 
selection rules (3.35), (3.36) and (3.41) follow. 

We can now use the Wigner-Eckart theorem to obtain the matrix represen- 
tation of a vector operator given in (3.57) to (3.59): 


VO lyjim) = YD тит 5m) (3.70) 
у’ т 
— у. (-1)-™ 1 j (ИУ) 
a itm! —т ат 
1. 7 ТА, Mp: 
= )(-1) (7 44 2) (ЛУЛУ, m + 9). 
7] 


Only terms with ] = 7-1, 1, or 7 + 1 contribute. In the simplest case 
the reduced matrix elements are diagonal in the additional labels represented 
by 4 and there is no summation over y'. We have in fact assumed this case 
in Section 3.7 and Section 3.8 so the three results (а = —1,0,1) in (3.70) 
correspond to (3.57) to (3.59). 


*The notation (71.12 т1тз|]т) is also common. 


3.10. Exercises 39 


Useful tabulations of the СС coefficients are available and they are usually 
expressed in terms of the 3-] symbol because of its higher symmetry ргорег- 
ties ([ED57], [BR68]). The results we need can all be obtained from the four 
standard values [BR68], [RO59] 


7 И [Ga mG+m4y]" 
dF VW тт 


7 G41 Пр | б+т+ 0б+т+2) 
(in an) ie [НЕЕ ‚ BB) 


ДНЕ риа 0-т+00+т+ 0] 
(? —т ) = (-1) in ‚ (3.74) 


and the symmetry properties of the 3-] symbols. If we define 


_ (i= 11 ha) 5.15 
(29 — 1)(23 +1) 
__ бливя 3.76) 
Va + 1)(23 +1) 
1—7 + UV Ig) (3.77) 


VG +125 + DQ +3) 
and use У, = -У2у®, у = V2V%), Vs = Ve? then (3.67) reduces to the 
previous results (3.57) to (3.59). 
3.10 Exercises 


< Exercise 3.1 Derive identity (3.26) by multiplying commutation relations 
(3.25) by сеть, summing over 7 and k, and using the definition (Ах В), = 
€ktmAeBm for the components of the cross product of two vectors (or vector 
operators) A and B. 


& Exercise 3.2 Derive identity (3.28) which shows that J+ V is a scalar 
operator. 


$ Exercise 3.3 Derive identity (3.31). 
$ Exercise 3.4 Derive identity (3.32) using (3.25), (3.26), and (3.31). 


$ Exercise 3.5 Using (3.26), (3.27), (3.29), (3.31), and (3.32) derive the 


important double commutator identity given in (3.33 
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< Exercise 3.6 Show that if У is an hermitian vector operator then a ;- 
dependent phase change of the basis vectors can be made such that the c; and 


d; are real in (3.57) to (3.59) and d; = су. 


< Exercise 3.7 Consider a 1-state boson system with state vectors denoted 
by |n) where n is the number of bosons in the state. Let a and at be the annihi- 
lation and creation operators satisfying the commutation relation [a,at] = 1. 
Assuming an orthonormal basis such that (m|n) = ди» show that 


(a) In) = 4y(a*)"0), 
(b) at|n) = ~n+1|n+1), 
(©) ан) = Vln -1). 


$ Exercise 3.8 This exercise is a continuation of Exercise 1.15. Consider 
a 2-state boson system with state vectors |n},n2) where n, is the number of 
bosons in state 1 and nz is the number of bosons in state 2. The annihilation 
and creation operators are defined in Exercise 1.15. The operators Л, J. and 
Jz satisfy the su(2) commutation relations (1.19) to (1.21). Obtain the irreps 
of su(2) using the boson states |п1, 02). This shows that boson realizations of 
a Lie algebra can be used to find general representations ([SA86], [SC65]). 


Chapter 4 


Representations and 
Realizations of so(2,1) 


4.1 Introduction 


The Lie algebra so(2,1) plays a fundamental role in the algebraic reformula- 
tion and study of the radial Schrodinger equation for many of the important 
model problems in quantum mechanics such as the hydrogen atom, harmonic 
oscillator and one-electron diatomic ions. In this context so(2,1) appears as 
a spectrum-generating algebra in the sense that energy formulas such as the 
Bohr formula are all obtained in a unified and purely algebraic manner without 
resorting to the series solutions of second order radial differential equations. 

In this chapter we first consider the so(2,1) representation theory following 
the same approach used in the previous chapter for so(3). These two algebras 
have a similar structure and the general representation theories for both are 
closely related. However we are only interested in the unitary irreducible rep- 
resentations (unirreps) which are obtained by requiring that the generators be 
hermitian with respect to a suitable scalar product. In this case the unirreps 
of so(2,1) are infinite dimensional in contrast to the unirreps of so(3) which are 
finite dimensional. 

Next we consider the realizations of the three generators Т1, T> and 73 of 
so(2,1) in the coordinate representation in terms of position and momentum. 
It is more difficult to motivate the realizations we shall obtain than it is for 
the more familiar orbital angular momentum realizations of the so(3) genera- 
tors. The reason is that the well-known classical expressions for the angular 
momentum components can easily be extended to their quantum mechanical 
forms by the correspondence principle but there are no classical expressions 
for the so(2,1) generators which can be extended in a similar fashion. 

Instead the motivation for the realization of the so(2,1) generators arises 
from the desire to express the radial eigenvalue problems for various quantum 
mechanical problems such as the hydrogen atom as eigenvalue problems ex- 
pressed in terms of the so(2,1) generators. This means that we should look for 
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realizations in terms of r, р? and the radial momentum p,. 

Next we use the matrix representation of so(2,1), the realization obtained 
for the so(2,1) generators and a simple scaling transformation to show that the 
radial Schrodinger equation for the 3-dimensional hydrogen atom and isotropic 
harmonic oscillator can be expressed as eigenvalue problems for the generator 
T3. Since the classification of the eigenvalue spectra of this generator are known 
from the matrix representation theory the formulas for the energy levels are 
directly obtained. These results are then generalized to D dimensions. 

An important aspect of the transformation of the Schrodinger equation into 
a T3 eigenvalue problem using a scaling transformation is that the transforma- 
tion is not unitary with respect to the usual scalar product so we also show 
that a new scalar product is easily introduced such that the so(2,1) generators 
are hermitian with respect to it. Moreover the fact that we can now describe 
bound states using only a discrete basis of T3 eigenfunctions (completeness 
property for bound states) leads to a particularly useful form of algebraic per- 
turbation theory for hydrogenic systems in later chapters, which can be applied 
to many important perturbations such as charmonium, harmonium, the Zee- 
man and Stark perturbations, and the one-electron diatomic ion, since there 
will be no integrations over intermediate continuum states as is the case with 
perturbation theory based on the original hydrogenic hamiltonian. 

The explicit basis functions with respect to our particular realization of 
the so(2,1) generators are not needed in the calculation of matrix elements 
of operators expressible in terms of these generators, since they can easily be 
obtained using the matrix representation. However, we consider them as an 
example of the use of raising and lowering operators to obtain the solutions of 
second order differential equations by purely algebraic methods. 

We also consider other simple quantum systems such as the Klein-Gordon 
and the relativistic Dirac-Coulomb equations and show how they can be ex- 
pressed as 73 eigenvalue problems. 

Finally we show how to separate the Schrodinger equation for a 3-dim- 
ensional hydrogenic atom in parabolic coordinates and we obtain a parabolic 
realization of the so(2,1) generators. This realization will be useful in the 
application of perturbation theory to the Stark effect. 


4.2 Ladder Operators for so(2,1) 


Denoting the three generators of so(2,1) by Т;, 7 = 1,2, 3, the defining com- 
mutation relations are 


(T,,T2] = —з, [12,13] =, [73,71] = To, (4.1) 


which differ from the so(3) commutation relations (3.1) only in the minus 
sign in the first commutation relation. It is not possible to find a real linear 
transformation of the so(2,1) generators which transforms these commutation 


4.2. Ladder Operators for so(2,1) 43 


relations into those of so(3). Thus so(2,1) and so(3) are not isomorphic real 
Lie algebras. 

To obtain the Casimir operator for so(2,1) we use the following trick: define 
the complex linear transformation J, = iT), Jp = iT, and J3 = T3 of the so(2,1) 
generators. It follows that the Л, satisfy the so(3) commutation relations with 
Casimir operator J? = J? + J? + Л. This suggests that the operator 


Т? = Т2 - Т? -T? (4.2) 


is the analogous Casimir operator for so(2,1). It is easily verified that this is 
the case: 


[T?,T,]=0, k=1,2,3. (4.3) 


We use the notation T? even though we shall not think of T? as the square or 
dot product of some vector with itself. 
Introducing the ladder operators 


T,=T]+1I2,, T.=T, -1Th, (4.4) 


we can try and “play the same game” with so(2,1) that we did with so(3) in the 
previous chapter. The set {7,,7_,73} of operators satisfy the commutation 
relations 


(T,,T_] = —2Ts, (4.5) 
[Т., Ть] = +ТЬ, (4.6) 


and the Casimir operator can be expressed аз 
T? = —T,T_ 4+ 7? —T, = -T_T, + T3 + Ts. (4.7) 


In order to obtain representations it is necessary to choose Т? and one of 
the components Ту as a set of commuting operators. Now however, because of 
the lack of cyclic symmetry in the commutation relations (4.1), the different 
choices give rise to different classes of irreps. If {T?,7T,} or {Т?, То} is chosen 
we obtain unirreps which would be suitable for a description of continuum or 
scattering states whereas the choice of {T?, T3} is suitable for a description of 
bound states. 

Therefore we make the latter choice and introduce an abstract vector space 
of states such that T? and Тз are diagonal: 


То — Qvaq: (4.8) 
T3¥Qq = 9¥Q4- (4.9) 
As in Chapter 3 Юг so(3) it follows from (4.7), (4.8) and (4.9) that T, and T_ 


are raising and lowering operators for the T3 eigenvalue 4: 


T3(T aq) = (9+ 1)Т+Фач, 
T3(T_Qq) = (4- 1)Т-Фаа. 
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Therefore as in the so(3) case we can define 


T+ фо = Aga¥a.a+t) (4.10) 
T_Qq = Boghang-1) (4.11) 


and the general classification of the Лз eigenvalue spectra given in Section 3.3 
also applies to the T3 eigenvalue spectra so the general representation theory 
is the same for both so(2,1) and so(3). The fundamental differences occur only 
when we restrict them to unitary representations. 


4.3 Unirreps of so(2,1) 
If we introduce a scalar product such that the 7; are hermitian then 
Tl=T., T'=T,, (4.12) 


and we can go through the same steps as in Section 3.4 using T, T_ and T_T, 
obtained from (4.7). It follows that 


(Фо, T-Ts aq) = (T+ b09,T+ Haq) = ТФ > 9, 
(Фо, 14T_vQq) — (T_ aq, Т-Фач) = \|T_ aq’ > 0, 
and 
T+ Фач || — [Ао > 0, \|T_-daqll? = | Во > 0, 
and 


4 Paall’ = (aq (—T? + T3 + T3)%Qq) =-Q+4(q+1), 
1Т- Фо = (aq, (-T’ + 15 — T3)Qq) =-Q+4(q-1). 


Instead of inequalities (3.15) and (3.16) we obtain 


[Ао =-Q+4(¢+1) > 0, (4.13) 
Ва = -9+4(4-1) > 0. (4.14) 


Adding these results gives 4? > Q which shows that all unirreps of so(2,1) are 
infinite dimensional. 


To analyze the different cases it is convenient to define 
Q = k(k+1), (4.15) 
so that the above inequalities can be expressed in the factored forms 


—(k-q)(kK+q+1) 20, (4.16) 
—(k+q)(k-q+1) 20. (4.17) 
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Also Q and 4 must be real since they are eigenvalues of the hermitian operators 
T? and T3. 

The standard phase choice is again obtained by choosing Ag, and Bg, to 
be real in (4.13) and (4.14) and taking the positive square root. Therefore we 
have the following matrix representation 


Так) = k(k + 1)|qk), ( 
T3|\qk) = 49), (4.19) 
Ty |4) = У-(Е- (аи lat, 1), 
T_|qk) = У-&+9(Е-ч+1) 41,1). 


In our applications of so(2,1) we only need the class of unirreps whose Тз 
eigenvalue spectra are bounded below and given by 


Dt(k) ={q=—k+p, p=0,1,2,...}, &<0. (4.22) 


Thus each negative value of К defines a unirrep with lowest eigenvalue 4 = 
—К. It is clear from (4.20) and (4.21) that T_|qok) = 0 but T,|qk) 4 0 for 
q € Dt(k). We must have k < 0 to ensure that (4.16) and (4.17) are satisfied. 

It also follows that k, = —k — 1 defines an equivalent unirrep since substi- 
tuting k; = —k — 1 Юг k does not change (4.15), (4.16) and (4.17). Therefore 


we can use the notation 
Dt(-k-1)={q=k+1l+y, и=0,1,2,...}, > -1 (4.23) 


to express the same class of 73 eigenvalue spectra. There is a similar clase 
of unirreps whose 73 eigenvalue spectra are bounded above and two classes of 
unirreps called the principal and supplementary series having unbounded 73 
eigenvalue spectra (see [AD88b] and [BA65] for more details). 

A simple example of a realization of the so(2,1) generators in terms of boson 
annihilation and creation operators, which gives two classes of T3 eigenvalue 
spectra of type (4.23), is given in Exercise 4.1. 


4.4 Realizations of so(2,1) 


It is not as straightforward to obtain realizations of so(2,1) as it is for so(3). 
Given the correspondence principle it is clear how to extend the classical or- 
bital angular momentum to its quantum mechanical counterpart in order to 
obtain a realization in the coordinate representation for the generators of so(3). 
However there is no similar classical analogue in the coordinate representation 
for the generators of so(2,1). Since our goal is to use so(2,1) as a spectrum 
generating algebra for simple quantum systems such as the hydrogen atom and 
the harmonic oscillator, we look for realizations which can be used to express 
the hamiltonians for these systems in terms of the generators Ть. Then we 
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can express the radial Schrodinger equations for these systems as eigenvalue 
problems for the 73 operator. The known results (4.18) to (4.20) can then 
be used to obtain energy eigenvalues. Moreover we also want to do algebraic 
perturbation theory based on these simple systems so it is necessary to be able 
to express the perturbation in terms of the so(2,1) generators. This will be the 
case for central perturbations (functions of r = |r| only). 

Therefore we look for realizations that can be expressed in terms of r and р? 
or equivalently in terms of r and p? where p, is the radial momentum operator 
[CI77a]. Later we shall perform a scaling transformation from the physical 
set of operators {r,p,} to another model set {R, Pr} in terms of which the 
realizations of the generators are expressed so in this section we develop the 
realizations in terms of R and Pp. 

In classical mechanics the radial momentum Pp is given by the directional 
derivative Pp = R-P, where В = R/R is the unit vector in the radial di- 
rection, but the corresponding quantum mechanical operator is not hermitian. 
Instead it 1s necessary to use the symmetrized hermitian definition 


Pa= 5(RP + Р.В) (4.24) 
1 O [д 1 1 . 
= - 555k = -i [58 + я = 5(ВР-5.. (4.25) 


The connection between the momentum P and the radial momentum Pp in 
3-dimensional Euclidean space В} is given by 
2 ,, Г” 

P? = PR+ 5, (4.26) 


and the basic commutation relation is 
CR, Pr] =2. (4.27) 


The identities (4.25) and (4.26) are valid only in В? but we shall see that 
the symmetrized definition (4.24) and the commutation relation (4.27) are also 
valid in D-dimensional Euclidean space IR”. In our derivation of realizations 
of the so(2,1) generators only (4.27) will be used so the results will also apply 
to R” with D 4 3. Equations (4.25) and (4.26) and their generalizations will 
only be needed when we consider specific hamiltonians and their expressions 
in terms of the so(2,1) generators. 

We now consider operators of the form R™ Pp in order to obtain three 
operators that close under commutation. Since hamiltonians are second order 
differential operators in the coordinate representation we can assume that n = 
0,1,2 in the term R™P. Therefore we choose the set {R*, R’Pp, R°P2} and 
try to find a, band с such that this set of operators is closed under commutation. 


Evaluating the commutators in pairs using the basic commutator identities 
(2.1) and (2.2), we obtain 


[R*, R’Pp] = R°CR*, Ppl, (4.28) 
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[R’P,, R°P2) = R’CLPp, В] Р2 + R°CR’, P21 Pp, (4.29) 
[В°, R°P2] = R°LR*, P2). (4.30) 


The commutators of the form [R", Pp] and [R", РЁ] can be evaluated 
using identity (2.5) and the basic commutation relation (4.27): 


n-1 
[R", Pp] = >> R*CR, Ppl Е" ^" 
k=0 
п-1 
=>. А" =inR™, (4.31) 
k=0 
[R", Р?] = Pp R", Pp] + [В", Ppl Pr 


= Рь(т В” ") + (inR"-")Pp 
= и(В""Рь — Кп- 1)R"*) + inR"" Pp 


= 2inR™"'Pp+n(n—1)R"?. (4.32) 
Substitute these two results into (4.28), (4.29) and (4.30) to obtain 
[R°, R’ Pp] = iaR*t??, (4.33) 
[R’ Pp, R°P2) = i(2b— с) В? +1 P2 + b(b— 1) Reto? P,, (4.34) 
[В°, R°P2) = ма ВТР, + a(a — 1)R°*?. (4.35) 


We must have А“ on the right side of (4.33) зо 6 = 1 and we must have 
а+с-1 = bsoc = 2-а. This gives the Lie algebra with generators 
{R*, RPp, R?-*P2} and commutation relations 


[R, ВР;] = iaR?, (4.36) 
[RPp, R?-*P2] = iaR®*P2, (4.37) 
[R*, R-*P2] = %a [RPp - (a1). (4.38) 

) 


The constant term in (4.38) can be subtracted from the operator RPp in (4.36 
and (4.37) without changing these commutation relations. Similarly the pa- 
rameter a can be removed from the right sides of the commutation relations 
if we divide the first by a, the second by а? and the third by a?. Thus if we 
define 


Y= Pf, (4.39) 
1 | 

и=- [RP = 1) | (4.40) 
а 2 
1 —а 

then the У, satisfy the simple commutation relations 

(V1, V2] =, (4.42) 
[V>, Val = iVa, (4.43) 


[И, №] = 28%. (4.44) 
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We can generalize these results somewhat by noting that (4.31) also holds 
for negative powers of А (see Exercise 4.3): 


[В ", Pp] = -тЕ"". (4.45) 
Then (4.36) becomes 
([R~*, ЕРь] = -1aR™, (4.46) 
and from the definitions (4.39) and (4.40) 
[ИИ =". (4.47) 


We can now combine (4.43) and (4.47) to obtain 
[V,,V3] + 71V,, И] = + ir”, 
or 
И, У +тИ "1 =i(V3+7V,'), 


where 7 is any operator or constant which commutes with the V,. Thus we 
obtain the commutation relations 


[ИИ] = М, (4.48) 
И, +тИ 1 =К\%тИ), (4.49) 
И, +тИ 1 =21,, (4.50) 


where (4.50) is obtained from (4.44) since И and У; ' commute with each 
other. Now add and subtract (4.48) and (4.49) to obtain the commutation 
relations 


[И Уз + И +тИ 1 =i(¥,-V,+7V,"), (4.51) 
[И У — И+тИ '] = ЦИИ ТИ), (4.52) 
[ИУ № ти] = 2cV,. (4.53) 


Finally if we define 
1 
Г = 5 (Vs —И ти), 
Т. =У,, 
1 
Ту = 5(VatV ТИ), 


then these operators satisfy the so(2,1) commutation relations (4.1) and we 
obtain the realizations 


1 1 -ар?2 T a 
T=5|[5R°PR+ = |, (4.54) 
1 1 
_1 ta 4.55 
T, = - RP, > (а 1) | (4.55) 
ОТ pape, 7 | 
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These realizations are sufficiently general for our purposes. In fact we shall 
use a = 1 for the hydrogen atom and a = 2 for the harmonic oscillator. Аз 
mentioned above they are also valid in the D-dimensional Euclidean space R? 
even when D # 3 since only the basic commutation relation (4.27) was used. 

In order to make the connection between this realization of the so(2,1) 
generators and the matrix representation (4.18) to (4.21), which is independent 
of the particular realization, it is necessary to relate the eigenvalues, Q = 
k(k + 1) of T? and q of T3, to the parameters a and т in (4.54) to (4.56). To 


do this use the realization to evaluate T? as follows: 
Т? = T; _ T? _ Т 
= (T; — T,)(T3 + Т,) — СТ», Т.] — T? 
1 
= Re (SRP + rR) iT, -T? 
а—1 
2а 


T? can be simplified using the basic commutation relation (4.27): 


_ т. 


1 a 


1 a a 
а—1\? 
в» - ( =) 
1 ‚ [а—1 a—1\? 
= R(RPp— i) Pp - i (“—) вв (“= 


lipo 2 (2=4) 
= ah Pr 7 thr og) 


1 _fa-1 
= s RPpRPp — i ( a 


a 


Therefore 
Т? =т+ =a" (4.57) 
4a? 
Since т is a constant or an operator which commutes with the so(2,1) 
generators it is also diagonal in the abstract basis |gk) so denoting its eigenvalue 


also by т we obtain from (4.18) 


r+ —— =k(k +1). (4.58) 


а | (4.59) 


The Тз eigenvalues (4.23) have the form 


Solving for k gives 


q=dtp, p=0,1,2,... (4.60) 


with lowest eigenvalue 
gQ=k+l1, k>-l. (4.61) 
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Before considering the general case of so(2,1) as a spectrum generating 
algebra for simple quantum systems and the generalization to D-dimensional 
cases we show how so(2,1) can be used to obtain the energy levels for the two 
most important cases: the 3-dimensional hydrogen atom and the 3-dimensional 
isotropic harmonic oscillator. 

These two problems are equivalent in the sense that the radial differential 
equation for the D-dimensional harmonic oscillator can be transformed into 
that of the D-dimensional hydrogen atom by a change of both the dependent 
and independent variable (see Exercise 4.8). For our purposes it is easier and 
more instructive to consider them as separate problems with a = 1 for the 
hydrogen atom and a = 2 for the harmonic oscillator. 


4.5 3-dimensional Hydrogenic Atom 


The hamiltonian for the 3-dimensional hydrogen atom in atomic units (m = 
e=h=1) is 


1 2 
H=-p—= | 


where Z is the nuclear charge. From (4.26) 
р -—, (4.63) 
and the Schrodinger equation for the energy Ё is 
(H — E)p(r) = 0. (4.64) 
The hamiltonian is not directly expressible in terms of the so(2,1) generators 
(4.54) to (4.56) for any value of the parameter a. However if we multiply (4.64) 


on the left by r and introduce the scaling transformation from the physical 
operators {r,p,} to the model space operators {R, Pr} given by 


1 
r= 7R, р = 5 PR (4.65) 


then (4.64) can be expressed as 


РЕ (т) =0 
9! Pr T oF 7 


1 L? 
— гр? + 7 _ 72 —yEr (т) = 0, 
2 2r 


1 2 [2 2 
р (RFA + RT 27 eR — 2 (В) = 0. 
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If we use model space operators and choose а = 1 in the realization (4.54) 
to (4.56) to obtain 


_ 1 о. T 
T=; |RPR+ > - A], (4.66) 
Т, = RPr, (4.67) 
_ 1 >», T 
Th=5[RPR+— +R], (4.68) 


and if we choose лу and т such that 


then a 73 eigenvalue equation is obtained: 
(Ts 72) b(7R) = 0. (4.71) 


Since the hydrogen atom wave functions ф(т) are separable in spherical 
coordinates 


(г, 9,9) = $(г)У (9, 9) (4.72) 


аз products of a radial function and a spherical harmonic it follows that (4.64) 
or (4.71) can be reduced to eigenvalue equations for the radial functions if we 
replace [2 by its eigenvalue £(£+ 1). Therefore 


(H — E)g(r) = 0, (4.73) 
(Тз — yZ)®(R) = 0, (4.74) 

where we have defined 
®(R) = $(18). (4.75) 


It follows immediately from (4.59) that 
k= 3[-14 (2€+ 1). 
Since £ > 0 and k > —1 ме must choose the upper sign to obtain 


k=, (4.76) 
gq=l+1l+p, и=0,1,2...., (4.77) 


where q is an eigenvalue of 73, and from (4.69) and (4.71) the scaling factor 
and energy are 


_ 4 
==, (4.78) 


Е=Е=-—.. (4.79) 
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This is the famous Bohr formula for the energy levels of the hydrogen atom if 
we identify 4 with the principal quantum number п. 

There are several important ideas related to the above derivations. The 
choice 252 Е = 1 instead of (4.69) would lead to positive energies corresponding 
to scattering states and a J, eigenvalue equation. We are only interested in 
bound states so (4.74) justifies our earlier choice of {T?,T3} as the set of 
commuting operators to diagonalize. It is also important to realize that (4.66) 
to (4.68), with the specific choice (4.70) of 7, do form a realization of so(2,1). 
This follows since the components L; of the orbital angular momentum (and 
hence L?) commute with the so(2,1) generators: 


(С, Тк] =0, jg, k =1,2,3. (4.80) 
This also shows the the T3 eigenfunctions can be labeled as 
Vrem(R,v, ф) — One( R)Yem(9, ф) (4.81) 


by identifying the abstract basis function |qk) with ®,,(R) and that they form 
a basis for the direct sum algebra so(2,1) Ф so(3), corresponding to the direct 
product 50(2,1) ® SO(3) of the associated Lie groups, in the sense that the set 
of 6 operators L;,T;, 7 = 1,2,3 generate the Lie algebra so(2,1) Ф so(3). This 
idea of merging so(2,1) with other Lie algebras to form a larger Lie algebra 
will be pursued in Chapter 5 and Chapter 6. 

Finally the most important aspect of the derivation of (4.74) from (4.73) 
is that the scaling transformation and pre-multiplication of the Schrodinger 
equation by r is a non-unitary transformation. This is clear since the discrete 
state spectrum of H is not complete for bound state wavefunctions (the con- 
tinuum states also contribute) whereas the spectrum of 73 is purely discrete 
and complete. Thus the eigenfunctions of (4.71) and (4.74) are not the usual 
hydrogenic ones so we call them the scaled hydrogenic eigenfunctions. 

Moreover the so(2,1) generators given by the realization (4.66) to (4.68) 
are not hermitian with respect to the usual scalar product and the 73 eigen- 
functions do not form an orthonormal set with respect to it. This is not a 
disadvantage since we shall show that a new scalar product can be chosen with 
respect to which the J, are hermitian. The fact that we can now describe 
bound states using only a discrete basis has an enormous advantage when we 
consider perturbation theory using 73 as the unperturbed “hamiltonian” since 
there will be no integrations to perform over intermediate continuum states 
as is the case with the conventional perturbation theory based on the original 
hydrogenic hamiltonian. 

The scaling transformation used here to convert the original eigenvalue 
problem (4.64) into the T3 eigenvalue problem (4.74) can also be performed 
from an active viewpoint using one coordinate system and the unitary trans- 
formation of operators and states given by the operator e'*7?. This so-called 
“tilting transformation” is commonly used in the literature ([AD88b], [ВА71а], 
[WY74]) but is more complicated than the simple scaling transformation (4.65). 
The details are given in Appendix C. 
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4.6 3-dimensional Harmonic Oscillator 


The hamiltonian for the 3-dimensional isotropic harmonic oscillator in atomic 
units is 
1 


_ 12 2.2 
Н = 5Р + от 
1... № 14.4, 
ОР! + 972 + 2“ Г, (4.82) 
using (4.26), and the Schrodinger equation for the energy E is 
(H — E)p(r) = 0. (4.83) 


In this case there is no need to pre-multiply (4.83) by г so we multiply by 72/4 
and perform the scaling transformation (4.65) to obtain 


1 7 | 1 
fal + Gr t gre? — +78] vr) = 0, 
1 2 ГР 2 p2 2 
sth ape tn - УЕ (В) = 0, 
РН + —y4w? В? _ lap v(yR) =0 
24 В" 4R т 4} 7 | 


If we use model space operators and choose а = 2 in the realization (4.54) to 


(4.56) to obtain 


T, = > [РА += - rey, (4.84) 
Т = : [2 _ 1 , (4.85) 
=5 [+ ++ в? (4.86) 
and if we choose y and 7 such that 
и = 1, (4.87) 
r= HL’, (4.88) 


then we obtain the 73 eigenvalue equation 
(T; — 14°E) (R) =0, (4.89) 


analogous to (4.74) for the 3-dimensional hydrogen atom where Ф( В) is again 
defined by (4.75). 

From (4.59) and (4.88), again replacing Г? by its eigenvalue é(¢ + 1), it 
follows that 


= g[-1+ 3(2¢+ 1) 
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and the upper sign must be chosen since £ > 0 and we require that k > —1. 


Therefore 


1 1 
ЕЕ - 
| 3 
q=k+ltp=sltoth, w=0,1,2,..., (4.91) 


where q is the eigenvalue of T3. From (4.87) and (4.89) the scaling parameter 
and energy are 


7 =<, (4.92) 
Е=Е = 4 = 20 = (¢ + 2u + 5) Ww. (4.93) 
Defining the principal quantum number 
n=l+ 2p, (4.94) 
we obtain the familiar formula 
E, = (n+ 3)w (4.95) 
for the energy levels of the 3-dimensional isotropic harmonic oscillator. 
4.7 Generalization to D Dimensions 
In D-dimensional Euclidean space R? we can define 
т = (%1,72,...,2p), p= (р1,р2,....Ро) (4.96) 


as the coordinate and conjugate momentum vectors and 


r= r7+234+---+23 (4.97) 
as the radial distance. 


There are now 3D(D —1) linearly independent orbital angular momentum 
operators given by [1067] 


Lj, = тре - тр J<k=1,2,...,D. (4.98) 
These operators are antisymmetric, 
Ly = Ш, (4.99) 
and satisfy the commutation relations 


CL jk, Lem) = бит + SkmLje — дут Гкё — dxeL jm) (4.100) 
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of the Lie algebra so(D) which are derived in Exercise 4.4. 

The angular momentum can only be expressed as г Хр in В? and (4.98), 
(4.99) and (4.100) provide the appropriate generalization of the vector cross 
product to higher dimensional spaces. In case D = 3 we have [1 = Ly3, 
[2 = L3, and L3 = [21. The Casimir operator is given by 


1 
DP = SOL Lip = 5 У Ls List, (4.101) 
j<k j,k 
and it is shown in Exercise 4.5 using (4.100) that 
ИР, Г] =0, j<k=1,2,...,D. (4.102) 
From (4.98) and Exercise 4.6 it follows that 
[А = г?р? —(r-p)? +i(D —2)r-p. (4.103) 
Now using 
г.р= ia 2 = ire (4.104) 
~ "Oz; Or 
we obtain  D_10 
2_ 2,2, .2/ 9 7A? 
[*=r*p’+r (5=+ - x), (4.105) 


The symmetrized form of the radial momentum (4.25) remains valid in D 
dimensions and using the generalization r-p — p-r = D1 of (2.10) it follows 
that 


_, 1 On _ 9 М _ 1 
аи =) = еер-м, (4.106 
where 1 


Substituting into (4.105) and solving for р? gives the generalization of (4.26) 
р-1)(0-3) L’ 
(D-1)(D-3) |? 


4r? r? 

The most important aspect of the generalization to D dimensions is that 
the basic commutation relation (4.27) is still valid for the definition (4.106) 
(see Exercise 4.2). Therefore the realization of the so(2,1) generators given by 
(4.54) to (4.56) remains valid since only this commutation relation was used 
to derive it. Similarly the expression (4.57) for T? is still valid. However the 
eigenvalues of [2 are no longer given by (€+1). Instead if Y is an eigenfunction 
of [2 then it is shown in Exercise 4.7 that 


LY = &(e+ D-2Y, (4.109) 


p =p. + (4.108) 


so the eigenvalues of L? are £(¢ + D —2). We can now obtain the energy levels 
for the D-dimensional hydrogen atom and isotropic harmonic oscillator. 
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4.8 D-dimensional Hydrogenic Atom 
From (4.108) the D-dimensional hamiltonian is 


1 D-1)(D- ПР Z 
= Sp + CWO“) | 2. (4.110) 


8r? 2r2 г 
The scaling transformation (4.65) now gives the scaled Schrodinger equation 


F (RPA + va) + г ~ 24? ER) - 12 v(yR)=0. (4.111) 


Therefore in the realization (4.66) to (4.68) we can choose 
T= «(р -1)(Ф-3 +1, (4.112) 


which is the generalization of (4.70) 
Finally replacing [72 by its eigenvalue £(¢ + D — 2) and substituting into 
(4.59) gives 


k= 5[-14 р - 0-3) + (0+ D-2) +1 | 
= 5 [1+ +0 -2)+ (0-2) | 


= 5 [-14 (28+ D—2)]. 


Again since € > 0 and k > —1 we must choose the upper sign to obtain the 
generalizations of (4.76), (4.77) and (4.79) (¥ is still defined by (4.78)): 


k= l+——, (4.113) 


—] 
ТА и =0,1,2,..., (4.114) 


72 


Е = E£, = -———— 
2 (6+ 21+ в) 


(4.115) 


We can identify 4 as the generalization of the 3-dimensional principal quantum 
number n. 


4.9 D-dimensional Harmonic Oscillator 


From (4.108) the D-dimensional isotropic harmonic oscillator hamiltonian is 


—_— — en — —W e 4.11 
ОР» 8т2 Qr2 2 " ( 6) 
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Again the scaling transformation (4.65) gives the scaled Schrodinger equation 


5 (GPR (D-1)(D-3) LD? yu? т 


9 16? TTR t 4 4 


and now we can choose 


| v(yR)=0 (4.117) 


1 
16! 
in the realization (4.84) to (4.86) to obtain the generalization of (4.88). 

Finally replacing L* by its eigenvalue £(¢ + D — 2) and substituting into 

(4.59) gives 


b= 5 [-14 VD- D-H +H D-3) 44 | 
= 5 [1+ 5vVe+ D-2) + (0-2 | 


1 
= 5 [1+ 5(2¢+D-2). 


The upper sign must be chosen and we obtain the generalizations of (4.90) to 


(4.93) (7 is still defined ы (4.91)): 


D —1)(D —3)+ lL (4.118) 


T= 


1, D 
и tes oy и = 0,1,2...., (4.120) 
Е = Е, = (+ж#+5) и. (4.121) 


As in the 3-dimensional case we can identify п = # + 2p as the principal 
quantum number to obtain E,, = (n+ 2)w. 

The one-dimensional harmonic oscillator can be treated as a special case. 
There is no orbital angular momentum term in the hamiltonian (4.116) and 
since D = 1 the first r~? term also vanishes. Using z and р as the coordinate 
and conjugate momentum wees [z,p] = 1, (4.116) reduces to 


Н = =P + ut x, (4.122) 


which is the hamiltonian for the 1-dimensional harmonic oscillator. The scaling 
transformation can be ponerse using zc = 7X and p= ~'P and we obtain 


Е (; P* + a1 7 wX?) - ire o(7X) = 0. (4.123) 


Therefore we can choose т = 0 in the realization (4.84) to (4.86) and from 
(4.59) there are now two values, k = —1/4 and k = —3/4. The first gives the 
T3 eigenvalues and energies 


q=k+lt+p= tus, 
Е = 24 = ($ +2 +1), и =0,1,2,..., 
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/ 


and the second gives 


q=kt+tlt+p=qty, 
Е = 24 = (1 + 2p)w, и =0,1,2,..., 


and these results can be combined to obtain the familiar result 
E=(n+1)w, n=0,1,2,... (4.124) 


for the energy levels of the 1-dimensional harmonic oscillator. It is interesting 
that the use of so(2,1) as a spectrum generating algebra for the 1-dimensional 
harmonic oscillator produces the energy levels in two sequences whereas the 
usual algebraic approach using annihilation and creation operators gives the 
combined sequence (4.124) directly [ME70a]. 


4.10 Hermiticity of so(2,1) Generators 


In order to use the matrix representation (4.18) to (4.21) for the so(2,1) gen- 
erators given by the particular realization (4.54) to (4.56) it is necessary that 
the operators T, be hermitian with respect to some scalar product. In D- 
dimensional Euclidean space В? the conventional scalar product of two wave- 
functions 1 (т) and 42(т) is given by 


(v1, 42) = (ив), (4.125) 


where dv = r?~'drdQ is the D-dimensional volume element separated into 
its radial and angular parts. The matrix elements of an operator A are then 


defined by 
(tr, Ava) = f ¥(r)"[Ava(r)]ldo. (4.126) 


To show that the operator А is hermitian it is sufficient to show that its 
expectation values are real, 


(Ф, Ay) C2 Ay)" — 0, (4.127) 


for any square integrable function 4. The so(2,1) generators are not hermitian 
with respect to this scalar product. However if we use the model space oper- 
ators and the volume element R?-?dV, where dV = R?-!dRdQ, to obtain a 
new scalar product such that the matrix elements of the operator A are now 


defined by 
(ФА) = f ® (ВА (В) 8-24, (4.128) 


then the so(2,1) generators are hermitian with respect to this scalar product. 
In the important case a = 1 corresponding to the hydrogen atom this 15 some- 
times called the “1/R scalar product” and in case a = 2 corresponding to the 
harmonic oscillator the two scalar products are identical. 
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We now show that the generator T2 defined by (4.55) is hermitian with 
respect to the new scalar product. Since the differential operators T, depend 
only on the radial distance R we can assume that $(В) = Е (R)Y(R) where 
Y(R) denotes a general angular function of R = R/R and we can assume that 
the angular functions are normalized to unity. In the 3-dimensional case this 
factorization is expressed by (4.72). After integration over the angular part 
the expectation value of То is given by 


(U|T,|¥) = [ ” РВ) Е(В) ВР -З4В 


== |” Fry - — SRM F(R) (a - FUR) В? ЗЕ 


= = [” F(Ry |МЕ(®) + RP(R)+ 5(@— 1)F(R)] RP* dR 


а JO 


__! [rey RFR) + > (р +а— 2)F(R) RP+-3gR, 


a Jo 
where we have used (4.106) and (4.107). Therefore 
(ФТФ) — (ФФ) 


1 


== [ [(D + a — 2)R?**-3F(R)* F(R) 


+ 82+? (F(R)*F"(R) + F'(R)"F(R))|dR 
_ a °° d D+a—2 ж 
=-+ [ op В"? Р(В)"Р(В)] ЧЕ 
2% d 1 2 
— __ ___ 5(О+а-2) 
=-- [ те F(R)| dR. (4.129) 


This integral will be zero for the class of functions F(R) such that 
lim 1, R2(P+9-2) F(R) = 0, (4.130) 
jim n RP +) F(R) = 0. (4.131) 


Since we are assuming that Ф is square-integrable, 


| 
then (4.131) is satisfied. Therefore T2 is hermitian with respect to the class of 
square integrable functions V(R) whose radial part satisfies (4.130). 

Even though Т2 is hermitian with respect to this class of functions, its 
eigenfunctions do not belong to this class зо То is not an observable. This is 
analogous to the well known result that the radial momentum Ра is hermitian 
with respect to the conventional scalar product (4.126) but its eigenfunctions 
are not square-integrable [ME70a]. This is not a problem since the basis func- 
tions used in the matrix representation (4.18) to (4.21) are eigenfunctions of 
T3 not ]2. 


Ri+2-2) F(R)" dR < 00, (4.132) 
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In a similar manner it can be shown that Т! and 73 are also hermitian with 
respect to the new scalar product. In the next section we shall obtain the 
explicit form of the eigenfunctions of T3. 


4.11 Explicit 7; Eigenfunctions 


The realization of the operators 7, can be expressed directly as differential 
operators in terms of the radial distance А using the expression (4.106) for the 


radial momentum. Since [3,R™ ] = MR™—! we obtain 


1 д? 
2 _ М 
РН = - pw ope? 


__ 1 0 [мод M-1 
= - ноя (BMG t MRM) 


__1 [pm 9 M-1\ 9 
~ a (F ant ) в 


М [ром 9 M-2 
am (F эв+(М- ПВ“), 


and using М = (D —1)/2 


9 D-19 (D-1)(D-3) 


Ре 
в @R? В ОВ 4 R? 


(4.133) 


Therefore the so(2,1) generators can be expressed as the differential operators 


2 — 
T= gah (9 +2 am) 


2a? OR? R OR 
1 (D—1)(D-3)\ 1 _1 й 
+5 (7 - a aR (4.134) 
t 0 D+a-2 
To = -7 (Re, + 5 , (4.135) 
Т. 1 prs 9 D-10 
20а? OR?" В OR 
| (D-—1)(D—-3)\ 1 l 
+ 5 ( — ha? Re + aft . (4.136) 


Here т can be any constant or any operator commuting with functions of А, 
not just the particular value defined in (4.112) or (4.118). 

Denoting the Тз eigenfunctions in the coordinate representation by Е» (Е) 
= (R\qk) this gives the eigenvalue problem 


ТЕ (В) = аЕь(В) (4.137) 
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analogous to (4.19) but expressed as a second order differential equation. We 
could now apply the series solution method to find the explicit eigenfunctions 
and eigenvalues of 73. Of course this classical approach is not necessary since we 
have already obtained all the results in previous sections using the Lie algebraic 
method and the matrix representation of so(2,1) and it is not necessary to know 
the explicit form of the 73 eigenfunctions in order to calculate matrix elements 
of operators expressible in terms of the so(2,1) generators. 

Nevertheless the explicit eigenfunctions of 73 can easily be obtained by the 
successive application of the raising operator 7, to the lowest eigenfunction. 
The only differential equation which must be solved is a simple first order 
one for the lowest eigenfunction Рь+1 к (В) of T3. This approach using raising 
and lowering operators to factorize a second order differential operator into a 
product of two first order differential operators is not new and has been known 
since the beginning of quantum mechanics. In our case (4.7) expresses this 
factorization as T,T_ = T? — T; — T? where from (4.19) and (4.57) the right 
side reduces to a constant. 

Using the realization (4.54) to (4.57) for Ть, Tz and 73 and noting that 
Тз — Г, = R* it follows that 


Ty = Ди 
=7T;—-—R° + [Г 


1 
= Ts — R* + RP 


a 


2a 


Therefore Т+ are given by the first order differential operators 


Ro 
= — "+ — — 4.13 
= ВС Rt ap? (4.138) 
where we have defined 
_ Э+а-2 


G 2a 


(4.139) 
Writing (4.20) in the form 
Te Fyi(R) = Agel o+i4(R), (4.140) 


where 


An = V(a— atk +0), (4.141) 
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it follows by successive application of T; that F,42,(2) is obtained from 
Ел к(В), then Fi434.(2) is obtained from Ё, +2 к(В) and so on. Therefore 


Ви) = Сы(Т+ Fear a(R), (4.142) 
where 
Cox = [Аль Акчак + * Ag—1k] 
2k +1)! 
УИ (4.143) 
(q—k—1)\(q +k)! 


Since Fy414(2) is the lowest eigenvector then from (4.138) it satisfies the 
first order separable differential equation 


Rd 

T_Fr414(R) = ( +1-G-—R*- 2a) ЕВ) =0 (4.144) 

whose general solution is 
Feat p(B) = со RAR -G) e-PRO (4.145) 
It is clear that this solution satisfies (4.130) 
jim R° F414 4(R) = 0, 
and it also satisfies (4.131) 
lim А" Ааа (В) = lim со" = 0, 

so long as k > —1 which is just the condition already obtained in (4.23) in the 


study of the unirreps of so(2,1). The normalization constant co is determined 
so that the integral in (4.132) is unity and the result is 


k+1 
cy = У (4.146) 


= ОЕ 


The final step is to simplify the expression (4.142) юг Ек(Ю). In the 
expression (4.138) for T, we can replace Тз by its eigenvalues k+1,k+2,..., 
k + (q —k - 1) as we operate from right to left with T, in (4.147). Therefore 


F(R) = Cg. TY VOTE AS)... TMS F(R), (4.147) 


where we have defined T =a—R*+ E. The А“ term in each of these 
non-commuting factors can be eliminated using the operator identity 
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Substituting this identity into (4.147) gives 


ЕВ) _ Ce en PTE OTe) _— TMS) (В) 


_ Cpe USM) Вр) И TH) me (R) 


— Се" ее) уа-2+о) ... +9 р, (В). 
The operator factors now commute so we can reverse their order to obtain 
F(R) — Cree [let 1+) py(k+24G) ... YO (В). 


Next substitute р = е"" into this result and use the operator identity 


Rd Rdpd_ а 


adR  adRdp "dp 
to obtain the operators yo =а + py. 


Now we can use (40° = ap*"! to obtain pry) = pe and 


phtG py (kt14@) (+246) _ yet) 
d — 
— И . 0“ 1+G) 


dpdp dp 


~k-1 
(ire 
p 


Therefore (4.147) simplifies to an expression of Rodrigues’ type 


d d d 1-246 (1+6) 


q—k-1 
F(R) = coC ne’ p*~? (+ "+ е-?Р. (4.148) 


Finally this result can be expressed in terms of the associated Laguerre 
polynomials whose Rodrigues’ formula is given by 


1 d\" 
(a) _ ora | n+Qa—-z 
LO = ee (=) ia a (4.149) 
Identifying п with q —- k —1, а with 2k +1 and х with 2p we obtain the 
normalized 73 eigenfunctions 
F,,(R) = De®’ (2R*)*- St LOY (2 R2) (4.150) 


q—k— 
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with the normalization factor 


Dy Sa poses (4.151) 


There exist at least two different definitions of the associated Laguerre 
polynomials. Our choice is defined by [РОб1], [AB65], [GR80]' 


Ге) = (" " "| iF\(—n,a + 1,5) (4.152) 


where 1 F(a, 5, x), also denoted Бу М, is the confluent hypergeometric function 


defined by 


_ ат (а)? (a),2” 
ify (а, 6,2) =1+-- + (2 +... + т free, (4.153) 
where 
(a), =a(a+1)(a+2)---(a+n—1), (ао =1. (4.154) 


We now determine the relationship between the normalized 73 eigenfunc- 
tions (4.150) and the conventional radial eigenfunctions f,,(r). Because of the 
simple scaling transformation (4.65) the scaled radial eigenfunctions are related 
to the conventional ones by 


Вк(В) = Cafgr(yR), (4.155) 


where the constant с. is to be chosen so that the functions F(R) are nor- 
malized with respect to to scalar product (4.128) and the functions f,,(r) are 
normalized with respect to the conventional scalar product (4.125). In case 
a = 1 corresponding to the hydrogen atom 


и. for(r) Нк (гг 1аг 
7. т [| F(R) Fe(R)RO dR 
= т Г Е (ВЕР. (В)ЕР-?4В 
D 


7 
— а (к. 


1 


From the realizations (4.156) and (4.56) of Т, and T3 in case а = 1 this 
result can be expressed as 


cf = 1° (Fox lTs — Ty |g). 


‘The other common choice is defined by £2,,(z) = (-1)“(п + о)! (x) 
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However from the matrix representation (4.20) and (4.21) and 7, = (Т,+Т-)/2 
it follows that the diagonal matrix elements of T; are zero so 

et = 1° (Foa|Ta| Fyn) = 974. 
In case a = 2 the integral 

[ Ек(В)Е(В)ЕР-4В 


is unity so we combine both cases to obtain 


D/2,1/2 ifa=l 
_ Y qd па 


Therefore the conventional eigenfunctions are given from (4.155) Бу 
1 т 
fulr) = Ва ("). (4.187) 


In case а = 1 and D = 3 corresponding to the 3-dimensional hydrogen 
atom we have G=1, y=q/Z,q=n,k =2 and 


Z3/2 2 
фи(г) = Fae ( =") (4.158) 
gon ‚ (2 2Z 
_ — рые ( 2 22") ат) ( —), (4.159) 
where 
n—f—1)! 
Dnt = 2 —__ (4.160) 


Similarly, if a = 2 and D = 3 corresponding to the 3-dimensional harmonic 
oscillator we have 72 = 2/w and 


for(r) = (z)"" Fu (Jr). (4.161) 


Since G = 8, 24 =п+ $ and k = 56 — 4 we obtain 


fuer) = (2) Dyer"? (wn?) LOM (wr?) (4.162) 


The conventional hydrogenic eigenfunctions (4.157) in the general case, or 
(159) in the 3-dimensional case, do not form a complete set of radial eigenfunc- 
tions. This is primarily due to the dependence of the exponential factors on 
r/n rather than r in (4.159). On the other hand the T3 eigenfunctions (4.150) 
have no exponential dependence on n and form a complete set for bound state 
eigenfunctions. 
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4.12 D-dimensional Relativistic Systems 


In this section we obtain the energy levels for the Klein-Gordon and Dirac 
equations in a Coulomb potential. The relativistic results are also compared 
with those for the non-relativistic hydrogen atom obtained in Section 4.8. 


4.12.1 Klein-Gordon equation 


The Klein-Gordon equation (Schrodinger’s relativistic equation) describes a 
relativistic particle with spin 0. It is obtained from the relativistic energy- 
momentum relationship 


(E—eV) = ре? + т? с, (4.163) 


where У is the potential. For а Coulomb potential У = —Z/r, using atomic 
units (h = m = e = 1), we obtain [SC68] 


4_ pp 2 
до ec -k 1f 22Е Z _ 
р + —_ + a (- в (т) = 0. (4.164) 
For this system of units the fine structure constant is a = 1/с & зу. 
Expressing р? in terms of the radial momentum using (4.108) we obtain 
д. ((D-1)\(D-3) 1. 
и (ОЭ 4 12 204 = 
2 
+c? — Е? — аа | = 0. (4.165) 
r 


We can now multiply by r, divide by 2, and use the scaling transformation 
(4.65) to obtain 


fam (= г) 


+ (<? - Bar)? — тра? (В) = 0, (4.166) 


which can be expressed as a 73 eigenvalue problem of the form [T3—q]®(R) = 0 
for the radial part of the scaled wavefunction if we use the realization (4.54) 
to (4.56) with a = 1 and 


_ иг +12 — 2207, (4.167) 


(c? — E?q*)7? =1, (4.168) 
(= yZEa’. (4.169) 
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The last two equations can be solved for y and F in terms of the T3 eigen- 
value 4 to obtain the positive energy solutions 


2 2,2 
q 2^а 
7? = zi (i + =] ; (4.170) 
2,.2\ 71/2 
E=¢ (i + a | (4.171) 


Finally, replacing [2 in (4.167) Бу its eigenvalue £(¢ + D — 2), the lowest 
eigenvalue go of 4 is obtained from (4.59) using the upper sign and (4.61): 


g =k+1 


- ; [1+2 = 1)(D — 3) +46 + D2) +1 - 42208 | 
_ ; | + (D+ 20-2)? — 4270? | (4.172) 


Therefore the energy levels are given by 


2,2 \-1/2 

вия ‚ p=0,1,2,... (4.173) 
(qo +1)? 

It is interesting to compare this result with that for the non-relativistic D- 

dimensional hydrogen atom given by (4.114) and (4.115). Using the superscript 

NR to denote the non-relativistic values of the principal quantum numbers q 

and go we obtain 


g= qh? +A, (4.174) 


where A = q—q¥* = q — qh’* is the relativistic correction given from (4.172) 
and (4.114) by 


D+2é-1 


А+ (D + 2¢— 2)? — 42208 | — > 


2 


D+2@—2 42202 
Ию — —________ -_ ] 4.1 
2 \ 2+2 (4.175) 
Substituting into (4.171) we obtain the energy formula 
9-1/2 
270? A \~ 


— 2 |] 2 (27) 3 +... 
О OR?” 2(gNRA\D+20-2 4 | 


The first term on the right side is the rest mass, the second is the поп- 
relativistic energy and the third is the first correction term which depends 
on the orbital angular momentum quantum number 4. 
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4.12.2 Dirac-Coulomb equation 
The D-dimensional Dirac hamiltonian for a Coulomb potential describes a 


particle with spin 1/2 and can be expressed in the radial form [C067], [SC68] 


Z 
H =ca,p, + ia,BK + Be - =. (4.177) 
where a, and В anticommute: 


{a,, В} =a,8 + Ba, = 0, (4.178) 
and the operator K is diagonal with eigenvalues given by 


D-1 


kp = + [to + 5 


‚ №=012.... (4.179) 


The eigenvalue problem for the radial functions can be expressed in the 
two-component spinor form 


Hf = Ef, (4.180) 


“,= (° nr a= (1 4): (1). (4.181) 


Substituting (4.177) and (4.181) into (4.180) gives 


where 


2 ch 
co —— юр, — — | | fe Ft 
r 7 -E| "|, (4.182) 
ср, — ce Gt 2 f- f_ 
r r 


which is a system of two first-order coupled differential equations for the spinor 
components fx. 

In order to use our realization (4.54) to (4.56) of the so(2,1) generators, 
which is expressed in terms of p?, it is necessary to convert (4.182) to a second- 
order differential equation for one of the functions }+. To do this we first write 
(4.182) in the compact form 


(icp, _ ia fe + (+e _ = — Е) fz =0. (4.183) 
Now premultiply by —r to obtain 
WT fz +c(K +irp,) fe = 0, (4.184) 
where we have defined 


Wt = (Е с*г + 2. (4.185) 


4.12. D-dimensional Relativistic Systems 69 


Now premultiply (4.184) by с(К + irp,) to obtain 
U fs + с (К? +rp,rp,) fz = 0, (4.186) 
where we have defined the operator U by 
U =c(K Firp,)WF. (4.187) 
We can move W? to the left using the commutator result 
[rp,, W*] = (Е c’)r[p,,r] = -i(E Fc’)r 
to obtain 


U = ИТсК Е ic(Wtrp, —i(E F c*)r) 
= Wc(K ¥irp,) = с(Е + с*)г 
= Ис(К + тр,) + (Е = с^)г + 2] + с2 
= ИТс(К + р, ) 4 сИТ + сё. (4.188) 


Substituting this result into (4.186) gives 
W*c(K ¥ irp,) fe = CWT fz + cZ fz + c°(K’ + rp,rp,) fz = 0. 
Now substitute (4.184) with — and + reversed to obtain 
—~WtW* |. + WF fz + ср +?(K? + гр,гр,) fs =0, 
and substitute (4.184) again to obtain 
—W*W* fz +c*(K tirp,) fz + c?(K? + rp,rp,) fe = с}, 


which represents two second-order equations of the form 


[M+c’K]f_ =—-cZ fy, (4.189) 
[M —c’K]f, = cZf_, (4.190) 

where 
М = —WtW? +icrp, + c?(K? + гр,гр,). (4.191) 


We can now obtain an equation involving only f, using (4.190) in (4.189): 
[M + ¢’K][M — °K] f, = —(cZ)" fi, 


which can be expressed as 


М? 
f= she, (4.192) 
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where 


2 
= К? — (=) = К? — 2702. (4.193) 


Finally taking square roots we obtain the second-order differential equation 


M 
alt = ¥5ft, (4.194) 


which can be transformed into a T3 eigenvalue problem as follows. From (4.185) 


and (4.191) 
М =-(Е? —c*)r? —2ZEr — 2? + ic’rp, +? K? + с?гр,гр, 
= —(E? — c*)r? — 2ZEr — 2? +ic’rp, +c? К? + c’r(rp, — i)p,. 


Substituting this result into (4.192) and premultiplying by r~' gives the eigen- 
value problem for the radial function f, 


2Z Ea? 


pee + (<? — Е?а?) 
r r 


| {+ (г) =0, (4.195) 


which has the same structure аз the radial Klein-Gordon equation (4.165), the 
only difference being the coefficient of r~*. Therefore premultiplying (4.195) 
by r and introducing the scaling transformation (4.63) gives 


р (RPA + ee 1) + (с? _ тазу) _ рва!) (8) —0. 
(4.196) 


The analysis is now identical to that of the scaled Klein-Gordon equation 
(4.166) except that in place of (4.167) we have 


т = 8(s+1), (4.197) 


and the lowest eigenvalue of 4 is now given by 


o= 5 [1+ Vas(o41) +1] 


1 
=50+28+1] 
=s or 3+1, (4.198) 


where from (4.193) and (4.179) 


—_4\2 
s= (+=) — 2292, £=0,1,2,... 


=. (D +2; — 2)? -42%a?, j=1,3,..., (4.199) 
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where we have defined 


j=ulti. (4.200) 
Since 4 = 4% + #4, where д is a non-negative integer, all eigenvalues can be 
obtained from the first case 4 = So in (4.198). 

Therefore we get the same formula (4.173) for the energy levels as in the 
Klein-Gordon case but with go given by (4.199) instead of (4.172). The rela- 
tivistic correction A defined in (4.174) is now given by 


1 _ 
А = 5 (2+2; — 2)? - 422 а? ве 
and substituting 6 = j — 1/2 in the second term 
D+2j-2 42202 
А — ячнчутттэщыте:ет=:е 1 — Бпнштттытыты»ьБ== — e 
2 | (D +27 — 2)? ] (4.201) 


which is identical to the Klein-Gordon correction (4.175) with £ replaced by 7. 


4.13 General Radial Equations 


We can summarize the results of the preceding sections by observing that 
so(2,1) with the realization of the generators given by (4.54) to (4.56) is a 
spectrum generating algebra for radial eigenvalue equations of the form 


[= 4+ — ort? — ered fir) = 0. (4.202) 


2а? 21-2 


Premultiply by r?~-* and substitute the scaling transformation (4.65) to obtain 


1/1 2-ар2 T 2a *) _ | _ 
| ; (sR р. 21%") — 07°] F(R) =0, (4.208) 
where F(R) = f(7R) is the scaled radial eigenfunction. This is a Тз eigenvalue 
equation of the form (73 — q)F(R) = 0 if we choose 


= 07°, 267“ = -1. (4.204) 


The values оЁт, o and = in (4.202) corresponding to the D-dimensional systems 
considered here are given in Table 4.1. 

The table entries are obtained by comparing (4.202) with (4.110) for the 
D-dimensional hydrogen atom, (4.116) for the harmonic oscillator, (4.164) for 
the Klein-Gordon equation and (4.195) for the Dirac-Coulomb equation. Also 
we can replace L? by its D-dimensional eigenvalue [(1+ D — 2). 


72 Chapter 4. Representations and Realizations of so(2,1) 


Table 4.1: Parameter values in (4.202) for the D-dimensional hydrogen atom, 
harmonic oscillator, Klein-Gordon equation and the Dirac-Coulomb equation. 


H-atom 


Oscillator | oo + г. 


Klein-Gordon 1| (2-23) + [2 


Dirac-Coulomb s(s +1) 


4.14 Parabolic Hydrogenic Realization of so(2,1) 


The Schrodinger equation for the 3-dimensional hydrogenic atom can also be 
separated in parabolic coordinates [BE57], [SC68], [LA77]. The advantage of 
this separation is that it is also valid for a hydrogenic atom in an electric field 
parallel to the z direction (Stark effect) and provides a convenient framework 
for perturbation theory since the Stark perturbation matrix is diagonal in 
parabolic coordinates. 

Since separation in parabolic coordinates is not as familiar as the usual sep- 
aration in spherical coordinates we present here the details of the solution but 
our primary goal is to show how to obtain the equivalent results algebraically 
using a parabolic realization of so(2,1). 


4.14.1 Parabolic coordinate system 


We combine the transformation from parabolic to rectangular coordinates with 
the scaling transformation by using a scaled parabolic coordinate system de- 


fined by 


€=a(r+z), 0<f<o, (4.205) 
n=a(r—z), 0<n<o, (4.206) 
y=tan"(y/z), 0<y< 2r, (4.207) 


where г = x? + у? + 22 and а is the scaling parameter. The inverse trans- 


formation is 


r= a Ven cos ф, (4.208) 
у=а 1 \/7 sing, (4.209) 


z = (2a)"'(€ —n). (4.210) 
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The volume element and Laplacian for a curvilinear coordinate system are 


(see [GR80], Sections 10.51 to 10.611) 


o_ _! 2 (lato) 2 вы 9) 9 [ыы д 
11203 [94 hy [94 hy dn Ov hg Ov 
(4.212) 
where 
hy = У9и, ie V922; hg — М3, (4.213) 
= 9) + ду “4 0: | (4.214) 
gu = де де ae ’ 
Ox \* Oy ; @z\? 
922 = (5) + (5 + (= ; (4.215) 
Ax \? dy \? Az\? 
933 = (=) + (5) + (5) . (4.216) 


For the parabolic coordinate system 


_ 1 [+n _ 1 [6+7 _ 1 
== т a hs = — Ven, (4.217) 


and we obtain (h,h2/h3 is independent of ф) 


1 
dV = (+1) d€ dn dy, (4.218) 


4a? |0 [0 д д о? 0 
Уря [ae (fae) ta (1) бд” 629 


4.14.2 Separation in parabolic coordinates 


Now substitute into the Schrodinger equation (4.62) to obtain 


д [.д д Ё+1 0° 2 E(E+n)| 
ре (9) +5; нана |0 


(4.220) 


Separation can be achieved by substituting a solution of the form 


(Е ть 9) = fi(E)falme™”, =m =0,+1, +2,... (4.221) 
into (4.220), cancelling e'"”, and dividing by Др to obtain 


Г (ее 
fidé 4 46 * 302 


l1dfd 2 | 2 
[ва (7) ty tae] tae 
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Each expression in square brackets must be a constant (—\, and —А› for 
example) and we obtain the two differential equations 


а [.а m Е 

-5 (=) + te 528 — My fi(€) = 9, (4.222) 
а [Га т’ Е 

-2 (=. + 4n — 202! — My fa(n) = 0, (4.223) 


and the separation constants must satisfy 
2 
А+ А = —. (4.224) 
a 


The two differential equations are identical so it is sufficient to solve one of 
them, say the first. It is interesting to note that (4.222) is not an eigenvalue 
problem for the energy Е but for the separation constant А!. To obtain the 
energy we choose the scale factor such that 


1 
E= 59”. (4.225) 


After determining the separation constants, a can be found from (4.224) and 
Е can be found from (4.225). 

The standard method of series solution can be used to obtain the bound 
state solutions of (4.222). The result is that the solution of (4.222) has the 


form 


Де = ще), (4.226) 
where и(&) must be а polynomial solution of 
и du lm] + 1 


This is a confluent hypergeometric equation which has a polynomial solution 


of the form (see (4.153)) 


Un, ,|m|(€) = ifi(-ny, |m| + 1,€) (4.228) 
only if Л, is given by 
At = П1 + +1, п = 0, 1,2, ... (4.229) 


Similarly, we can solve (4.223) for f(n) only if 


1 
№ =n. + mi no = 0,1,2,... (4.230) 
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Therefore we can define 
as the principal quantum number and obtain the Bohr formula from (4.224) 


22 
Е, = ра? = -52° $y)? = 2. (4.232) 


The parabolic wavefunctions are labeled by the parabolic quantum numbers 
п1 and п2 and the usual magnetic quantum number т and have the form 


Wn пот (Е, 7, $) — Nn плат Ра т) Лыжи (п), (4.233) 


where f,,, Jm|(€) can be expressed in terms of the Laguerre polynomials (4.152) 
as 


Fra jnl() = Мите 22 L000 (€), (4.234) 
or in terms of the confluent hypergeometric function (4.153) by 
Ри, т ($) — (т М, те, К (пл, |m| + 1,&), (4.235) 


where the normalization factors 


n+! 
Nantel = pape (4.236) 
VAL 

Мл, пот = na (4.237) 

are chosen so that (see Exercise 4.9) 
wa fe [an [ат ый =1, (4-238) 
DP Soatmi(é)Pd€ = 1. (4.239) 

If we fix the principal quantum number n then |m| can have the values 

Im| = 0,1,2,...,n—1. (4.240) 
If we fix both п and |m| then n; can have the n—|m| values 0,1,...,2—|m|—1. 


Since т can have the two values |m| and —|m| Шт # 0 then the total number 
of states for a given n is 
n—-1 


n—|0|+2 5 >(n-—m) =n’, 


т=1 


which is in agreement with the standard result for the spherical wavefunctions 
Wn em (Г, 9, ф). 
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4.14.3 Algebraic solution: method 1 


Using the scaling factor (4.225) the differential equation (4.222) can be ex- 
pressed as 


а [.а т? € 
-5 Ga + te + ти uy f(g) =0. (4.241) 
Make the simple change of variable 
€ = 2p (4.242) 
to obtain 
ldfd т?’ р 
or (><) + 8p + 5 — My F(p) — 0, (4.243) 


or equivalently 


1 4? 1а 2 
- a f+ e+e F(p) =0, (4.244) 


where 
P(p) = v3 (2p). (4.245) 


The \/2 factor is chosen so that if f(£) is normalized to unity according to 
(4.239) then 


[ ” F(p)?dp = 1. (4.246) 


If we now compare (4.244) with the D-dimensional hydrogenic realization 
(4.134) to (4.136) it is clear that (4.244) is a Тз eigenvalue problem 


(Ts — 41) F(p) = 0 (4.247) 
if we choose a = 1, В = p and 
1 
О = 2, T= zim — 1), qa = А1, (4.248) 


to obtain the the parabolic hydrogenic realization 


114 а т р 
T, = —5 (ee + 5) + 8p — 5? (4.249) 
а 1 
То = —i| p—+- 4.250 


lf d@ а ; 
ен) (4.251) 
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The lowest T3 eigenvalue is k + 1 where from (4.59) 


k= 5 [-14 vir Fi] = mh (4.252) 


and the upper sign has been chosen since we require that k > —1. Therefore 
the Тз eigenvalue spectrum is 


т | +1 
y) 9 


=\,=k4+l1l4tn=nt+ (4.253) 
in agreement with (4.229). We can use a similar realization for (4.223) in terms 
of 7 to obtain 
т] + 1 
2 ) 
so again the Bohr formula for the energy is easily obtained. 
It follows from the results of Section 4.10 that the parabolic so(2,1) gener- 
ators are hermitian with respect to the scalar product (D + a — 3 = 0) 


42 = Аз = +1+ п). = п2 + 


(4.254) 


(FAIR) = f° В(о)" Ар) dp, (4.255) 


in agreement with (4.246) and (4.239). 

Finally we can also obtain the explicit form of the eigenfunctions by substi- 
tuting the values of k and q, from (4.252) and (4.253) and G = 1/2 into (4.15) 
and (4.151) to obtain 


Fr, ,|m|(p) = 2M? Nag mje (2p)? £0 (2p), | (4.256) 


which agrees with (4.234) if we substitute р = €/2 and use (4.245) to obtain 
Тат (6). 


4.14.4 Algebraic solution: method 2 


An alternate approach to the algebraic solution in parabolic coordinates, which 
more closely parallels that used in Section 4.5 for the 3-dimensional hydrogenic 
atom, is to derive the results of Section 4.14.1 and Section 4.14.2 without the 
scaling factor (put a = 1). Then (4.222) would be 


Iz ( т ее | л® =0 (4.257) 


and similarly for (4.223) where the separation constants now satisfy 4y+2 = Z 
instead of (4.224). 
Now define the scaling transformation (compare with (4.65)) 
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Multiply (4.257) by у to obtain 


ld d m 4, 
sa (хах) + - ТЕХ ~ 7s] F(X) =0. (4.259) 


Now if we choose the scaling parameter such that 


and use the so(2,1) realization (4.249) to (4.251) with р replaced by X then 
(4.259) is a Тз eigenvalue problem with eigenvalues 


т| +1 
4 = yA1 =m + | - (4.261) 
and similarly for the 7 equation 
1 
42 = 7Аз = п2 + "+ (4.262) 


Since Л; + А = 2 then + 42 =п = 12 and E = —y~?/2 = —2?/(2п?). 


4.15 Exercises 


$ Exercise 4.1 Consider а simple many-boson system having only one single 
boson state with creation operator at and annihilation operator a satisfying 
the commutation relation [а,а*] = 1. Determine the constants a; and В; 
such that the linear combinations of bilinear products 


T, = оца*а* + Baa, Ty = agatat + B,aa, Тз = оза*а + Взаа* 


satisfy the so(2,1) commutation relations (4.1) and hence are a realization of 
the so(2,1) generators. Also determine the eigenvalues of T? and T3 and the 
representations (4.18) to (4.22) [65]. 


$ Exercise 4.2 Show that the basic commutation relation (4.16) is valid in 
D-dimensional space. 


Exercise 4.3 Derive the commutation relation (4.45) using (a) the real- 
ization of Pr as a differential operator given in (4.25) and its generalization 


(4.106) to D-dimensions and (b) using only the basic commutation relation 
(4.27). 


“> Exercise 4.4 Derive the commutation relations (4.100) for the D-dimen- 
sional orbital angular momentum operators defined by (4.98). 


4.15. Exercises 79 


$ Exercise 4.5 Show that the operator [2 defined in (4.101) commutes with 
each angular momentum operator (4.98) and is therefore the Casimir operator 
for so(n). 


<> Exercise 4.6 Derive the identity (4.103) for L? in D-dimensions. 


< Exercise 4.7 Show that the eigenvalues of L? in D-dimensions are given 
by €(€ + D — 2) using the fact that the angular momentum eigenfunctions for 
integer values of # are homogeneous polynomial solutions of the D-dimensional 
Laplace equation Уи = 0. 


$ Exercise 4.8 Show that the radial differential equation for the D-dimen- 
sional harmonic oscillator (4.116) can be transformed into the radial differential 
equation for the D-dimensional hydrogen atom (4.110) using a change of vari- 
able p* = cr and radial function R(r) = p’P(p) for some constants a, b and с 
to be determined. Also obtain the energy levels (4.115) of the hydrogen atom 
from the energy levels (4.121) of the harmonic oscillator (CI77a], [1080]. 


$ Exercise 4.9 Obtain the two normalization factors (4.236) and (4.237). 


Chapter 5 


Representations and 
Realizations of so(4) 


5.1 Introduction 


In this chapter we first develop two approaches to the general representation 
theory of the Lie algebra so(4). In the first approach the results of Chapter 3 
for the matrix representation of a vector operator are extended by specifying 
the commutators [V;,V,] which close out the commutation relations among 
the six components of J and V to give the defining commutation relations of 
three important Lie algebras: so(4), the Lie algebra of the 4-dimensional rota- 
tion group, so(3,1), the Lie algebra of the Lorentz group with three space and 
one time dimension, and sl(3), the Lie algebra of the 3-dimensional Euclidean 
group. The advantage of the first approach (Section 5.2) is that the represen- 
tation theory of all three Lie algebras can be obtained in a unified manner. We 
are interested only in so(4) so our final results will be presented only for this 
case. A general discussion of so(n) and so(p,q) is given in Appendix В. 

The additional commutators [V;, Ук] provide enough information to obtain 
explicit values for the undetermined coefficients a; and c; appearing in the 
matrix representation (3.57) to (3.59) of the vector operator V. This approach 
can be called the difference equation approach since the coefficients a; and с; 
are obtained by solving a pair of difference equations. 

We then require that J and V be hermitian and obtain the unitary irre- 
ducible representations (unirreps) of so(4). They are all finite dimensional and 
can be labeled by a pair of two real quantum numbers (jo,7) related to the 
eigenvalues of the two independent Casimir operators. The final results show 
that under the action of the so(3) generators each unirrep of so(4) reduces to 
a direct sum of unirreps of so(3) 

The second approach to the representation theory of so(4) is presented in 
Section 5.3. It is based on the observation that a simple linear transformation 
of the so(4) generators can be made to obtain defining commutation relations 
which show that so(4) is the direct sum of two so(3) Lie algebras. In other 
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words we have a familiar coupling or addition problem for two angular mo- 
menta. For example, the abstract basis vectors for the matrix representation 
of so(4) can be obtained as direct products of angular momentum states de- 
fined in two different spaces corresponding to angular momenta 7; and 72. The 
coupled states are denoted by |[j1, j2]jm) and are obtained from the uncoupled 
states |1ти ]2т2) by the well-known real unitary transformation given by the 
Clebsch-Gordan coefficients. 

The coupled states can now be used to construct the matrix unirreps of 
so(4). Each unirrep is now labeled by the pair of angular momentum quan- 
tum numbers [j;,j2| which are simply related to the pair (jo,7) arising in the 
difference equation approach. 

Thus angular momentum theory provides a simple approach to the repre- 
sentation theory of so(4) but only at the expense of requiring some of the more 
advanced tools from angular momentum theory such as the Wigner-Eckart the- 
orem, the Racah calculus, 6-] symbols and 9-] symbols. Since this approach is 
equivalent to the difference equation approach the derivations in Section 5.3 
can be omitted if desired. Only the results will be referenced in later sections. 

In Section 5.4 the Laplace-Runge-Lenz vector (LRL vector) is introduced. 
This vector has a long history and was first introduced in classical mechanics 
by Laplace in his “Traite de Méchanique Celeste” in 1799. He showed that the 
three components of the LRL vector were constants of motion for the classical 
Kepler problem (particle subject to a central inverse square force), in addition 
to the components of orbital angular momentum. 

Next we obtain the quantum mechanical analogue of the LRL vector which 
was first used by Pauli in his important 1926 paper to obtain the energy levels 
of the hydrogenic atom in a purely algebraic manner with what we would 
nowadays refer to as “so(4) Lie algebraic methods” although Pauli did not use 
this terminology. 

In Section 5.5 we show that a modified LRL vector and the orbital angular 
momentum vector can be used to obtain a realization of the so(4) generators 
which we refer to as Pauli’s hydrogenic realization. This realization is energy 
dependent in the sense that the realization of the modified LRL vector depends 
explicitly on the energy level Ё„. This is a disadvantage since we eventually 
want to merge so(2,1) and so(4) into a bigger Lie algebra so(4,2) in which all 
states of the hydrogenic atom are contained in one unirrep. However if we 
apply the scaling transformation introduced in Chapter 4 to the modified LRL 
vector we do obtain an energy independent realization which we refer to as the 
scaled hydrogenic realization and which we can successfully merge with so(2,1) 
in the next chapter. 

Finally we obtain the scaled hydrogenic matrix unirreps of so(4) from the 
general ones derived in Section 5.2 and it follows that the scaled hydrogenic 
basis functions |nlm) introduced in Chapter 4 provide a matrix representation 
of both so(2,1) and our scaled hydrogenic realization of so(4). 

The derivations of many of the identities and commutation relations used 
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in this chapter require extensive commutator gymnastics and are worked out 
in the Exercises. 


5.2 Representations of so(4) 


In Chapter 3 we derived the matrix representation of a vector operator and 
the results in (3.57) to (3.59) involved three undetermined sets of coefficients 
a;,c; and d;. They were reduced to just two sets a; and с; by requiring that 
the vector operator be hermitian since in this case it was shown that a j7-de- 
pendent phase change of the basis vectors could be made such that 4; = с;41 
(see Exercise 3.6). Such a change of basis can also be made in the general case 
although the new basis vectors are not necessarily normalized to unity as they 
are in the hermitian case. 

To determine the coefficients a; and с; it is necessary to supplement the 
commutation relations (3.1) and (3.25) with expressions for the commutators 
of the form [V,,V,] in such a way that the six operators Л,, Vi, Ё = 1,2,3 
close under commutation to form a Lie algebra. There are three important 
cases: 


[У;, Vil = мере Л, (5.1) 


where o = 1 corresponds to the Lie algebra so(4) of the 4-dimensional rotation 
group, © = —1 corresponds to the Lie algebra of the homogeneous Lorentz 
group [NA64] and o = 0 corresponds to the 3-dimensional Euclidean group 
(with V corresponding to the linear momentum). The representation theory 
for all three Lie algebras can be obtained in a uniform manner [BO86], [AD88b] 
although in our applications we are only interested in so(4). 

Introducing the operators J = Л tiJ2 and Vz = ИИ, as in Chapter 3, 
the complete set of commutation relations 


LJ;, Ji] = Ее, (5.2) 
СЛ, Vel = ИА (5.3) 
[V;, Vi J = ОЕ ев, 7, К, 6 = 1, 2,3, (5.4) 


can be expressed in the equivalent form (see (3.34)) 


[J4,J-]=2J3, (Js, Jz] = +Jz, (5 
[J,,V-] =2Vs, [J_,V4] = —2Va, (5 
[Лз, Vi] = У, (7+, V3] = РУ, (5 
(J4,V4] = [J_, V1 = Ls, V3] =0, (5 

(V3, V4] =to0J4, ([V,,V_] = 20J3. (5 


The additional commutation relations (5.9) can now be used to obtain the 
matrix representations of the three Lie algebras. As in the case of so(2,1) and 
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so(3) we are only interested in the unitary irreducible representations (unirreps) 
for which the operators J and V are hermitian. 

The basic idea is to apply the additional commutation relations (5.9) to 
the angular momentum state |jm) and use the matrix representation (3.57) to 
(3.59) of V and the condition (3.62) to obtain difference equations which can 
be solved for the coefficients a; and c;. We only need to consider one of the 
three commutation relations in (5.9) since it follows from the Jacobi identity 


(rule (5) in Chapter 1) that 
(V3, Vi] — 5 ([У,, V_], Js], (5.10) 
[V,,V_] = [[V3, V4), Л] = (№, V_], Jy]. (5.11) 


Therefore any two of the three commutators in (5.9) can be expressed in terms 
of the remaining one. For example 


[V3, V-] = (№, V4), J_], 7-1, (5.12) 
[V,,V_] — [[Уз, Vi], J_], (5.13) 
and we need only consider the commutator [V3, V,] (see Exercise 5.1). 


First we write the matrix representation of J and V from (3.19) to (3.21) 
and (3.57) to (3.59) in the compact form 


J3|jm) = тт), (5.14) 
Л+|7т) = wi,|j,m+1), (5.15) 
J_|jm) = и т], т—1), (5.16) 
Ут) = o2,¢;|j-1,m) — тат) 

+ ол +1 17-1, т), (5.17) 
У, т) = В. ‘1-1 т-1) — w?,a;|j,m+1) 

— tes |j+1,m41), (5.18) 
И т) = —Bo 167-1, m=1) — w!,a;|3,m—1) 

вена т-1), (5.19) 


where we have defined 


ой, = (J — m)(j + m), ( 
83, = /у-т+1(0-т), ( 
= \/(+т+1)0+т), (5.22 
wi = VG —m\jtm+tl). ( 


Now apply the commutation relation [V3,V,] = oJ, to the state |jm) to 
obtain after some simplification 


(Уз, Vi] — oJ,)|jm) = (Biot, — of B3-?) сусу 1—2, тТ-1) 
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I=) — (m+ 1) Br Va, 1 
+ (тв? — wt,a?,41)a,]¢,|)—-1, m+1) 
+ [tay — (пор + ante era, 
+ (a Oma + 9,1, } © — OW, 2 | ут-1) 
+ [анте 
+ (опия + (mt раса +Ь т) 
+ (ата? — ана )esie¢ali+2,m+1) = 0. 


+ [ (с 


Substitute (5.20) to (5.23) to obtain 


([Va, V4] фо Лт) 
= Boar (0 — Lay1 — (§ + 1)a,]e,|j-1,m+1) 
+, [@ — (2+3 + (2) + 1)c3 фот) 
— вн ра, — (J +2)аа| ст) = 0. 


The square root factors are non-zero since the states |jm) are defined for 
т = —j,—-j) + 1,...,j. Also the third term is the same as the first with 7 
replaced by 7 +1. Therefore the following pair of difference equations must be 
satisfied: 


ja, — (7+ 2) азии = 0, (5.24) 
а} — (27+ 3) с: + (21-1 =o. (5.25) 


To solve (5.24) we first note, since 27 is а nonnegative integer, that there 
is a smallest j, say jo, such that jo > 0. Therefore с„ = 0, otherwise from 
(5.19) |jo — 1,m) would belong to the representation space, a contradiction. 
The admissible values of 7 are jo, о + 1,79 + 2,... and there are two cases to 
consider: 


(I) Cy = 0, Cy, #Oforj =jotl,...,jo+k-1, Coo tk = 0, 
(II) с» =0, с, £0 for all 7 > jo. 


Clearly case (I) gives finite dimensional representations with basis vectors hav- 
ing 7 = jo,jot+1,...,jo+&—1 and case (II) gives infinite dimensional repre- 
sentations. By construction the representations obtained in either case will be 
irreducible. 

The difference equation (5.24) is now equivalent to 


(j-1)a,1-(g+1)a,=0, 7 > Jo, (5.26) 


and can be solved by multiplying it by 7 and defining a, = j(7 +1)a, to obtain 
a, — а,-1 = 0. Therefore for all 7 > jo we have a, = a,,, a constant, so the 
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general solution of (5.26) is 


jo(jot+ aj с. 
a; = —————-, j > jo, 5.27 
which can also be expressed in the form 
Jon о: 
а; = —-— > Jo, 5.28 


for some constant —7. This is also consistent in the special case jg = 0 since 
the substitution of 7 = 1,2,... into (5.26) gives а; = 0, 7 > 0 in agreement 
with (5.28). 

The second difference equation (5.25) is somewhat more complicated to 
solve. First multiply it by 27 + 1 and let т; = (21 — 1)(27 + 1)с; to obtain 


Tj41 — Т; = (2) + 1) (а; 7 с) 
=-[(+1-79+[0+10-7 в 


=-[0+1*-7е-лт (rear; - =) : 


Now sum both sides from jg to 7 — 1 to obtain 


— — 2 2 22 Ш 1 1 
Tkt1 — Tk) = —O k+1)°—k*|-] (aa a): 
> k+1 +) dui ) Jo > (k + 1)? 1.2 


In each sum all terms cancel except for т; — ту so 


1 1 
Tj — ть = —9(9" — 59) — Sgn’ (= _ =) 
2 


=? -3)(4-e). 


Since сх = 0 then т, = 0 and the solution is 


2 :2\ (72 — ga? о 
су = ae et J 2 Jo- (5.29) 

We now see that the irreducible representations can be specified with the 
two labels ро and 7. Since the basis vectors for the representations now depend 
on this pair of additional labels we can denote them by |yjm) = |(jo,7)jm) 
and the representation spaces are given by the span (all linear combinations) 
of these basis vectors, 


Voion) = span{|(jo,7)jm): j > jo, т=-л...,1}. (5.30) 
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We can express the fact that our representation spaces are “symmetry adapted” 
with respect to the so(3) subalgebra by writing the reduction 


Ул) 30(3) У, Ф Vio+1 Ф Vio+2 Ф... (5.31) 


in terms of the so(3) irrep spaces 
У, = span{|jm): m = —j,-j +1,...,7}. (5.32) 


This indicates that under the action of the generators of the so(3) subalgebra 
the irreps of so(4), so(3,1), or e(3), as the case may be, reduce to a direct sum 
of irreps of so(3). Each irrep of so(3) appears once. 

To complete the general derivation of the matrix representations we need to 
obtain the Casimir operators. Recall that they commute with the generators of 
the Lie algebra. For so(3), J? is the only Casimir operator and for so(4), so(3,1) 
or e(3) there are two such independent operators defined by (see Appendix B) 

С =оЛ + У, (5.33) 
С. =5(Т-У+У.- Л) =Т-У=У-., (5.34) 
(see (3.27)) or in terms of Л+ and Vi by 


Ci = oJ, J_ + У, У. + Ve + oJ3(J3 — 2), (5.35) 
С — (У. + У 4.) + У. Л. (5.36) 


The Casimir operators must be diagonal in the representation defined by 
(5.14) to (5.19), (5.28) and (5.29). We can let С! and С, act on the basis vector 
[7т) to obtain after some lengthy calculations 

Ciljm) = аа, ((j — 1ay-1 — (9 + 1)a,]e)|j-1,m) 
+ ((j +1)?a? + (43? — ео — 1)] Lim) 
—(j—m+1)[a? + (25 — 01а - (27 + 3)e2,, фот) 
+ alt lia, — (7+ 2)а,4л | сл -+1, т). 
Since the difference equations (5.24) and (5.25) are satisfied 
Ciljm) = [(j + 1)?a? + (47 - Ne + o(j?-1)] lim), (5.37 
Coljm) = —j9 + Па, т). (5.38) 
Finally, substituting for a, and c, 


Cy|jm) = (939 + 1° — вт), (5.39) 
C2|jm) = jonlym). (5.40) 
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We can now consider each Lie algebra separately. For so(4) we have o = 1 
and from (5.29) case (I) for finite dimensional irreps occurs only if 1? — 12 = 0 
for some j > jo, so we must have 7 = +(jo+k) for some positive integer К. For 
so(3,1) we have o = —1 and finite dimensional irreps occur only if j? + 12 = 0 
for some j > jo, 30 we must have n = +) + Ё) for some positive integer К. 
Finally for e(3) we have o = 0 and only the trivial identity irrep, corresponding 
to 7 = 0, is finite dimensional. 

As in the so(2,1) case we are only interested in the unirreps so the operators 
J and V must be hermitian and it follows from (3.60) to (3.62) that both a, 
and с, must be real for unirreps. Therefore 7 must be real in (5.28) and с; > 0 
in (5.29). 

In the so(3,1) case finite dimensional unirreps are not possible since they 
would require that 7 = {Ку + &) but 7 must be real (the case jp = k = 0 
gives the trivial 1-dimensional identity irrep). Therefore 7 is unbounded and 
only the infinite dimensional irreps of case (II) give rise to unirreps. Similarly 
for e(3) only infinite dimensional nontrivial unirreps are possible since с # 0 
unless 7 = 0 or 7 = jo, corresponding to the trivial identity representation. 

In the so(4) case all unirreps are finite dimensional since 7 = +(jo + &) is 
real and since c? > 0 requires that j? < 1? so that j is bounded (case (I)). 
The situation here is analogous to the so(3) and so(2,1) cases for which all 
unirreps of so(3) are finite dimensional but all unirreps of so(2,1) are infinite 
dimensional. In our applications we only require matrix representations of 
so(4) so we consider only this case from now on (see [BO86] and [NA64] for the 
representation theory of so(3,1) and e(3)). 

It is more convenient in the so(4) case to let ло take on both positive and 
negative values and assume that 7 is nonnegative. Thus the unirreps of so(4) 
are labeled by two real numbers jo, where 2|jo| is a nonnegative integer, and 
n = |jo| +k for some integer k > 0. The values of 7 associated with this unirrep 
are 1 = |jo|,|jo| + 1,...,7 — 1 and the reduction under the action of the so(3) 
generators is given by 


Ул) 30(3) УФ Vigol+1 B +++ B Vy-1- (5.41) 


The values +|jo| of jo for 70 7 0 correspond to inequivalent unirreps since a, 
depends on the sign of jo. If 79 = 0 they are equivalent since a, = 0 for either 
value. 

We can now indicate the explicit dependence on jg and 7 by denoting the 
basis vectors by |yjm) = |(jo,7)jm) and writing ау = a, and с, = c,. Thus 
we obtain the following final form of the matrix representation of so(4) 


Лт) = 1+ iyi), (5.42) 
Cilyim) = (98 + 0° — 1) ут), (5.43) 
Солт) = отт), (5.44) 
Js|yjm) = пут), (5.45) 
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Jx|yjm) = и,» т-+1), (5.46) 
J_|yjm) = т» т-1), (5.47) 
Valyjm) = arc] |, 7—1 т) — ma}|yjm) 
+ abet |7, 7+1 т), (5.48) 
Vi laim) = те ly, 7-1, m4) — ла, j,m+1) 
— rte ly j+1,m41), (5.49) 
V_|yjm) = —B5, lly, j-1,m-1) фа, т) 
с т-1), (5.50) 
where 
(20.7) jon 
а’ =а:°”” = -— ; 5.51 
7 j(9 +1) (5.51) 
я (30,7) (7? — 20) (1? — 12) 
О ет yer ere 5.52 
с) с) 12 (4? _ 1) ( ) 
q = Jol, | 70] + 1,...,7 — 1, й = | 7о| +k, k = 1,2,.... (5.53) 


The set {J*, J3,C,,C2} is a complete set of commuting operators for so(4). 
This is why the basis vectors are labeled by the four “quantum numbers” jo, 
n, j and т. 


5.3 so(4) as a Coupling Problem 


We now show how the matrix representations of so(4) can be obtained by view- 
ing so(4) in terms of an addition problem for two angular momenta (sometimes 
called a coupling problem) and using some of the more advanced aspects of 
the Racah calculus for reduced matrix elements of coupled spherical tensor 
operators (see [BI81b], [BR68], and Appendix C of [ME70b]). Since this is an 
alternate approach to the results of the preceding section an understanding of 
the present section is not necessary for the remainder of the book (only the 
results are referenced in later sections). 

The so(4) commutation relations (5.2) to (5.4) with o = 1 can be trans- 
formed to a simpler canonical form. If we define the two vector operators 


(J+V), (5.54) 
N =1(J —V), (5.55) 


then the components of М and М satisfy the commutation relations 


[М;, М] = 1€;4¢Me, (5.56) 
[N;, Ni] = Ее, (5.57) 
[М;, М = 0, (5.58) 
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which are equivalent to the original ones since (5.54) and (5.55) represent a 
real linear transformation of the original generators. The new commutation 
relations are simpler since M and N are two commuting angular momentum 
vectors. Therefore so(4) is the direct sum so(3)@s0(3) of two so(3) subalgebras. 
The first is generated by M and the second is generated by N. 

This new form of the so(4) commutation relations also shows that there are 
two Casimir operators for so(4) and that they are just the Casimir operators 
М? and № of the two so(3) subalgebras. Our previous expressions (5.33) and 
(5.34) in terms of J? and V? are now seen to be just the linear combinations 


C, =2(М? + №), C,=M?—N?. (5.59) 


If we let |1т\) and |j2m2) denote the basis vectors for the two so(3) rep- 
resentation spaces then the direct product basis vectors 


[ата JoM2) = [пи ® [7эт>2) (5.60) 


determine a representation space for so(4). Since М acts only in the first space 
then 


М*|дти Jama) = ji(ji + 1pm Jama), (5.61) 
Мзлту j2m2) = пита jom2), (5.62) 
М;|лт: jome) = win, пп + рт), (5.63) 
and similarly since М acts only in the second space 
N*|jymy эта) = (р + пт рт»), (5.64) 
Naljimy ]2т2) = тз|лпи J2M2), (5.65) 
М: [лти jam) = ми, |лти 12, та + 1). (5.66) 


Thus the direct product basis vectors are simultaneous eigenfunctions of 
the commuting set {M?, M3, №, №}. To be more precise we should write М 
and № as the direct products М © I and Го N to indicate that М acts 
as the identity operator оп the second so(3) space and WN acts as the identity 
operator on the first so(3) space. 

The (2j; + 1)(2j2 + 1) dimensional direct product space 


Vj, @ Vj, = {лти jam): ть = д... k = 1,2} (5.67) 


is not irreducible. In fact its decomposition into a direct sum of irreducible 
so(3) representation spaces is just the familiar addition problem for two an- 
gular momenta. It is common to refer to the basis vectors |j,m ]2т2) as the 
uncoupled basis vectors. The coupled basis vectors are denoted by |yjm) = 
31, J2]7m) and they are eigenfunctions of J* and J3 where, from (5.54) and 
(5.55), J= MON. Therefore 


J?\yjm) = + Пт), (5.68) 
Лт) = тт, (5.69) 
Jx|yjm) = ит, т + 1). (5.70) 
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The coupled and uncoupled basis vectors are related by a real unitary 
transformation defined by the Clebsch-Gordan (CG) coefficients introduced 
in Chapter 3: 


lyjm) = У. (ли J2M2|jm) [та 2т2). (5.71) 
т1,т2 
т1+т2=т 


The CG coefficients are nonzero only if т = т: + т.о and if 71, 72 and 7 satisfy 
the triangle inequality |71 — j2| <] < дл + je. Conversely 


21412 
|бати та) = > (jum ртат) |yjm), (5.72) 


2=|71—22| 


which gives the reduction (see (5.4)) 


Vin) = У, @ Vy, 30(3) Vis1-32| B И: B+ ФУ 450 (5.73) 


into a direct sum of irreducible so(3) spaces. 
Our goal is to calculate matrix elements of У, V_ and Уз in the coupled 
basis using 


V =2M -J, (5.74) 


which follows from (5.54). Since the matrix elements of J,, /_ and J3 are 
given by (5.69) and (5.70) we only need to calculate matrix elements of M,, 
M_ and Msg in the coupled basis. It is more convenient to use the spherical 
components V,,q = —1,0,+1 where Vz = У. / V2, Vo = V3, with analogous 
formulas for the spherical components of M or J. 

To calculate matrix elements of V, we first use the Wigner-Eckart theorem 
(3.67) applied to a vector operator (Ё = 1): 


i И . ‘т |’ 17 tor . 
(y!j'm'|V,lajm) = (1) (2 ; и, (5.75) 


—m' qm 
where the reduced matrix elements are 
(УМ =209 М - (Л). (5.76) 


The reduced matrix elements of J are easily obtained from the Wigner-Eckart 
theorem and the result is (see Exercise 5.2) 


(YF NF 99) = вв + 125+ 1], (5.77) 


To evaluate the reduced matrix elements of M we need a result on the reduced 
matrix elements of coupled tensor operators. 
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If T) and 0 (2) are spherical tensor operators of ranks k, and kp respec- 
tively then we can define a coupled tensor product operator [T™) @ U(2)](4) 
of rank k with components 


(T™) GUM)O = У (а koga|kq) TY UM) (5.78) 


91,92 


in the same way that the coupled states are defined by (5.71) (see [ME70b], 
Appendix С). 
From the Wigner-Eckart theorem 


(т т) 


Ш К be , , , 
= (-1) (7, }) ester он, (5.79) 


т ат 


and the reduced matrix elements are given in terms of the reduced matrix 
elements of the uncoupled operators and the 9-j symbol by 


(ИГО о] = [25 + (27 + 1) (2k + YY”? 


Ah ts 

wi 
72 Jo Ко (7 
7ЁЕ 


since М = М ® Г we can consider the reduced matrix elements of М in 
(5.76) as the special case k, = 1 (vector operator in the first space) and kz = 0 
(identity operator in the second space is a tensor operator of rank 0). The 
coupled tensor operator must also have rank 1 since |k, — ke] < < ki + ke 
implies that К = 1. Therefore the reduced matrix elements of М are given by 


a) Ga 5»). (5.80) 


им = в + 1)(2" +1)? 


Aj 1 
x Ё jz 0 {meant (5.81) 
711 


А 9-j symbol with a zero entry reduces to a 6-j symbol: 


> 


пл 1 
| р 0 | = (А+, +077 jl | (5.82) 


771 hii Je 


The uncoupled reduced matrix elements in (5.81) can easily be calculated 
from the Wigner-Eckart theorem and the results are (see Exercise 5.2) 


(ма) = 6; (ala +121 +1], (5.83) 
(И) = 6; (22 +1). (5.84) 
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Collecting these results together the reduced matrix elements of V are given 


by 


(FIV lly) 
= by (ayer, + 1)(2j’ + Vara +0@л + YP? 
71 Lp ; 
ae 7. ~ 6,0 +1@01+1]]. (5.85) 
Ji Л? 
We need only consider the values 7’ = 7 and 7’ = 7 —1 since it follows from 
(5.85) and the symmetry properties of the 6-j symbol that 


(4,9 +1 ПИЯ = —(ya lV 1 l7,9 + 1). (5.86) 


We need the following two formulas obtained from tables of 6-j symbols [BR68], 
[ED57], [RO59] 


аа1| _ 1a(a +1) + 6(b+ 1) —c(e+ 1) 
es ee ee ores ory ee 6.87) 
a-lal|_ ‚ | ($ + 1)(s — 26)(s — 2c)(s — 2a + 1) M2 

b Sepa | 4a(2a + 1)(2a — 1)d | » (5.88) 


where s = a+b+c and 4 = 66+ 1)(26 +1). Substituting into (5.85) and 
(5.86) 


и И: 2 1911172 
(7,1 — ЦУ]97) =- а ‚ (5.89) 
1/2 
(vilV Ind) = а-я) |. 6.90 


These results and (5.86) can be substituted into (5.75) to obtain the matrix 
elements of V,. In case 4 = 0, Vo = V3 and 


(7,1 — т Мрт) = У — т) + т) с}, (5.91) 


(ут Мрт) = —ma;, (5.92) 
(7,5 +1,m|Valyim) = VG —m4+1)G+m4 Ис, (5.93) 


where we have defined 


y_ (atn+ 2-H) 
м ™ 
oy WG = (G1 = 52) MG + jo +1)" - 97) (5.95) 


J 72 (47? — 1) 
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These results agree with the ones obtained previously in Section 5.1 (com- 


pare with (5.49), (5.51) and (5.52)) if we define 
0% =ЛлЛ-1]2 NHAt+je+1. (5.96) 


Since ji, Jo and 7 satisfy the triangle inequality |711 — 12| < 7 < л+р it follows 
that |jo| < 7 < 1-1 agreement with (5.53). 

The matrix elements of Vi = V4; / /2 and V_=—-V_, / \/2 can be obtained 
in a similar fashion using (5.75) and (5.85). Thus the basis vectors |yjm) of 
the unirreps of so(4) can be labeled using the pair of labels y = (70,1) or the 
pair of labels y = [71,12]. The latter pair is more convenient because of the 
connection between so(4) and the familiar coupling problem for two angular 
momenta. The approach used in this section is based on that of Biedenharn 
(BI61] who uses the equivalent labels р = 7; + 72 and 4 = Л — jg and a different 
definition of the reduced matrix elements. 


5.4 Laplace-Runge-Lenz Vector 


We want to apply our results on the matrix representation of so(4) to the 
quantum mechanical Kepler problem (hydrogenic atom). The orthogonal group 
SO(A4) is the geometrical symmetry group for the hydrogenic atom in the sense 
that the constants of motion provide a particular realization of the generators 
of the Lie algebra so(4). The appropriate realization of the angular momentum 
vector J is given by the orbital angular momentum Ё and a realization of the 
vector operator V is provided by the the Laplace-Runge-Lenz (LRL) vector. 


5.4.1 Classical case 


In order to motivate the introduction of the LRL vector we first discuss the 
classical mechanical form originally due to Laplace (see [GO80] for interesting 
historical remarks on the LRL vector; also see [SC68], [SA71] and [GR89]). The 
three components of the orbital angular momentum Ё = г X p are constants 
of motion for the classical nonrelativistic motion of a particle in a central field 
described by Newton’s second law 


dp г 
(= f(r)-. (5.97) 


r 


Laplace discovered in the special case f(r) = —k/r?, corresponding to the 
Kepler problem, that the three components of the LRL vector 


1 т 
U =—(px L) — k- (5.98) 


are additional constants of motion (see Exercise 5.3). 
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The following identities relating Ё, U, the orbital parameters and the en- 
ergy Е can also be derived (see Exercise 5.4). 


U-L=0, (5.99) 
mU* = 2EL? + mk’, (5.100) 
mUr cos 6 = L? — mkr, (5.101) 
U = ke. (5.102) 


The first pair of identities show that the six constants of motion provided by 
the six components of Ё and U are not independent (only four of them are 
independent). The second pair of identities give the equation of the conic 
section describing the orbit where г and 6 are polar coordinates relative to 
a focus of the conic section and e is the eccentricity of the orbit. Thus the 
magnitude of the LRL vector is proportional to the orbit eccentricity and the 
the direction of the LRL vector is in the plane of the orbit (perpendicular to 

L) and directed from a focus to the perihelion point. It also follows from these 
identities that (see Exercise 5.5) 


[А = тка(1 - е?)) Е=-— (5.103) 


where а is the semi-major axis length. Thus we obtain the classical orbital 
equation and energy in a purely algebraic manner without solving any differ- 
ential equations or performing any integrations. 


5.4.2 Quantum mechanical case 


Pauli discovered in 1926 that this classical algebraic approach also carries over 
to the quantum mechanical Kepler problem (hydrogenic atom) via the cor- 
respondence principle (see [PA26] and the English translation in [VA68]). In 
this important paper Pauli uses the LRL vector and some “heavy algebra” to 
obtain the energy levels of the hydrogen atom in a purely algebraic manner 
with what we would nowadays refer to as “so(4) Lie algebraic methods”. 

In fact Pauli’s algebraic treatment of the hydrogen atom using matrix 
mechanics actually preceded Schrodinger’s treatment using wave mechanics 
and differential equations [SC26], which is the approach presented in all text- 
books on quantum mechanics, by a few months (see [VA68] for historical 
commentary’). 

The early textbooks ignored Pauli’s approach and even today the algebraic 
approach is largely ignored (see however [SC68], [BO86] and [GR89] for exam- 
ple). On the other hand the 1-dimensional harmonic oscillator, because of its 
simplicity in both the matrix and wave mechanical approaches, was always 
used to show the equivalence of the two methods. Thus the reason that the 


1to quote van der Waerden (page 58) “Pauli’s paper convinced most physicists that 
Quantum Mechanics was correct”. 
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algebraic approach for the hydrogen atom fell into abeyance is largely due to 
the familiarity of physicists at the time with differential equations and special 
functions and their unfamiliarity with matrix methods and in particular with 
Lie algebras such as so(4) and their matrix representations. Of course at the 
time there was no accessible literature available on the subject of Lie algebras 
and their matrix representations. 

In classical mechanics p X L = ;(рх L—L Xp) since pX L=-Lxp 
but in quantum mechanics this is not true (see (2.36)) so we need to include 
both рх Бала Ё X p in the quantum mechanical generalization of the clas- 
sical LRL vector (5.98). This suggests the definition 


1 
U = =(px L-Lxp)-2-, (5.104) 
r 


where Z is the nuclear charge and atomic units are used (h = m = e€ = 1). 
This symmetrization is also necessary in order to make U hermitian since 
(p x Г! = —L! x p! = -L x pand similarly (хр)! = —p x Г. 

We need to show that Ё and U are constants of motion for the quantum 
mechanical Kepler problem whose hamiltonian is 


1, 2 


Since the total time derivative of an operator A is given by 


a = —i[A,H]+ a (5.106) 
it follows that a time independent operator is a constant of motion if it com- 
mutes with the hamiltonian: [A,H] = 0. Since Ё commutes with functions of 
г and [L, p*] = 0 (see (2.26) and (2.30)) the components of Ё are constants 
of motion. 

To show that [U,H] = 0 we first express U in a more convenient form 
using the identities (2.36) and (2.33): 


1 
U = = (2p x L — 2ip) — 2- 
=pxL—ip—Z- 
г 
. . г 
= rp’ —р(г.р-)-№-2- 
2 


1 
= БР —p(r-p)+r (52? _ =). 


Therefore 


U = rp" —p(r-p)4+ rH. (5.107) 
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Now use this expression to show that [U, H] = 0: 
Г, H] = (ep?, Н] — [p(r +p), НЗ + [rH HI, 


and evaluate each of these commutators using the commutator identities de- 
rived in Chapter 2: 
[Srp’, H] = + Erp’, p7] = +Z[rp’,r*] 
= 1 Ep, pp? — 1 Ze [pr] 
= 1(2ip)p? — 12т (2ir-3(r- p — i) — 2r-*) 
_1 


= рр” — В" Зт(т.р), 


where we have used (2.17) and (2.18); 


[p(r +p), H] = 3 [р(г-р),р' 1] — Z[p(r-p),r* 
= +pir ‘Pp, p’] — 2р[г р, г] — 2 [р, г] (г .Р) 
= ip(2ip’) — 2р(`') — Zir-°r(r -p) 
= ipp* — Zipr”' — Zir-°r(r-p), 
where we have used (2.19), (2.22) and (2.12); 
(rH, H] = (r, HH = il[r,p’]H =ipH, 


where we have used (2.17). Collecting these results 


1 2 
(С, Н] = р (52? _ =) +ipH = 0. 
r 
Therefore as in the classical case E and U are constants of motion. 
Finally, the quantum mechanical generalizations of (5.99) (5.100) are given 
by 


U-L=L-U=0, (5.108) 
U? = 2H(L* +1) + 2". (5.109) 


The derivation of these results requires some “heavy algebra”, especially for 


(5.109)(see Exercise 5.6 to Exercise 5.8). 


5.5 Hydrogenic Realizations of so(4) 


We now use the LRL vector U to obtain two hydrogenic realizations of so(4). 
One realization, first obtained by Pauli in his important 1926 paper and which 
we refer to as Pauli’s hydrogenic realization, can be used to obtain the Bohr 
formula for the energy levels of the hydrogenic atom and to explain the so called 
“accidental degeneracy” of the energy levels. The other realization, obtained 
by applying the scaling transformation introduced in Chapter 4 (see (4.65) and 
Appendix C) to U, will be important in the merging of so(2,1) and so(4) to 
obtain the Lie algebra so(4,2). 
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5.5.1 Pauli’s hydrogenic realization of so(4) 


We need to evaluate commutators involving the components of Ё and U. After 
a considerable amount of calculation it can be shown that (see Exercise 5.9 and 


Exercise 5.10) 


(L;, Dy] = r€;neLe, (5.110) 
(L;,U x] = елке, (5.111) 
LU;,U;] = (—2H Ее. (5.112) 


The first two sets of commutation relations show that U is an so(3) vector 
operator. The appearance of the hydrogenic hamiltonian (5.105) in (5.112) 
shows that U and Ё do not close under commutation to form a Lie algebra. 

However, if we restrict ourselves to a particular bound state energy level 
with energy E,, and replace H by E,, in (5.112) then we can define 


_ 1 _ ol 12 
= ЕО = TF (Arp —p(r-p)+ гЕ, ) (5.113) 


so Капа У satisfy the so(4) commutation relations ((5.2) to (5.4) with o = 
1) and provide a realization of the so(4) generators called Pauli’s hydrogenic 
realization. Alternatively we could consider continuum states and replace H by 
a positive energy and use (5.113) without the minus sign to obtain the so(3,1) 
commutation relations ((5.2) to (5.4) with а = —1). 

Substituting (5.113) into (5.108) and (5.109) we obtain the important iden- 
tities 


У 


V-L=L-V=0, (5.114) 
2 2 Z? 
—_ _ = 115 
which can be used to obtain the Bohr formula for the energy levels as follows. 
From (5.54) and (5.55), using D in place of J and (5.114), we have 


М? = № = ЦР + у?) (5.116) 


Since the eigenvalues of М? and № are j;(j1 + 1) and jo(j2 + 1), respectively, 
it follows that j; = 72. Therefore our realization of У using the modified 
LRL vector does not give all irreducible representations of so(4); only the 
so called diagonal ones with 5 = [1,71|. This is analogous to the use of D 
as a realization of the so(3) generators. Only integral values of the angular 
momentum are realized. The values j = 1/2,3/2,... are not possible with the 


realization L = г X p in terms of coordinates and momenta. 
From (5.115) 


72 


[72 2 
У 2En 
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or substituting (5.116) 


Replacing М? by its eigenvalue j;(j; + 1) and solving for Е„ we obtain the 
Bohr formula 


72 
Е = -=> OT 5.117 
2(2j1 + 1)? ( 
for the energy levels of the hydrogenic atom. Comparing with the usual formula 
Е, = —Z?/(2n) we see that the principal quantum number п is given by 
п=2л +1. (5.118) 


We can also relate the principal quantum number to our original labeling 
scheme for the unirreps of so(4) given by 7 = (jo, 7) and the Casimir operators 
C, and С2 (see Section 5.2). From (5.96) 


jo=9, n=27,4+1=7, (5.119) 


and the coefficients (5.51) and (5.52) defining the matrix representations are 
given by 


а) =a; = 0, (5.120) 
n п? — {2 n 

Ch = Cy = 421’ Со = 0, (5.121) 

£=0,1,....n-—1, n=1,2,3,..., (5.122) 


using @ in place of 7 to indicate that D is now being used аз the realization of 


We also see that there is nothing “accidental” about the so called “acciden- 
tal degeneracy” of the energy levels. This term arose because the degeneracy 
of the 22+ 1 hydrogenic states |nf@m) for fixed п and @, corresponding to en- 
ergy E,,, could be explained since (ZL, H] = 0, but the full degeneracy of the 
energy level, n?, could not be explained on the basis of so(3) alone. How- 
ever, it is so(4) which is the geometrical symmetry group, not so(3). In fact 
it follows from (5.67) with д = jo that the degeneracy of E,, is п? since there 
are п? = (23, +1)? basis vectors in the direct product space corresponding to 
energy Ey. 

The single quantum number п now suffices to label the unirreps of the 
hydrogenic realization of so(4) and all states corresponding to a given energy 
level belong to a single unirrep. The states can be denoted either by 


|Iném) = |(0,n)ém), €=0,1,...,n—1, (5.123) 
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or by 


Iném) = |[j1,j.]/ém), €=0,1,..., 2h). (5.124) 


Finally, we should note that if we are only interested in using so(4) to 
obtain the Bohr formula and to explain the energy level degeneracy then it is 
not necessary to obtain the complete matrix form of the unirreps as we did in 
Section 5.2 and Section 5.3. 


5.5.2 Scaled hydrogenic realization of so(4) 


The main problem with Pauli’s hydrogenic realization is that it is energy de- 
pendent and not suitable for merging with so(2,1) to form a larger Lie algebra. 
The explicit dependence of the modified LRL vector in (5.113) on the energy 
FE, means that this realization is restricted to a single energy level at a time so 
it is not possible to merge it with the so(2,1) realization considered in Chapter 4 
which contains raising and lowering operators T; (see (4.18) to (4.21) with k 
replaced by # and 4 replaced by п and Section 4.5) that change the principal 
quantum number n and hence the energy level. Since so(4) provides raising 
and lowering operators for the 2 and т quantum numbers (using Ly and V,) 
this merging will produce a Lie algebra with raising and lowering operators for 
all three quantum numbers. 

A suitable realization of so(4) can be obtained by applying the scaling 
transformation introduced in Chapter 4 to Ё and У. Thus generalizing (4.65) 
to scale r and p we can again introduce the set of model space operators {R, P} 
related to the set of physical operators {r,p} by the scaling transformation 


1 
r= 7R, p= тр, г = В. (5.125) 
For the hydrogenic atom the scaling parameter L and the energy E,, are related 
by (4.69) so 


1 
= 5.126 
Я SE ( ) 


Applying (5.125) to the modified LRL vector (5.113) we obtain the scaled 
LRL vector 


A=y (4y-URP? — у 'P(R: Р) + 7В(-—19—?)) , 


which no longer depends on the particular energy level. 
Since Ё is invariant under scaling we obtain the following realization of the 
so(4) generators 


L=RxP, (5.127) 
A=itRP’ -Р(В.Р)-ЗЕ, (5.128) 
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which satisfy the so(4) commutation relations 


(L;, Li] = r€;neLe, (5.129) 
[L,, Ax] = 2€;4¢Ay, (5.130) 
[A;, Ax] = 2€;KeLe. (5.131) 


The same results are also obtained from the active viewpoint using the tilting 
transformation (see Appendix C). 

To complete the scaled realization generated by Ё and A we need to obtain 
the identities corresponding to (5.114) and (5.115). The scaled version of 
(5.115) gives the analogous result 


A-L=L-A=0. (5.132) 


The scaled version of (5.115) is obtained by substituting the Bohr formula 
E,, = —Z*/(2n?) to obtain 


А+ LD? 4+1=n’. (5.133) 


This result suggests that the correct energy independent relationship is 
given in terms of the 73 generator of so(2,1) whose eigenvalues are just the 
principal quantum numbers п (see (4.78), with 4 replaced by п, and (4.74)). 
In fact with the hydrogenic so(2,1) realization (4.66) to (4.68) with т = L’ 


2 
T; = : (RP + = ~ я) = - (RP? — В), (5.134) 
Т, = ВР. = R- P -i, (5.135) 
T3 = (RP; + Г. + R) _+ (RP? + R) (5.136) 
2 R 2 


it can be shown that (see Exercise 5.11 and Exercise 5.12) 


P=T-T?-T2=T’, (5.137) 
А+ [7+1 = 1$, (5.138) 


so (5.138) is the appropriate scaled version of (5.115). Therefore we obtain 
a scaled hydrogenic realization of so(4) given by the generators (5.127) and 
(5.128) satisfying the special identities (5.132) and (5.138). 

It is interesting to observe the close connection between the set {H, L, V} 
and the set {Тъ, Г, A} obtained from it via the scaling transformation. The 
so(4) Lie algebra generated by the original set {Г У } is the geometrical sym- 
metry algebra (also referred to as the dynamical invariance algebra) of the 
hydrogenic hamiltonian Н since Ё and У are constants of motion 


[L;,H] = (V;,H] =0. (5.139) 
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On the other hand the scaled set {Г, A} is the geometrical symmetry algebra 
of the 73 operator, which is just the scaled version of rH (see Section 4.5). 
This suggests that 


[L;,T3] = CA;,73] = 0, (5.140) 


which can be verified directly from the definitions (see Exercise 5.13). 

We can now obtain the matrix representations of so(4) for the scaled hydro- 
genic realization from the general results (5.42) to (5.53) of Section 5.2. The 
Casimir operators are given by 


C(=L1°+A°=T}-1, (5.141) 
(2 = A ° L — 0. (5.142) 


Using the notation (5.123) ог (5.124) for the scaled hydrogenic states |пёт) 
and the values (5.120) to (5.122) for the coefficients a? and c} we obtain 


L?|ném) = e(€ + 1)|ném), (5.143) 
C\|ném) = im —1)|nem), (5.144) 
Сотёт) = 0, (5.145) 
L3\ném) = m|ném), (5.146) 
L4|ném) = о и т-1), (5.147) 
L_|ném) = м „тб, т—1), (5.148) 
A3|ném) = af a etn, l—1,m) + aft* ch п, 6+1, т), (5.149) 
Ax |ném) = ых п, 6—1, т-1) — уе ат, 6+1, т-+1), — (5.150) 
A_|ném) = —ВеТетт, 6—1, т-1) + уе п, 6+1,т-1). (5.151) 


An important property of the scaled hydrogenic basis vectors |n£m) is that 
they also provide a matrix unirrep of so(2,1) since from (4.18) to (4.20) and 
the results of Section 4.5 (with k = @ and gq =n) 


T?|n€m) = e(€ + 1)|ném), (5.152) 
T3|n£m) = n|ném), (5.153) 
T,|n€m) = we |n4+1, lm), (5.154) 
T_|ném) = w,"|n—-1, бт). (5.155) 


Each unirrep is labeled by the values of ( and т. This strongly suggests that 
we will be able to merge so(2,1) and so(4) to obtain a larger Lie algebra. 
5.6 Exercises 


$ Exercise 5.1 Derive commutation relations (5.10) for a vector operator 


у. 
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<> Exercise 5.2 Derive the formula (5.77) for the reduced matrix elements 
of J and the formulas (5.83) and (5.84) for the reduced matrix elements of M 
and Г. 


< Exercise 5.3 Show that the classical angular momentum Z and LRL уес- 
tor U defined in (5.98) are constants of motion for the classical Kepler problem 


defined by (5.97) with f(r) = —k/r?. 


$ Exercise 5.4 Derive identities (5.99) to (5.102) relating Г, U and the 


orbital parameters. 


$ Exercise 5.5 Derive identities (5.103) defining [2 and the energy Е in 
terms of orbital parameters. 


$ Exercise 5.6 Derive the quantum mechanical identity (5.108) using the 
commutation relations and identities of Chapter 2. 


< Exercise 5.7 Derive the following identities which are needed in the next 
exercise to derive (5.109) 


(a) (px L)-(px L) = p°L’ 
(b) (px L)+p = 2ip’ 

(c) p-(px L)=0 

(4) (px L)-r=L?+2ip-r 
(e) r-(px L)=L?’ 


<> Exercise 5.8 Derive the identity (5.109) for the square of the LRL vector 
using the identities of the preceding exercise. 


< Exercise 5.9 Derive the commutation relations 
(Г, Ок] = зе ке 
which show that the LRL vector U is an so(3) vector operator. 
< Exercise 5.10 Derive the commutation relations 
[0,0] = (-2Н еж Л 
for the components of the LRL vector. 
< Exercise 5.11 Derive the identity (5.137): 


[? = Т? — 72 — 12 
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& Exercise 5.12 Define the operators 
С. =;RP’—- P(R-P)—tjaR 
and show that 


С. Св = 1(RP*® — aR)(RP? — BR) + Ка+ В)(Т? -1) 
+ Ца — В)Т, 


Use this result to derive (5.138): 
А+ [7+1 = Т? 


<> Exercise 5.13 Show that [L;,73] = 0 and [A;,73] = 0. 


Chapter 6 


Scaled Hydrogenic Realization 
of so(4,2) 


6.1 Introduction 


In this chapter we complete our study of Lie algebras by merging so(2,1) and 
so(4) to obtain the Lie algebras so(4,1) and so(4,2). The origin and basic 
properties of the Lie algebras so(p,q) and the corresponding Lie groups SO(p,q) 
are given in Appendix B. 

First we merge so(4) with the so(2,1) generator 7, which generates the 
scaling transformation (see Appendix B) and gives the scaled hydrogenic real- 
ization of the ten generators of so(4,1). We find that a new vector operator B, 
similar to the scaled LRL vector A, is required to close out the commutation 
relations. The importance of so(4,1) is that all scaled hydrogenic states form 
a basis for a single infinite dimensional unirrep of so(4,1). 

Next we include the remaining so(2,1) generators JT; and Тз. Again the 
so(4,1) generators and these two operators do not close under commutation 
and a new vector operator Г is needed to close out the commutation relations. 
Thus we finally obtain the scaled hydrogenic realization of the fifteen generators 
of so(4,2) and the merging process is complete. The scaled hydrogenic states 
are also a basis for an infinite dimensional unirrep of so(4,2) [BE73]. 

The importance of so(4,2) for hydrogenic perturbation theory is that we 
have the important identities т = В- A and r = Ту — Tj, giving simple 
expressions for the coordinates z, and radial distance in terms of the generators 
of so(4,2), so that any perturbation potential can be expressed in terms of the 
so(4,2) generators. Even more important is the fact that the scaled hydrogenic 
realization is a complete discrete basis (no continuum states) for hydrogenic 
perturbation theory based on the unperturbed hydrogenic hamiltonian (see 
Chapter 4). 

The general representation theory of so(4,1) and so(4,2) is rather complex 
and is not considered here. Instead we find that our scaled hydrogenic ге- 
alizations correspond to important special cases which have been discussed 
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elsewhere so it is not difficult in our case to verify, by evaluating the Casimir 
operators, that we are really dealing with a single infinite dimensional unirrep 
of both so(4,1) and so(4,2). 

Finally we work out and summarize the complete matrix representation of 
the fifteen generators of the scaled hydrogenic realization and show that any 
state |n£m) can be obtained from the ground state |100) by the appropriate 
application of the raising and lowering operators A, and L_, derived from 
so(4), and from Т+. 


6.2 Scaled Hydrogenic Realization of so(4,1) 


In order to merge so(4) and so(2,1) to obtain a bigger Lie algebra we first merge 
so(4) with the so(2,1) generator То, which generates the active version of the 
scaling transformation (see Appendix C) from the physical space operators 
{r, p} to the model space operators {R, P}. 

Our realization of the so(2,1) generators acts on the space of scaled hy- 
drogenic wavefunctions whose basis vectors are products of a radial function 
and a spherical harmonic function (see (4.80) and (4.81)). Since the so(2,1) 
generators act only on the radial part and the so(3) generators L; act only on 
the angular part, we expect in particular that [Ё;,Т2] = 0. This result can in 
fact be verified directly (see Exercise 6.1). 

Next we must evaluate commutators of the form [12, А]. It follows that 
the operator set {Т», А, Г} does not close under commutation. In fact (see 


Exercise 6.2) 
(T,,A] =зВ, (6.1) 
where B is a new vector operator defined by 
B=;RP’-P(R-P)+3R. (6.2) 


The expression for B is closely related to that of the scaled LRL vector A 
defined in (5.128), differing only in the sign of the final term. Therefore we 
must include В to obtain the operator set {То, Г, A, B}. 

To check for closure we now need to evaluate commutators of B with it- 
self and the other generators. We find that these ten operators close under 
commutation (see Exercise 6.3) to give the Lie algebra so(4,1) with defining 
commutation relations 


[у Le] = Зее, (6.3) 
(L;, An] = «Ав (6.4) 
[A;, An] = тер, (6.5) 


which are just the commutation relations of the so(4) subalgebra and 


(L;, By) = Зее Ве (6.6) 
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(B;, By] = ве, (6.7) 
[А;, By] = 16;,To, (6.8) 
(T,,L,;] =0, (6.9) 
(T,, А] =3В,, (6.10) 
(T,, В] = 1A;. (6.11) 


Commutation relations (6.6) show that B is an so(3) vector operator and (6.3), 
(6.6), (6.7) also show that Ё and В generate an so(3,1) subalgebra (compare 
with (5.2) to (5.4) with o = —1). 

One of the most important aspects of this hydrogenic realization of so(4,1) 
is that the coordinate vector В is given by the simple expression 


В=В-А. (6.12) 


The simplicity of this expression will be of great advantage in our applications 
of algebraic perturbation theory in later chapters. 

The general representation theory of the Lie algebra so(4,1) and the classi- 
fication of the unirreps is more complicated than that of either so(2,1) or so(4) 
(TH41], [NE50], [0161]. In fact there are 9 distinct classes of unirreps [KI65], 
[ST65]. However for our particular realization of the so(4) subalgebra gener- 
ated by ED and A there are only two possibilities [BO66] and we shall show that 
only one of them is actually obtained. Thus, as expected, we are dealing with 
a very special realization of the so(4,1) generators. 

We need two important results from the representation theory of so(4,1). 
The first result is that the unirreps of so(4,1) are labeled by the eigenvalues of 
the two independent Casimir operators (Appendix B.8) 


Q=T) + B?-A’-L’, (6.13) 
И’ = D* —(L- A)? + (Г.В), (6.14) 
where 
D=T,L—AxB. (6.15) 
It also follows from the commutation relations that (see Exercise 6.5) 
L-A=A-L, B-L=L-B. (6.16) 


It can be shown by direct calculation (see Exercise 6.4) that for our scaled 
hydrogenic realization of so(4,1) 


И =0. (6.17) 


This important result can also be obtained from the identities (see Exer- 
cise 6.5) 
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which can be derived using only the so(4,1) commutation relations (6.3) to 
(6.11) and are therefore independent of our particular realization. These iden- 
tities show that if any one of L+A, L-B and D are zero then the other 
two are also zero. Since Ё + A = 0 for our scaled hydrogenic realization then 
Г.В =0, D=0 and from (6.14) И =0. 

The second result which we need from the representation theory of so(4,1) 
is that for the special case W = 0 there are only two classes of unirreps, 
both infinite dimensional, adapted to the subalgebra decomposition so(4, 1) D 
so(4) D so(3). They are labeled by the value of the second order Casimir 
operator Q and are denoted by D/ and РИ. The unirreps of class J are defined 
by 


Q>0, W=0, (6.22) 
D! aa Ус] ® У 1/2 1/21 ® Уши. -- 


where Vj;, „р is an irreducible representation space of so(4) (see (5.73) or equiv- 
alently (5.41)). The unirreps of class IJ are defined by 


Q =~(s—1)(s+2), s=1,2,3,..., W=0, (6.23) 
IT 
D ma У; /2,з/2] B Vi(s+1)/2,(s+1)/2} B Vis+2)/2,(s-+2)/2] B+ *- 


To determine which class we are dealing with for the scaled hydrogenic 
realization it is only necessary to evaluate the Casimir operator (©). The result 
is (see Exercise 6.6) 


Q=2 (6.24) 


and since п = 23; + 1 is the principal quantum number (see (5.118)) we ob- 
tain the important conclusion that the entire infinite set of scaled hydrogenic 
states |пёт) = |[j1,7:)€m) belongs to a single unirrep of so(4,1) and the ге- 
duction under the action of the so(4) subalgebra is given by (6.22) where [0, 0] 
corresponds to п = 1, [1/2, 1/2] corresponds to п = 2 and so on. 


6.3 Scaled Hydrogenic Realization of so(4,2) 


We need to include the remaining two so(2,1) generators T, and Тз along with 
the existing ten generators of so(4,1) in order to have the simple expression 
r = T3—T, for r in terms of the generators of our final Lie algebra. This expres- 
sion will be most important for our later applications to algebraic perturbation 
theory based on the scaled hydrogenic hamiltonian. Another reason for includ- 
ing T, and T3 is to obtain the raising and lowering operators T, = Ty + 1T, 
for the principal quantum number n (see (5.154) and (5.155)) so that we will 
have raising and lowering operators for all three quantum numbers п, @ and 
m. Then we can express matrix elements of any perturbation between any two 
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scaled hydrogenic states in terms of the matrix elements of our Lie algebra 
generators. 

Thus the final step in our merging process is to evaluate commutators 
among the ten so(4,1) generators {Z, A, B,T,} and the two so(2,1) operators 
Т! and T3 to determine if the twelve operators close under commutation. It is 
shown in Exercise 5.13 and Exercise 6.1 that the so(2,1) generators commute 
with the so(3) generators: 


[T., Ly] = 0. (6.25) 


The commutators of J; and 73 with the vector operators do not close under 
commutation. Instead 


(7,,A;] =, (6.26) 
(73, А =0, (6.27) 
(7,,B;] = о, (6.28) 
(73, В;] = is (6.29) 
where 
r=RP (6.30) 


is a new vector operator (see Exercise 6.7). 

Therefore Г must be included in our set of operators and it remains to 
determine if commutators of Г with {Г, A, В, Т,, Т2, 13} are closed. This is 
indeed the case and the results are (see Exercise 6.8) 


(L;, r;J = r€jKel ¢, (6.31) 


which shows that Г is an so(3) vector operator and 


[Г;, Ap] = —16;.T), (6.32) 
[Г;, By] = an (6.33) 
(T;,7,] = Аз (6.34) 
[Г;,Т2] = о (6.35) 
[Г;, Тз] = у, (6.36) 
Г» Г] = Я (6.37) 


The set of fifteen operators {Ё, А, В, Г, Ти, Т2,1з} closes under commu- 
tation to form the Lie algebra so(4,2). This realization, which we summarize 
below, is called the scaled hydrogenic realization: 


Г = ВХР, (6.38) 
А=1ВР? — Р(В.Р)-1В, (6.39) 
В =1ЕР? — Р(В.Р) +18, (6.40) 
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Г = RP, (6.41) 
1 2 Г 1 2 
п=5 ВР +-В = 5(RP — R), (6.42) 
T, = ВР = R-P -i, (6.43) 
[7 
Тз = (+ Г. +R) = i(RP? + R). (6.44) 


The complete set of scaled hydrogenic states |n&m) are contained in a single 
unirrep of so(4,1) and we expect this to be true for the larger Lie algebra so(4,2). 
This is indeed the case since for the realization (6.38) to (6.44) it follows that 
the three so(4,2) Casimir operators Q2, Q3 and Q, (see Appendix B.8) all 
reduce to the constant values (see Exercise 6.9) 


Q. = L?+ А* - В?* - Г? 473 - Т2-Т2 = -3, (6.45) 
0: = —T,(B-L)+T,([+L)+T3(A-L)—A-(BxTI) = 0, (6.46) 
Qs = 0, (6.47) 


and the eigenvalues of these operators label the different unirreps of so(4,2). 
Therefore we do not have to deal with the rather complex classification of 
unirreps of so(4,2) (see [BA70] for the derivation of some important classes of 
unirreps). 

The complicated set of commutation relations (6.25) to (6.37) can be cast 
into a more compact and memorable form if we make the correspondence (see 


Appendix B.8) 


0 Ls —L, A, В! Г: 
0 [А Ag By Г. 


0 Аз Вз Ts 
Гук => отт (6.48) 

0 T3 

0 
extended to the lower left half by antisymmetry so that Lj, = —Ly;, j,k = 
1,2,...,6. Then the nonzero commutators can be expressed in the simple form 
Сук, Lind — 195; Lkms j та k та т, (по sum on 1), (6.49) 


where g;; is а diagonal matrix element of the diagonal metric matrix G = 
diag(1,1,1,1,—1, —1) (see Appendix В). 
The correspondence (6.48) clearly exhibits the subalgebra structure 


so(4, 2) > 50(4,1) 2 30(4) > so(3). (6.50) 


6.4. Matrix Representation of so(4,2) 111 


6.4 Matrix Representation of so(4,2) 


We can now complete the matrix representation of the generators of the scaled 
hydrogenic realization of so(4,2). The matrix representation of the so(2,1) 
subalgebra is given by (5.152) to (5.155) and that of the so(4) subalgebra is 
given by (5.143) to (5.151) so we only need to work out the action of the vector 
operators В and Г on the basis vectors |ném). It is more convenient to use 
the components By = В, +7B,, B3, Г+ = Г +P, and Is. 

Since [12, А;] =зВ; and T, — T_ = 227; it follows that 


Bs, = -4(T, -Т., Ag], (6.51) 
Вз = —3(T, —T_, Аз], (6.52) 


so the action of В+ and Вз on the basis vectors can be obtained from (5.154), 
(5.155) and (5.149) to (5.151): 


—2B3|ném) = (T, — T_)A3|n€m) — A3(T, — T_)|n€m) 


(T, — Т. (ас т, 6—1, т) + Не, п, 6+1, т)) 
— A3(we|n+1,lm) — w,"|n—1, &m)) 


= OF, C7 (wp_yInt+1,€-1,m) — wz, |n—1, £-1, m)) 
+ artteh (we Intl, 1, т) — w;,"|n—-1,£+1,m)) 
— wh (ai,ct |ntl, €-1,m) + Не n+, £+1, m)) 


мт (ас '|n—1,—-1,m) + aft cto! |n—1, £+1, m)) 


af (wp "cf! — we" cf)|n—1, £1, m) 


+ ant (wr chy ~ Wyn) (2-1, 6+1, m) 
+ af, (wesc? — we'cf*?)|n+1, £1, m) 


+ (weer ctg — «ро )[n+1, £41, m). (6.53) 
Similarly 
—2By|ném) = (T, — Т-) А+ пт) — АТ, — T_)|ném) 
= +65) (wre) — ртс) п-т, 6-1 т +1) 
+ т ("С — мае) +1, т 1) 
+ BL (we ch — тет") п+1, —1,т +1) 
F Vain (Wey Cher — WE CEPT )[n+1, £+1,m + 1). (6.54) 


Since Г; = 2[73, B;] the matrix representation of Г can be obtained from 
the matrix representation of В and of 73 using 

Гз = t[T3, Bs] , (6.55) 

Г+ = 7073, В+], (6.56) 
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to obtain 
P'3|n€m) = 1T3 B3|n£m) — 1B3T3|\nlm) 
Г пт) = 1T3By|n€m) — 1B,T3|\nlm) 
= 1(T3 — п) В+ пт). (6.58) 


Now substitute into (6.53) and (6.54). 
For convenient reference we give the complete matrix representation of the 
fifteen generators of so(4,2): 


T3|n£m) = n|ném), (6.59) 
T,|n£m) = we |n+1, lm), (6.60) 
T_|ném) = w,"|n—1, lm), (6.61) 
L3|n€m) = m|ném), (6.62) 
L4|ném) = wf |né,m+41), (6.63) 
L_|ném) = м „тб т-1), (6.64) 
Азтёт) = af ст т, 6—1, т) + а Тест п, +1, т), (6.65) 
Азтёт) = ВЕТ т, €-1,m+1) — дате т, 1, т-1), (6.66) 
А_тёт) = ВЕТ т, 6—1, т-—1) + тет, +1, т-1), (6.67) 


B3|ném) = af ut т—1, 6—1, т) + ао” |n+1, 6—1, т) 

ап 1, 6+1, т) + аи п, +1, т), (6.68) 
B,|ném) = 6-1 ит т—1, 6—1, m4+1) + ВЕ |nt1,£-1,m+4+1) 

— ftlyt tt in—-1,e+1,mtl) — Уи ПН, +1, т-+1), (6.69) 
B_|ném) = Вит т-—1,6-1,т-—1) — ВЕТ ntl, 6-1, т-1) 

+ yun |n—-1, т 1) + Нить 1 т-1), (6.70) 
T'3|ném) = ит т-1, 6-1, т) + ао” |n4+1, 6-1, т) 

— iat yn т 1 6+1, т) Наби |n+1, +1, m), (6.71) 
Ty пт) = Вт |n—1,€—-1,m41) + 186"! v? |n+1, 2-1, m4+1) 

+ iygt ops |n—1, Е, m41) — ИНН |[n+1, 6+1, т-1), (6.72) 
T_|ném) = 16% 1 ub |n—1, €-1, m—1) — iB) oF |n4+1, 6-1, m—1) 

— iy uty |n-1, C41, m—1) + би |nt1, £+1, m—1), (6.73) 


where the coefficients are defined by 
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n_ | (n— O(n +2) 
Co = (20 — 1)(28+1)’ (6.78) 


„ 1 |(nté-1)(n+24) 


“= СТС (6.79) 
wal (n — £)(n —£41) (6.80) 


(2 —1(20+1) © 


These final results can be used to calculate the scaled hydrogenic matrix ele- 
ments of any operator expressible in terms of the so(4,2) generators. 

For our applications to perturbation theory the most important operators 
are the radial distance Е = Тз — T, and the coordinates X; = В; — A; whose 
matrix elements are easily obtained from 


R=T3—3(T, + T_), ( 
X =X, = (В+ + B.-A, —A_), ( 
Y = X, = (В, — B.-A, +A_), (6.83 
Z = X3 = Вз- Аз. ( 
For example, 
R\ném) = ВЕ Int, dm) + В" тет) + В" |n—1, lm), (6.85) 
where 


Ret! — (пр, бт В пт), (6.86) 


so А is represented by a symmetric tridiagonal matrix (for fixed @ and т) 
whose nonzero matrix elements are 


Rap = —Y(n- O(n t+ £41), 
Rt =n, 


Rr = —1/(n + £)(n —£-1). (6.87) 
Similarly for the Z coordinate operator 


Z\ném) = ант, т) + п, 6—1, т) 


nlm Litem 
бп, +1, m) + Zr, In, £1, m) 
тт) + Zen ||n-1,£-1,m), (6.88) 


where 


Ни — (пи, l+v,m|Z|nem), (6.89) 


ném 
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so Z connects at most six different states and has nonzero matrix elements 


роны _ 1 (£—m+t+1)\(€+m+1)\(n+l41)(n + £4 2) 


nlm — 9 (B42 +3) 0°¢€6€C~—? 
ntit-1_ 1 | (€—m)(l+m)(n— £4 1)(n£) 
"т 2 (2@ — 1)(204+ 1) 
mth (€—-m+1)(€+m41)(n-€-1)(n+4+1) 
пт = (2¢ — 1)(20+ 1) 
пи _ _ | (E—m)(E+ m)(n—O(n+ 
nfm (2¢ — 1)(2@ 4 1) 
пилы _ 1 | (E—mt let mt Ив Ив) 
мт 2 (26— 1) (26+ 1) 
n-ie-1_ 1 | (€—m)(l+m)(n+l—-1)(n +8 
Lrtm — 9 0+ (6.90) 


In our applications to hydrogenic perturbation theory matrix elements of 
В, В?, R°, Z, 22, RZ and R(R? - Z*) are needed. They are derived and 
tabulated in Appendix D for reference. 


6.5 Hydrogenic Tower of States 


To complete our discussion of the scaled hydrogenic so(4,2) realization we show 
how it is possible to use the raising and lowering operators А+, Т; and L_ to 
obtain any scaled hydrogenic state |n£m) from the ground state |100). 

For fixed п there are п? states for 2 = 0,1,...n—landm = —£,—£+4+1,...,£ 
which form a basis for a unirrep of so(4) (see Chapter 5). These states can be 
conveniently represented as a triangular array of points, as shown in Figure 6.1 
for n = 3, which we call an so(4) subtower. 

The Figure shows that all states in the subtower can be obtained by first 
applying A, to move from the top state |n00) along the right side of the triangle 
to the appropriate row and then applying L_ to move from right to left in this 
row until the desired state is reached. 

To obtain the results indicated in Figure 6.1 replace # by #—1 in (6.66) and 
let т = €—1, the maximum value. Then (6.66) reduces to one term given by 


А+ п, 2-1, 2-1) = мп ee), (6.91) 


26(п? — #2) 
= | | А .92 
Rt 2+1 ’ (6.92) 


where 


6.5. Hydrogenic Tower of States 115 


Figure 6.1: An so(4) subtower representing the n? scaled hydrogenic states, 
for n = 3, which form a basis for a unirrep of so(4). All states in the subtower 
can be obtained by applying the A, and L_ operators to the top state, |300). 


so А+ is a raising operator connecting states with different @ values and maxi- 
mal m values. Iteration of (6.91) shows that 


1560) = Kye(Az)‘|n00), (6.93) 
where 
Kae = (knikna++* ne). (6.94) 
Similarly from (6.64) 
L_|n€,m+1) = ben|ném), (6.95) 


where 


bim = /(€+m +1) — т), (6.96) 


so L_ can be used to move to the left in any row of an so(4) subtower. Iteration 


of (6.95) shows that 
In€m) = Ben(L_)™ |nee), (6.97) 
where 
Bem = (btmbems1*** bee-1)7 (6.98) 


Combining these results any state in a subtower can be obtained from the top 
one using 


бт) = KneBem(L_)~™(A4z)‘|n00). (6.99) 
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We can now use the so(2,1) raising operator T, to connect the top of one 
so(4) subtower to the top of the next one. From (6.60) 


Ty|n — 1, £m) = cye|n£m), | (6.100) 
where 
сы = f(n —£—1)(n +9). (6.101) 
Iterate (6.100), noting that п = 2+1,£+42,..., to obtain 
бт) = сие (Т+ "Ч, вт), (6.102) 


where 


Cn = (CneCn—1,0 ... 426)". (6.103) 
Combine (6.102), with # = т = 0, and (6.99) to obtain 
00) = Сьо(Т+)" "|100, (6.104) 


т) = Мн (Г) "(АТ)" 100), (6.105) 
№ nlm = KyeBemCno 


(-1 | (20+ 1)(n- т)! 


т 1)! п-т) (6.106) 


This interesting result shows that all scaled hydrogenic states can be ob- 
tained using raising and lowering operators from the ground state. We can 
imagine the so(4) subtowers stacked on top of each other, for n = 1,2,3,..., 
to form an so(4,2) tower of states and to obtain any state the T operator is 
used to move to the top of the appropriate subtower and then the A, and L_ 
operators are used to move to the state within the subtower. 


6.6 Exercises 


$ Exercise 6.1 Show that the so(2,1) generators T; defined by the hydro- 
genic realization (5.134) to (5.136) commute with the components of the orbital 
angular momentum. 


$ Exercise 6.2 Derive the commutation relations 
(T,, А] =зВ, 
where 
В =18Р? _ P(R-P)+1R 


is a new vector operator needed in the merging of T> with the so(4) generators. 
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$ Exercise 6.3 Derive (6.6) to (6.8) and (6.11) for the commutators of the 
components of В with the components of A and Ё and with T, which show 
that the ten operators {Ё, A, B,T,} close under commutation to form the Lie 
algebra so(4,1). 


< Exercise 6.4 Using the definition of C, given in Exercise 5.12 show that 
C. X Св = Е. (а - B)(R- P) + В, 
which gives the four identities 
(a) AXA=C,XC,= iL, 
(b) AXB=C,xXC_,= Lt, 
(c) B x A= С 1 x C7 = — DLT», 
(d) B x B = С _1 x C_ = —1L. 


Also show that Ё + В = 0 follows from Ё : A = 0 and conclude that И’ = 0 for 
the scaled hydrogenic realization of so(4,1). 


$ Exercise 6.5 Derive the following identities using only the so(4,1) com- 
mutation relations (6.3) to (6.11) 


(a) L-A=A-L, 

($) L-B=B-L, 

(<  {[B,L-A]=-iD, 
(4)  [A,L-B]=iD, 

(e) [A;, D,] = —16;,.0 ° B, 
(f) (Bj, Del = Е.А, 
(4)  [T),L+A] =iL-B, 
(h) [Т›, Г.В] =iL-A. 


Identities (с) and (4) correspond to (6.18) and (6.19) and setting & = 7 in (е) 
and (f) and summing over 7 gives (6.20) and (6.21). 


@ Exercise 6.6 For the scaled hydrogenic realization of so(4,1) show that 
() = 2 for the second order Casimir operator. 


Exercise 6.7 Derive the commutation relations (6.26) to (6.29) among the 
so(2,1) generators T; and 73 and the vector operators A and В. 


$ Exercise 6.8 Derive the commutation relations (6.31) to (6.37) between 
Г and the other twelve generators of so(4,2). 


$ Exercise 6.9 Obtain expressions (6.45) and (6.46) for the so(4,2) Casimir 
operators Q2, Q3 given in Appendix В by (B.78) and (B.85). 


Chapter 7 


Lie Algebraic Perturbation 
Theory 


7.1 Introduction 


In this chapter we consider Rayleigh-Schrodinger perturbation theory (RSPT) 
in a general context for a nondegenerate state in preparation for several detailed 
examples of hydrogenic perturbation theory in the next chapters using the Lie 
algebraic methods we have developed for so(2,1) and so(4,2). The Stark effect 
is used as a simple example throughout the chapter and will be considered in 
more detail in the next chapter. 

In Section 7.2 we develop the conventional RSPT formalism by expanding 
the wavefunction and energy as perturbation series and substituting them into 
the Schrodinger equation in order to obtain iterative formulas for the wave- 
function and energy corrections to their unperturbed values. 

Our interest is in hydrogenic perturbation theory for which the unperturbed 
Schrodinger equation is defined by the hydrogenic hamiltonian. In this impor- 
tant case it is well known that the perturbation theory for a bound state is 
incomplete in the sense that the unperturbed radial hydrogenic eigenfunctions 
for bound states do not form a complete set of states for the expansion of a 
bound state solution to the perturbed Schrodinger equation. The continuum 
states must also be taken into account in the perturbation expansions. 

This problem with continuum states begins in second order and higher 
orders become unmanageable due to the multiple infinite summations over the 
discrete state contributions and the multiple integrations over the continuum 
state contributions. To illustrate these difficulties and show that the continuum 
state contributions cannot simply be ignored we calculate the discrete and 
continuum contributions to the second order energy correction to the ground 
state of a hydrogen atom in an electric field (Stark effect) in Section 7.2.4. 

Various methods have been proposed to overcome the “problem with the 
continuum” in hydrogenic perturbation problems. In the method of Dalgarno 
and Lewis the inhomogeneous differential equations which characterize pertur- 
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bation theory are directly solved. In Section 7.2.5 and Exercise 7.3 to Ex- 
ercise 7.5 we illustrate how this method can be used to calculate the energy 
corrections for the ground state Stark effect to fourth order. This shows that 
while this method could in principle be extended to higher orders, it is not 
very systematic and not easily automated. 

The most promising methods are based on the use of a scaling transforma- 
tion to replace the unperturbed hamiltonian by a new unperturbed eigenvalue 
problem which has only discrete eigenvalues. As we have already seen in Chap- 
ter 4, this is exactly what the so(2,1) and so(4,2) Lie algebraic methods do since 
the 73 eigenvalue problem has a purely discrete spectrum (4 = 1,2,3,...). Thus 
in Section 7.3 we extend the scaling transformation considered in Chapter 4 to 
include a perturbation. 

The result is a scaled perturbation problem with 73 as unperturbed hamil- 
tonian that can be considered in two ways: (1) conventionally using the for- 
malism of Section 7.2 but with an eigenvalue that is not the energy, so the 
energy expansion must be determined by solving implicit equations and (2) in 
a modified way with the energy directly given as the eigenvalue, which requires 
that a different perturbation formalism be developed. 

We refer to the first method as conventional algebraic RSPT, since the usual 
RSPT formalism applies (for example, see [SC68]), and the second method as 
modified algebraic RSPT since a slightly different formalism must be derived 
(see Section 7.4). Iterative equations are developed for the wavefunction and 
energy corrections. They are not significantly more complicated than those of 
the conventional formalism presented in Section 7.2 and avoid the determina- 
tion of the energy from an implicit equation. A symmetric and more efficient 
formula for the energy is also developed which generalizes a well known result 
of conventional RSPT expressing energy corrections to order 2n + 1 in terms 
of wavefunction corrections to order n. 


7.2 Conventional RSPT 


In order to understand and motivate the modified algebraic RSPT developed in 
Section 7.4 we first review the conventional Rayleigh-Schrodinger perturbation 
theory (RSPT). 

Consider an unperturbed hamiltonian Ho with a complete set of orthonor- 
mal eigenfunctions ¢, and eigenvalues FE, satisfying 


Hoda — Еафа. (7.1) 


We shall consider only the nondegenerate case here. If the perturbed hamilto- 
nian is denoted by H = Но+ ЛУ where Л is a suitable perturbation parameter 
and V is the perturbation then the problem is to solve the Schrodinger equation 


(Ho + AV)p = Еф (7.2) 
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for the perturbed energy Е and wavefunction р such that 4 — фо and Е — Eo 
аз Л —> 0 where фо is any one of the nondegenerate eigenfunctions of Но. 

Approximate solutions to (7.2) are obtained from the wavefunction and 
energy expansions 


ф=У pr, Yl = do, (7.3) 
71=0 
E=Eyt AE=) EM), EO = Ep, (7.4) 


which imply that (7.2) has the form 


(Ho — Eo + AV - АЕ) = 0. (7.5) 
We also assume the intermediate normalization 
(Фо) = 1, (7.6) 
which implies on substitution of (7.3) into (7.6) that 
(gold) =0, 1>0, (7.7) 


so all wavefunction corrections 0) are orthogonal to the unperturbed wave- 
function. 
Substitution of the expansions (7.3) and (7.4) into (7.2) gives 


У Hop + Ум = в ping) a 


1=0 j=l j=0 \k=0 


For 7 = 0 this is just (7.1) for a = 4, and for j > 0 


. . 1—1 . 
(Eo — Hy) hb = VpP-Y) — У` EG y®), (7.8) 
k=0 
The first few equations are 
(Eo — Ho)p™ = Уфо — E™ do, (7.9) 
(Ey — Ho)p = Vp — ЕО — Еф, (7.10) 


(Ey — Ho)b® = Vo — EV YA — ЕО) — EC) go. (7.11) 
If we introduce the resolvent operator G such that for any wavefunction » 


G(Eo — Ho)b =  — (dol) Фо, (7.12) 


then С is the inverse of Ey — Но on the orthogonal complement of Фо. In terms 
of the unperturbed basis vectors ¢, we have the explicit expression 


a= (E+ ] Heel Зе (7.13) 


а3+0 Ea> Ea 
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where we use 5 to denote a generalized summation over discrete states, exclud- 
ing the unperturbed state фо, and the continuum states, if any. The energy 
differences in the denominator are nonzero in the nondegenerate case since 
а #0 implies that Е, # Eo. It also follows from this definition that we can 
define 


Gy = Geo = 0. (7.14) 


7.2.1 Conventional iteration formula 


Now apply G to (7.8) and use (7.7), (7.12) and (7.14) to obtain 
1—1 
40) = GVpe-) — > EO-A Gy, (7.15) 
k=1 


which is an iteration formula for wavefunction correction ф@) in terms of lower 
order ones. The energy corrections are obtained by projecting (7.8) onto фо: 


j-1 
(do|Eo — Hol) = (ФУ |ф0-9) — S> EF) bo). 
k=0 


From (7.1) the left side is zero and from (7.7) only the k = 0 term contributes 
to the sum so 


ED = (фУФ0- 5). (7.16) 


Therefore (7.15) and (7.16) can be used to obtain the energy and wavefunction 
corrections to any desired order according to the calculational scheme фо — 


EM 4) BQ, у) .... 


7.2.2 Conventional low order formulas 


If we define the shorthand notation Vis = (¢2|V|¢,) for the perturbation matrix 
elements in the unperturbed basis then the energy corrections to fourth order 
are given by 


E™ = Ир, (7.17) 
vb = GV do, (7.18) 
ИИ 
(2) _ ()) — _ © "04 "во. 
Е® = (фу) = (фу) ь вр (7.19) 
b = СУУ® — EVGY®, (7.20) 
E®) = (¢0|V GV GV о) — E)($o|VG?V фо) 
И Vav Veo Voa Vao 
= ею ом мя 7.21 
DS ibm Smee (2) 
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+8) = GVA — Ее — BAGY, (7.22) 
E™ = (фУСУСУСУ фо) — E™ (¢o|VG?2V GV фо) 

— E™ ($o|VGVG?V фо) + (Е) (o|VGPV фо) 

— Е (ФУ СУ фо) 


_ S S Voa Vab Voc Vea 
a#0 b£0 c#0 (Eo Е )(Ео — Еь)(Ео — Ес) 
_ а) Voa Vab Vio 
No bio (Ho — Ва)? (Ею — Ёь) 
Voa Vap Vi 
_ EO Oa “ab” b0 
35 (Eo — Eq)(Eo — Ey)? 
ИИ. УИ. 
Е}? aH E(2) Oa = | 
+ ( 3 mE) eS Bhp eee (123) 


7.2.3 Conventional high-order iteration scheme 


To proceed to higher orders it is necessary to develop a practical iteration 
scheme rather than explicit formulas. This can easily be done by expanding 
the wavefunction corrections 4) in terms of the unperturbed eigenfunctions 
Pa: 

4 = Sg. (7.24) 


We assume an expansion only over the discrete unperturbed states since it 
would be impractical to use the resulting formulas if there are continuum states 
(i.e., we assume that (7.24) is complete). Substitute the expansion into the 
iteration formula (7.15) and use (7.13) and (7.14) to obtain for 7 > 0 


У, => СУ — р HDS MG¢, 
a#0 7” 


(3-1) (9—k) 
=) с E 
=) Е -¥ CRE a * 


Equating coefficients of ¢, and using the intermediate normalization con- 
dition (7.7) gives the following iteration scheme for the coefficients c¥) and the 
energy corrections E). 


MO =1, M=0,a>0, (7.25) 

ce!) = 0,7 >0, (7.26) 
2—1 

с) = УИ ~ У Ee) a7 >0, — (7.27) 
Ес — Ea b k=1 


EY = S*&-Yy,,. (7.28) 
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7.2.4 Example: continuum difficulties for Stark effect 


As an example of the difficulty in applying conventional perturbation theory to 
hydrogenic systems we briefly consider the quadratic Stark effect, using spher- 
ical coordinates, for the ground state of the hydrogen atom in an electric field 
in the z direction. This problem will be considered in more detail in the next 
chapter using the conventional algebraic RSPT, applied to a scaled hydrogenic 
hamiltonian expressed in parabolic coordinates, and also using spherical co- 
ordinates and the modified algebraic RSPT to be developed in Section 7.4. 
For these methods it is possible to obtain exact results for the perturbation 
corrections in a systematic way, avoiding the continuum states. However the 
modified algebraic RSPT is more general since the applicability of conventional 
RSPT to the Stark effect relies on the separability of the Stark hamiltonian in 
parabolic coordinates [LA77], [AL74], [5178], [PR80]. 
In atomic units the Schrodinger equation is given by 


1 1 
(52? --+ №) = У, (7.29) 
r 
where the perturbation parameter A is the electric field strength. The unper- 
turbed eigenfunctions фиш = Rne(r)Yem(0,y~) have well defined parity (—1)‘ 
and the perturbation 2 = rcos¥ has odd parity so the first order energy сог- 
rection (7.17) is zero (in fact all odd order energy corrections are zero for the 
ground state) and E™) is given by (7.19) as the sum of contributions from 
the discrete states denoted by EY) and the continuum states denoted by Е@). 
Thus 
ДЕ? = > |(Pnem eel = 2" бои] (7.30) 
2 2n2 


nlm nlm 


where the summations do not include the n = 1 term and 


(dnem|2|¢100) = [ Rne(r)rRio(r)r* dr [ У» (9,2) cos ЗУ (9, ¢) dQ. 


1 3 
Yoo = Te Yio = \/4- 89, 


then from the orthogonality of the spherical harmonic functions we must have 
£=1 and m=0so 


Since 


1 
—=бибто( Вил |"|В 7.31 
V3 él o(R |r| 10). ( ) 


The radial integral can be evaluated [BE57], 


(Pnem lz|¢100) = 


24(n _ 1)"-5/27/2 


(Rai|r|Rio) = (nts? 


(7.32) 


7.2. Conventional RSPT 125 


so for the discrete state contribution 


Wn — 1)2"-6 
pe _2 я 1 | | 
: in pyr 1.8316289 (7.33) 


n=2 


More than 4000 terms are needed to achieve the indicated accuracy. 
For the continuum state contribution using positive energy eigenvalues 


= k?/2 we have 


(Ан |r|R 
Е® = - [^ (afr Fao) Merl Poll dk. (7.34) 


The radial integral can be evaluated in closed form [BE57], 


k 1/2 en tan-!k 
(Ria |r| Rio) = 16 иж) (215 (7.35) 
but the integral over К must be evaluated numerically (using for example the 
QAGI subroutine in [КА89]): 


Е) x —0.4183711. (7.36) 
Therefore 
Е) = BY) 4 EO wx 2.95. (7.37) 


The exact result is —9/4 which we shall easily obtain algebraically in the 
next chapter without any infinite sums or integrations. The continuum state 
contribution to E@) is more than 18%. For the Stark effect in the 2-dimensional 
hydrogen atom the contribution is even more significant, more than 48% [YA91]. 

It is clear from this example that conventional hydrogenic perturbation 
theory based on the expansions (7.3), (7.4) and (7.13) cannot be practically 
extended to higher orders due to the multiple infinite sums and the significant 
contributions from the multiple continuum state integrations. 


7.2.5 Dalgarno and Lewis method for Stark effect 


Since we are primarily interested in hydrogenic perturbation theory (Hp is the 
hydrogenic hamiltonian), the continuum states can have important contribu- 
tions, as we have seen in Section 7.2.4, so we can have difficulties with the 
continuum already in the second order of perturbation theory. 

One way to circumvent these difficulties is to attempt to solve the pertur- 
bation equations (7.8) as inhomogeneous differential equations, rather than to 
deal directly with the formal perturbation series, thus avoiding an expansion 
in terms of unperturbed discrete and continuum eigenstates. For example, 
y, is the solution of the inhomogeneous differential equation and boundary 
condition 


(Eo — Hoo = Уфо — EM do, ($040) = 0. (7.38) 
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The formal generalization of this procedure to higher orders is the famous 
method of Dalgarno and Lewis first applied to long range forces in Hf [DA55], 
[DA56a], [SC68] and in HeH?* [DA56b] and to other hydrogenic systems [SC59]. 
Unfortunately the Dalgarno and Lewis method is not systematic enough to 
be automated and extended to high orders (see Exercise 7.3, Exercise 7.4 and 
Exercise 7.5). 

As a simple example consider the Stark effect and the Schrodinger equation 
(7.29). The inhomogeneous differential equation (7.38) is given by 


(v? + - — 1) а = sre cos 9, (7.39) 


since Ey = —1/2, Е@) = 0 and ф% = ле" and the solution is (see Exer- 
cise 7.3) 


1 
инт 


т 


(2т + г2)е-" соз 9, (7.40) 


so the exact second order energy correction is 
(2) (1) 2 [> з 2) —2т 9 
EM = (ФУ |) = -= | r°(Qr+r*)e~" dr = te (7.41) 
0 


This procedure can be continued and the inhomogeneous differential equa- 
tion for 4) can be obtained by substituting (7.40) and (7.41) into (7.10). The 
solution is 


1 


(2) = 
ф Е 
+ 


(-2 + 37? + ir? + ir‘) e 
1 
Vv 16% 


The exact fourth order energy correction is obtained using the formula derived 
in Exercise 7.1 which does not require ©) 


(PEP I) ead ner (74 


BOY = (ФУ) — LOGO PO) = —— (7.43) 
so the ground state energy correct to fourth order is 
Е=-=- А? —— 4. (7.44) 


It is clear from this example that the generalization of the Dalgarno and 
Lewis method to higher orders is possible but not very systematic and not 
easily automated. The calculations involved in obtaining (7.40) to (7.44) are 
tedious and error prone. However, they can easily be performed using the 
Maple computer algebra system (see Exercise 7.5). 
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7.3 Scaled Hydrogenic Hamiltonian 


In Chapter 4 we considered the D-dimensional harmonic oscillator and hydro- 
genic hamiltonians in a unified manner and converted them into eigenvalue 
problems for the so(2,1) generator T3 using a scaling transformation. These 
results are easily extended to include a perturbation term and a perturbed 73 
eigenvalue problem is obtained. We shall consider only the hydrogenic case. 
The so(4,2) Lie algebraic methods are identical to the conventional perturba- 
tion theory in the harmonic oscillator case and offer no particular advantage 
since there are no continuum states. 

Thus we consider the Schrodinger equation (7.2) where Но is the hydrogenic 
hamiltonian 


Но = =p —-—, (7.45) 
and Z denotes the nuclear charge. Letting 
Е = £)+ AE, (7.46) 


where Ep is any eigenvalue of the unperturbed hamiltonian (7.39) we obtain 
the Schrodinger equation 


(Ho — Eo + AV(r) - AE) (rv) = 0. (7.47) 
Multiply on the left by r to obtain 
(Arp? — 2 —rEy + ArV(r) — rAE) 4(т) =0 (7.48) 
and apply the scaling transformation 
r= 7R, p=7'P, r= 7R (7.49) 
to obtain 
(47-1 RP? — 2 — УВЕ + \yRV(yR)— yRAE) $(yR)=0. (7.50) 


But from (4.78) and (4.79) in the 3-dimensional case or (4.115) in the D- 


dimensional case we have for the nuclear charge and energy 
Z=qy", Ey= -}y’. (7.51) 
Substitute these values into (7.44) to obtain 
(ARP? +1R—q+\7RV(yR) - 77 ВДЕ) U(R) = 0, (7.52) 


where U(R) = (78). 
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Using the realization (5.136) of the so(2,1) generator Тз we finally have the 
scaled hydrogenic eigenvalue problem 


(T3 -q+AW - AES)VU(R) = 0, (7.53) 
where 4 is the eigenvalue of 73 corresponding to the unperturbed state, 
И’ =7’RV(yR) (7.54) 
is the scaled perturbation, and 
S=7'R. (7.55) 


In the important cases of a 3-dimensional hydrogenic atom in a magnetic 
field (Zeeman effect) and the one-electron diatomic ion, (7.53) is inherently a 
2-dimensional problem (the angular dependence оп ф is trivial). It cannot be 
reduced to a 1-dimensional radial equation. The hydrogenic atom in an electric 
field (Stark effect) is special since it can be reduced to a 1-dimensional problem 
by separation of variables in parabolic coordinates. 

All other perturbations which we shall consider are of the central field type 
(У is a function of В only) and (7.53) reduces to a radial equation valid for 
perturbation theory of the D-dimensional hydrogenic atom in any dimension 
D. In these cases the full power of the so(4,2) Lie algebra is not needed since a 
central field perturbation can always be expressed in term of only the so(2,1) 
generators using А = 73 — 7}. 

Except for the operator S, (7.53) has the same structure as the conventional 
equation (7.5). The presence of S makes (7.53) look formally like perturbation 
theory with a nonorthogonal basis where S would be interpreted as an overlap 
matrix. We have shown in Chapter 4 however that this is not the case since 
Тз is hermitian with respect to the 1/R scalar product and its eigenfunctions 
are orthonormal. 

More importantly the eigenvalues of 73 are all discrete since 4 = 1, 2,3,..., 
and they form a complete set for the expansion of a bound state solution of 
(7.53) so perturbation theory based on (7.53) will involve no integrations over 
continuum states. Also for all of the perturbations we shall consider, the matrix 
representing the scaled perturbation W in the unperturbed scaled hydrogenic 
basis is closely packed about the diagonal so the infinite sums over discrete 
states arising in the perturbation theory all reduce to small finite sums. Since 
the matrix elements of S are essentially given by (6.85), S is represented by a 
simple tridiagonal matrix in the scaled hydrogenic basis. 

It is also possible to obtain a perturbed 73 eigenvalue problem which is 
formally identical to the conventional one (7.2) or (7.5) as follows (see [5181] 
for the example of the hydrogen atom in a magnetic field (Zeeman effect)). 
Define a different scaling factor у by 


y= (-2E)?, (7.56) 
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where ЕЁ is now the exact energy eigenvalue of the perturbed problem (7.2) 
rather than the unperturbed energy eigenvalue as in (7.51). Then multiply 
(7.2) by r as usual and use (7.49) to obtain 


(47-7 RP? — Z + \YRV(7R) - RE) b(yR) = 0, 

(44-1 RP? — Z + \yRV(7R) + В) Y(yR) = 0, 

(ARP +3R+ ie В) - г) (78) = 0, 

(Ts + yW(R) — 24) V(R) = (7.57) 


which has the same form as the conventional equation (7.2) but with eigenvalue 
Zy rather than Ё. 

For example, for the Zeeman effect of a static magnetic field in the z direc- 
tion, У = 12 + у2 =r? — 22 so that W = 7°R(R? — Z*), where Z is the scaled 
z coordinate, and A = \7° is the scaled perturbation parameter. The original 
perturbation parameter is related to the magnetic field strength. Then we 
can obtain the eigenvalue expansion of Zy using conventional RSPT, 


Я =п+ А+ aA? +..., (7.58) 


which is a perturbation expansion of the perturbed principal quantum number 
n. Then the energy expansion in terms of A can be obtained by assuming an 
expansion of the form 


= 0 + А+" +... (7.59) 


and substituting it into both sides of (7.58), using A = 73, to obtain the 
coefficients 7%. Finally the energy is obtained by substituting (7.59) into 
БЕ = - 2 + AEM + PEO +. (7.60) 
24? 2n? 

The perturbation theory based on (7.57) with the added complication of un- 
raveling the series expansions such as (7.58) and (7.59) to obtain (7.60) has 
the advantage that any conventional RSPT formalism can be applied without 
modification. 

However we shall show in the next section that the modified algebraic RSPT 
based on (7.53) is not significantly more complicated than conventional RSPT 
in view of the fact that S is a simple tridiagonal matrix. 


7.4 Modified Algebraic RSPT 


We refer to the perturbation theory based on the scaled hydrogenic hamiltonian 
(7.53) using the Lie algebras so(2,1) or so(4,2) as modified algebraic RSPT. 


Thus we consider a general perturbation problem of the form 


(Ko — ko + AW — AES)W(R) = 0, (7.61) 
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where Ко = T3 and ко = q in the hydrogenic case. Letting ®, denote a scaled 
hydrogenic eigenfunction we have 


Коф, = к. Фо. (7.62) 


As in Section 7.2 we assume the perturbation expansions 


T= SOV), WO= O, (7.63) 
j=0 
E=Eyt AE=S( EM), EO = Ep, (7.64) 
)=0 


and the intermediate normalization which implies that 
($ |9) =1, (|b) =0, k >0. (7.65) 


Substituting these expansions into (7.61) gives 


У `(Ко — ко) WY) J + у` WyO-))\s = [520] (5: и) 
7=0 j=1 j=1 k=0 


-у (5 BU) su) i 


j=1 \k=0 
The j = 0 term is just (7.62) for a = 0, and for 7 > 0 
. . 7—1 . 
(ко — Ko) V9 = WHO) — У ` EO) sy), (7.66) 
k=0 


which should be compared with (7.8). The first few equations are 


(ко — Ky) U = ИФ, — EM Sp, (7.67) 
(ко — Ky) = WU — Е $6, — EV SY), (7.68) 
(ко — Ко)9 8) = WH — 285$, — Е) 50) — EY sy), (7.69) 


Again we introduce the resolvent operator G such that 
С (ко — Ko) UV = V — (6, (0) U, (7.70) 


but now G can be expressed as a sum over the complete discrete set of scaled 
hydrogenic eigenfunctions Фа, so assuming that ко is nondegenerate we have 


®,)(®, 

а=у` 1Ф.)\Фа| (7.71) 
а3#0 Ko — Ка 

Since |®,)(®,| removes any component along Фо we can also define 


GUO = Gb, =0. (7.72) 
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7.4.1 Modified iteration formula 


Now apply G to (7.66) to obtain the iterative formula 


« 


~1 
99 = Ewe) — > Е6-0659 
k=0 
| J | 
= GW) — У` Е) С590-Ю, (7.73) 
k=1 


which is similar to (7.15) in the conventional case. The energy corrections are 
obtained by projecting (7.66) onto Фо: 


11 _ 
(Фоко — Ко) = (@o|W|WO-Y) — S> Еб-® ($5) 
k=0 


. . j-1 . 
= (ФИФ 9-7) — EO ($56) — S~ EM ($5909). 
k=1 
The left side is zero so 
. . 1—1 
(Bo S/o) EM = (So|WIWE-Y) — S>(Sp|S|WO-) Е. (7.74) 
k=1 


Therefore (7.73) and (7.74) provide a practical scheme for algebraic perturba- 
tion theory analogous to (7.15) and (7.16) in the conventional case. In fact if 
S is replaced by the identity operator these formulas are formally the same as 
the conventional ones. 


7.4.2 Symmetric energy formula 


As in the conventional case, (7.74) is an equation for the energy correction EY) 
requiring the wavefunction corrections to order } — 1. However more efficient 
formulas exist. In fact it is possible to obtain energy corrections to order 27 +1 
using only wavefunction corrections to order 7 with the symmetric formula 


(Фо|5|Фо) ЕФ+9+) — (POW) Eo) 
р Ч 
— У `(Фо[5| $) Bett?) _ У `(Фо|54 (2) Е(Р+ч+1-) 
r=1 s=1 
р 9 
— (yu) | Su) Fetati-r-s) (7.75) 


r=1 s=1 
with р = |j/2| and q = |(j — 1)/2| (see Exercise 7.6). This result is the 
generalization to modified perturbation theory of the well known conventional 


result (see for example [L065], [DU60]) which can be obtained by replacing 5 
with the identity operator (the two single sums containing Фу disappear). In 


132 Chapter 7. Lie Algebraic Perturbation Theory 


fact the results derived in Exercise 7.1 are also obtained from this symmetric 
formula in case S is the identity operator. 

As special cases substitute 7 for р and 7 — 1 Юг q to obtain the even order 
energy corrections 


(Bo[S|Ho) Е? = (ОИ) — ($19190) BO 


1—1 , 1 1-1 , 
—92 Y_(Bo|S]W) BOs) _ > S(O] S[WO)) Е "9, (7.76) 


s=1 r=1 s=1 
and substitute 7 for p and 7 Юг 4 to obtain the odd order corrections 


‘о Фо} I) = (ФИО) 


1 
>> Go| S|W) BEAM) — SS (GO [S/W 17-9). (7,77) 


r=1 r=1 s=1 
As mentioned previously the calculation of matrix elements of 5 is easy since 
S is a tridiagonal matrix with respect to the unperturbed eigenfunctions. 


7.4.3 Modified low order formulas 


The explicit formulas for the energy and wavefunction corrections are more 
complicated than the conventional ones. If we define Wa, = (®,|W|®,) for 
the scaled perturbation matrix elements in the unperturbed scaled hydrogenic 
basis and similarly define S,, = (®,|S|®,) for matrix elements of the operator 
S then the first few corrections are 

E™ = So! Woo, (7.78) 

w = GW, — EY GSS, (7.79) 

EO) = 95 ((Фо| М/Ф) — EM (Sp|5|W™)) 

= $33 ((olW GW |) — Е (ФИФ) 
— E® (®|SGW|®p) + (E™)?(o|SGS|®o)) 


> (WoaWao — ЕТУ, Sao — Е SoaWao 
Soo 370 Ко — Ka (1)\2 
+ (Е)? 5,50) 


(W3, — 2E™ WaoSa0 + (E")?S3,), (7.80) 


1 


Soo a0 Ko — Ка 


where the final equality follows since W and S are hermitian and have real 
matrix elements. Higher order corrections are best obtained using a general 
iteration scheme analogous to the conventional one developed earlier. 


7.4.4 Modified high order iteration scheme 


Expand the wavefunction corrections V“) in terms of the complete and discrete 
orthonormal set of unperturbed basis functions: 


V = CMS,, where CY) = ($90). (7.81) 
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We can project (7.73) onto , to obtain for j > 0 аваа> 0 
(O,|V) = (6,|GW|WO-Y) — 5. E*)(@,|GS|wo-), 
(®,|GW|Wo-) = (ФСФ. Фивы 6-0), 
($.165] 909) = (ФСФ. $39.19) (@96-9), 
b 


where from (7.71) (®,|G|®,) = (ko — к.) "6 if a > 0. For the energy use 
(7.74) to obtain 
(Do|S|Bo) EB = У (Фо МФ.) (Bal WO) 


a 


1-1 | 
— SF EOS ($0151 $.) (Ф.|90^). 
k=1 a 


Therefore we obtain the following practical iteration scheme 


CO=1, C=0,a>0, (7.82) 
| dal | 
BO) = — У И С-В - Е 15.770, (7.83) 
Soo a k=1 a 
СЯ = 0, 3 > 0, (7.84) 
CY) = — [EM oa - yt Sas a), (7.85) 
0 ~~ "a 


where (7.82) follows from WY) = Фо and (7.84) follows from the intermediate 
normalization (®9|W%)) = 0 for 7 > 0. The summations involving S have 
at most three terms since S is a tridiagonal matrix (see (6.86) to (6.88)) so 
the modified iteration scheme is not significantly more complicated than the 
conventional one given by (7.27) and (7.28). Also for all our applications there 
are only a few nonzero perturbation matrix elements of the form W,, for each 
index a. For the Stark effect there are at most 10 nonzero matrix elements for 
each index a. Therefore there are at most 10 terms in (7.85) in the first sum 
over 6 and at most 3 terms in the second sum over 6. 

Finally we can substitute (7.81) into the symmetric energy formula (7.75) 
to obtain 


Soo ЕР = >) CY (x W.s0!”) 
a b 
Spree (вид) 


r=1 


7 > БФ) (x 5.0%") 


=1 


yy (ово ro TL 5ьсь }} (7.86) 


r=1 а 1 
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If only the energy corrections are desired we can use (7.82) to (7.85) to some 
maximum order j and then switch to formula (7.86) to calculate energy cor- 
rections for orders 7 + 1 to 27 + 1. 


7.4.5 Example: ground state Stark effect 


As our first example of the application of so(4,2) Lie algebraic methods to 
perturbation theory we show how to obtain Е“) and Е“) for the Stark effect 
as it would be done “by hand”. 

For the ground state, п = 1, ®) = |100), Eo = —1/2 and kp = 1 so 
for nuclear charge Z = 1, corresponding to the hydrogen atom, the scaling 
parameter defined in (7.51) is y = 1. Therefore in (7.53) and (7.55) we have 


S=R, W=RzZ. (7.87) 


The resolvent operator G in (7.71) is 


Gg = yp ттт |ném)(ném| (ném| (7.88) 


1 -п 


nlm 


n#1 


Since Е) = 0, the first order correction to the wavefunction is given by 


(7.79) 
90) = GW|100) = G (И [210) + Wi |310)) 
= G (v2|210) — ¥2 |310)) 
= —V/2|210) + ¥2 |310), (7.89) 


where we have used the notation in Appendix D for the matrix elements of W = 
RZ (see Table D.4 and the particular values in Appendix D.3.2). Therefore 
from (7.80), using Soo = (100|A|100) = 1, 
E® = (100 М/Ф) 
= —У2 (100/210) + ¥2 (100|W|310) 


9 
= -У2 И’ + v2 wi? = “7 (7.90) 


From (7.73) the wavefunction correction $() is 


¥) = G (Ww — Е) 5100) 
= G (—v2W|210) + 2 W|310) + 351100) , (7.91) 
where 


$1100) = R2°|100) + R2°|200) = |100) — ¥2 |200), 
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W|210) = W2) |100) + W3? |200) + W5? |300) 
+ W3? |320) + Wop |400) + W? |420) 


= /2|100) — 3200) + V6 |300) + 2/3 320) 
— 2 |400) — v2 |420), 


W|310) = И’ |100) + W2? |200) + И/3° |300) + W3? |320) 
+ И’ |400) + W3? |420) + We? |500) + We? |520) 


= —¥2|100) + 4|200) — 3V6|300) — 3/3 |320) 
+42 |400) + 52 |420) — 449 |500) — 7520). 


Therefore 


yw = —2v2 19900) + 7 |300) + 956 |320) — |400) 
— 3 420) + ¥ |500) + УЧ |520). (7.92) 


We can now use symmetric formula (7.76) with E{ = Е) = 0 to obtain 


EY) = (POW |p) _ Е) GO| gg) _ Е) (10015192), 


where 
(ФИФ) = —B Wig + 98 Wey — Wee + У И 
+ 2 War — 242 War + Wat + 2 Wao 
— Mews we — wa we+ we 
— _ 4743 
64 › 
(9215190) = 3 Вы +2 Ни - Ни = 9, 
(1001519) = 252 Ri = 3. 
Therefore 


aE C8)8) (AB) ся 


These results represent the practical limit of “hand calculations” although 
the author did manage to obtain 9) and E by hand before having access 
to symbolic computation programs: 


yl) = — 20547 [210] + 182847 |310) — 2785 410) — 2478 430) 
+ 186 |510) + 2% |530) — 22¥7 |610) — 2¥5 |630) 
+ 27 |710) + 358 |730), (7.94) 
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and from (7.76), using Е) = Е) = EO) = 0, 


Е(6) — (PAW) PO) _ (PO |590) BA _ (PO! SPO) ЕС) 
— (WP) |S WO) FO — 2(100|/S|U) EO 


тат _ (8) ( 3555) (2888) ») 
1024 8 64 128 4 


- (aps) (-3) -2(3) er) 


2512779 
= (7.95) 
Therefore the energy correct to 6th order is 
_ 1 9,, 35554 2512779 5 


7.5 Exercises 


< Exercise 7.1 Using (7.8), and in particular (7.9) to (7.11), show that the 
calculation of E®) does not require the second order correction »') to the 
wavefunction, as formula (7.16) suggests, but only the first order correction. 
Similarly show that the calculation of Е@) and Е‘) requires only the correc- 


tions p and 122) and not 4(3) or pl). 


< Exercise 7.2 Show how the explicit formulas in Section 7.2.2 for the en- 
ergy corrections can be obtained using the bracketing technique of Brueckner 
and Huby [BR55], [HU61]. 


<> Exercise 7.3 Apply the Dalgarno and Lewis method to the Stark effect to 
obtain the exact value E@) = —9/4 by solving the inhomogeneous differential 
equation (7.38) using the hamiltonian (7.29). 


& Exercise 7.4 Continue the preceding exercise and find FE“). 


< Exercise 7.5 Obtain the results of Exercise 7.3 and Exercise 7.4 using the 
Maple computer algebra system. 


< Exercise 7.6 Derive the symmetric formula (7.75) for the energy correc- 
tions. 


Chapter 8 


Symbolic Calculation of the 
Stark Effect 


8.1 Introduction 


Here we apply the perturbation theory of the preceding chapter to the Stark 
effect in a hydrogenic system. First the symbolic calculation of the modified 
perturbation theory to large order for the ground state is carried out using 
the Maple computer algebra system [CH91a,b,c]. The ground state results are 
tabulated in Appendix E to order 100 in both rational and floating point form. 

Next the general case is obtained based on the separation of the Schrodinger 
equation in parabolic coordinates using the so(2,1) Lie algebraic results of Sec- 
tion 4.14, and the conventional perturbation theory for the separation con- 
stants. The Stark effect is a special case since the separation in parabolic coor- 
dinates produces an eigenvalue problem with only a discrete set of eigenvalues 
for the separation constants. Therefore conventional perturbation theory is ap- 
plicable. Here we first consider the classical fourth order calculation of Alliluev 
and Malkin [AL74] for a general parabolic state, which was the first correct cal- 
culation to fourth order, and we solve the problem symbolically using a simple 
Maple program. 

Extension to higher orders for a general state was first done numerically by 
Silverstone to order 17 [5178] and he was able to infer exact symbolic results 
to order 10 from his floating point calculations. We show how to obtain these 
results to 12th order with a systematic high order symbolic calculation using 
two Maple programs based on Silverstone’s approach and to even higher orders 
in rational form for particular parabolic states. Since the energy series for 
the Stark ground state is divergent and asymptotic we also show how Padé 
approximants can be used to sum the series. 

Finally, the Stark effect for a 2-dimensional hydrogenic atom is also im- 
portant (see [YA91] and references therein) so we show using separation in 
а 2-dimensional parabolic coordinate system that the energy corrections can 
easily be obtained directly from the 3-dimensional results [AD92]. 
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8.2 Symbolic Calculations for the Ground State 


8.2.1 Modified high order formalism 


In atomic units the Schrodinger equation for a hydrogenic atom in an electric 
field in the z direction is [SC68], [(GA91] 


(50? - = +2) b= By, (8.1) 
2 r 
where the perturbation parameter Л is the electric field strength and Z is the 
nuclear charge. 

From the general results of Section 7.3 and Section 7.4 the eigenvalue prob- 
lem for the scaled hamiltonian is 


(Т. _n + ЛМ — SAE)U(R) = 0, (8.2) 
W =RZ = (2) RZ, (8.3) 
S=YR= (=) В. (8.4) 


We can let 2 = 1 since the nuclear charge can easily be put back into the final 
results for the wavefunction and energy corrections (see Exercise 8.1). 

Now apply the modified algebraic RSPT formalism derived in Section 7.4 
to the perturbed ground state (Ко = T3, кю = n = 1 in (7.61) and W = RZ, 
S = R in (8.3) and (8.4)). The unperturbed scaled hydrogenic eigenfunctions 
can be denoted by 

®, = Orem = |ném). (8.5) 


Since the parity of [пёт) is (—1) the unperturbed ground state |100) has 
even parity, and since the scaled perturbation W = RZ has odd parity then 
the first order energy correction from (7.74) is 


100|RZ|100) 
po) = (1001871400 _ 8.6 
(100|S|100) (8.6) 
Then from (7.73) the first order wavefunction correction UV!) = GW, has 
odd parity. In general it follows from (7.73) and (7.74) that for all odd order 
energy corrections 


E@+) = (0 j>0 (8.7) 
and that the even order wavefunction corrections U‘?’) have even parity while 
the odd ones $(22+1) have odd parity. 

To apply the high order iteration scheme developed in Section 7.4.4 it is 
first necessary to obtain the matrix elements of R and W = RZ 


Wap = Wri = (пт В пт), (8.8) 


ném 


9ь = Rf” = (n'l'm'|R|n£m). (8.9) 


nlm 
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The general results for these and other kinds of perturbation matrix elements 
are given in Appendix D, Tables D.1 and D.4. These matrix elements are di- 
agonal in the magnetic quantum number т. Only states |nfm) with т = 0 
contribute to the perturbation expansion of the ground state so we can substi- 
tute m = 0 into the general results in Tables D.1 and D.4 to obtain the required 
formulas. The selection rules for nonzero matrix elements are (dropping m in 
the subscript and superscript) 


Rete! — 0 unless |u| <1, =6, (8.10) 
wrtetty —= 0 unless |u| <2, v= —1,1, (8.11) 


so the perturbation can raise or lower the principal quantum number by at 
most 2 from one order to the next and change @ by +1. 
Therefore the wavefunction corrections can be expanded in terms of the 


states |n£0) (see (7.81)) as 


YO) = SOS CR №), (8.12) 
п ¢ 
where п = 2,3,...,27 +1, 2=0,2,4,...,7 if 7 is even, 2 = 1,3,5,...,7 if j 
is odd, and 0 < # < п. Thus only even values of £ contribute to even order 
corrections and only odd values contribute to odd order corrections. 

The modified iteration scheme (7.82) to (7.85) for the calculation of the 
expansion coefficients с) and energy corrections is 


CO =1, CO =0, Ми, (8.13) 
10 p35) _ 1721 09-1) 31/9(7-1) _ 20% (К) /9(7—К) 
АлоЁ — У Ся + Уо C3 Rio у. Е Со ) 
k=1 
(8.14 
С® =0, 1>0, (8.15) 
(i) 1 у у Wé CGD 
CNL м WNL Cn 
1—N N'=N-2 \L'=L-1,L+1 
ГОН own & pli) 6-0 
Ш So Ry DO ECKL’, (8.16) 
N'=N-1 k=1 
where 
N =2,3,...,2941, L=i,j-2,..., 0<LE<N. (8.17) 


Similarly the symmetric energy formula (7.86) is 
| у N+2 ‘yl , 
RRE™ = Ch, >) WH CN? 
NL N'I=N-2 \L'=L—-1,L+1 


1-1 д. 
— 2Rip YEO С — RIDE" Cry 


r=1 
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J 2—1 , N+1 
_ у. у. oe) |; E@-7-9) > RN гор, , 
s=1 


r=1 NL N'=N-1 
(8.18) 


It is clear from the structure of the matrix elements of R and W = RZ 
that the expansion coefficients co) will involve square roots (see example in 
Section 7.4.5). However it is possible to “renormalize” (8.12) to (8.18) so 
that all quantities are rational numbers. To do this first define new expansion 
coefficients 

Det = МС, (8.19) 
where №4 is some “renormalization” factor to be determined in the next sub- 
section and chosen so that for the ground state Мо = 1. This is equivalent to 
defining unnormalized basis vectors $” such that 


1 y 
=) С = — 2, Dex? nt — у) 20$„.. (8.20) 
ne 
Now multiply (8.16) by Nnx snd use (8.19) to obtain 
DY) =1, D®) =0,N >], (8.21) 
. ] N+2 Ами 
= >) А 
7" М=М-2 \L/=L-1 т 
— я > Ry De *) pGTe) (8.22) 
=N-1 
where we have defined the venormalived matrix slements 
—п N,, n 
Ry = peyet (8.23) 
Naty 
фин — nt yyntutty (8.24) 
Nat wey 


The renormalized matrix elements are not symmetric in the upper and lower 
index pairs as are the matrix elements of R and W. 
The energy formula (8.14) can also be expressed as 


RE” = 9-9 +09 _ BS B® pe (8.25) 
k=1 


and the symmetric energy formula (8.18) can be expressed as 


(3) N+2 

—10 (2 D L МЫ 1 

ВоЕ = ум у У Им ogi 
NL NL N'=N-2 \L'=L-1,L+1 


—1 
- 28° Bp) — ЕО) 


r=1 


Dp”) и N+1 _ ; 
yy Di (Si a № Rut De,). (8.26) 


r=1 NL NNL s=1 N'=N-1 
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The formulas (8.21) to (8.26) define a practical scheme for the high order 
symbolic calculation of the energy and wavefunction corrections. The complete 
details including the Maple programs and their results are given in the following 
subsections. 


8.2.2 Renormalized matrix elements 


The following short Maple program, genstarkdata, reads the file rzdata.m of 
general matrix elements created by the program rzmatriz in Appendix D and 
creates the file starkdata of matrix elements of R and W = RZ in case m = 0 


(see (8.8) and (8.9)). 


01 # genstarkdata 
02 # Generate matrix element data for ground state 
03 # Stark effect from general results in rzdata.m 


04 
05 read ‘rzdata.m’; 
06 ‘= op(r1); 


07 W := subs(m=0, op(rz)); 
08 save R, W, starkdata; 
09 quit; 


The output file starkdata contains 


R:= table(/ 
(0) = п, 
(-1) = —1/9*(п- 1-#)^(1/2)ж(п-+ё)^ (1/2), 
(1) = —1/2«(n—£)° (1/2)* (nt+£4+1) (1/2) 
1: 
W := table/(/ 


(-2,1) = —1/4%(n—3-£)* (1/2)*(n+£)° (1/8) / (96 -+1)^ (1/2) 
/(9*6+3)^ (1/2) (C4+1)* (n— 1-2) ° (1/2)* (n—2-£)° (1/2), 

(1,1) = 1/2%(€+1)*(n+l4+1)° (1/2)* (n+l42)° (1/2)* (9*жп- 6) 
/(2xb+1)° (1/2)/(2xb +8) (1/2), 

(2,-1) = —1/4*%(n+2-L)*(1/2)*(n+£4+1) (1/3) 
/ (2xb—1)° (1/2) /(2xl+1)° (1/2) +e 
*(n—l+1)° (1/2)* (n—£)° (1/2), 

(-1, 1) = 1/2%(€+1)* (n—1-£)° (1/2)* (n—2—£)° (1/2) (2en+£) 
/(2x€4+1)° (1/2) /(2*t +8) (1/2), 

(1,-1) = 1/2«bx(n—£4+1)* (1/2) (n—L)° (1/2) * (24n+l41) 
/(2xl—1)° (1/2) /(2e£4+1)° (1/2), 

(0-1) = -8/2«n/(2xl—1)* (1/2)/(2%l4+1)° (1/2) *l+ (n—£)* (172) 
«(n+l)° (1/2), 

(0,1) = —8/2«n/(2%l+1)* (1/2)/ (2043) (1/2)* (+1) 
«(n—1—£)° (1/2)*(n+£+1)° (1/2), 

(-1,-1) = 1/2%e«(n+l—1)* (1/2)* (п-+6 )^ (1/2)* (9*п- 1-6) 
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/(2xt—1)° (1/2) /(2xl +1) * (1/2), 
(2,1) =-—1/4*(n—£)*(1/2)*(n+3+0)* (1/2) / (96 +1)^ (1/2) 
/(9ж6+3)^ (1/2)* (C41)*(n+l+1)* (1/2)* (n+l+2)° (1/2), 
(-2,-1) = -1/4*(n—1-£)* (1/2)*(n—24£)* (1/2) /(2t—1)° (1/2) 
/(2xl4+1)° (1/2)*bs (ntl—1)° (1/2)* (nt+£)* (1/2) 
)): 


ye ‚в . 
where В”! *" = В[ти] and W2'"*t” = W/mu,nu) are expressed as functions 


of п and £ which in typeset form using Maple’s later function is given by 


Уп —1- п +6 
я) 9 


Мп-/п+#+1 
5 
Vn —1—b/n—24+ ll/n+l—-IVn+ 
4/2@—-1/2041 
wi-2 yp = VRB Wnt Et Ут УЕ 
4/204 1V20+3 
lJ/n+l—1/n+@(2n-1-82) 
2/2€-1/204+1 
(€4+1)V/n—1-lV/n—2-2£(2n4 2) 
2/20+1/2243 | 
Зпв\/п — bn Е 
2/27—1\/2(+1т 
И п _ 3 et Ут evn tet 
| 226+ 1\/26+3 | 
(Уп —6+1Ип- 2(21п+4+1) 
2/26 1/26 +1 
((+1) Vn+l4+1V¥n4+l42(2n—-2£) 
2/204 1/2043 | 
Ут Уве Ну 1-Е 
4/2€-1/2041 
Vn =l¥n+3+e(E+1) Vn tet lvn+l42 
4/20+4+1/20+3 


Since the matrix elements of R and the scaled perturbation W = RZ 
involve square root factors it is convenient and much more efficient for symbolic 
computation to choose a renormalization factor N,, such that the renormalized 
matrix elements defined by (8.23) and (8.24) are rational numbers. Then all 
quantities in (8.21) to (8.26) will be rational numbers. 


В[= =- 
R[0] = n, 


ВЦ = - 


W[-2,-1] =- 


W[-1,-1] = 
W[-1,1] = 


и, -П=- 


И, —1] = 
И, 1] = 
И/[2, —1] = — 


И’ [2,1] = - 
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This can be done with the renormalization factor 


N= (n + £)! 
MN (n= 0-120 41) 
The following Maple program, renorm, calculates these renormalized ma- 
trix elements and saves the results in the file renormdata and in the file renor- 
mdata.m. 


01 # renorm 

02 read starkdata; 

03 = Norm2 := (n+€)!/(n—£—1)!/(24£41); 
04 

05 # Renormalize Е matriz 

06 

07 for mu from —1 to 1 do 

08 №2 := Norm2; 

09 Nb2 := subs(n=n+mu, Norm2); 

10 f2 := simplify(Na2/Nb2); 

11 R[mu] := simplify(f2° (1/2)*R[mu)); 
12 od: 

13 

14 # Renormalize the perturbation matriz 
15 

16 for mu from —2 to 2 do 

17 for nu in /—1,1] do 


18 Na2 := Norm2; 

19 Nb2 := subs(n=n+mu, £=£+nu, Norm2); 
20 f2 := simplify(Na2/Nb2); 

21 Й’[ти, пи] := simplify(f2° (1/2)* И’ [ти пм] ); 
22 od; 

23 od: 

24 


25 save Norm2, R, W, renormdata; 
26 save Norm2, В, W, ‘renormdata.m ; 
27 quit; 


The output file renormdata contains 


Norm? := (n+€)!/(n—1-0)!/(2*£41): 


:= table/(/ 
(0) = п, 
(-1) = — 1/9*п- 1/96, 
(1) = —1/2«n+1/2xl 
|: 
W := table/(/ 


(-1,1) = 1/2/(2x04+1)* (0+1)* (2en+€), 
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(0,1) = —8/2/(2xb-+1)+ne (+1), 
(1,1) = 1/2/(2el+1)*(t41)+ (2en—L), 
(1,-1) = 1/2/(2*04+1)*(n—L)* (n—L4+1)*bx (2en+l41), 


(—2,-1) = —1/4/(24£+1)* (n—24£)*(n+l—1)*(n+£)xé, 
(—1,-1) = 1/2/(2x041)*(nt+l—1)+ (nt+£)*bx (9%*п- 1-6), 
(2,-1) == —1/4/(2x£41)* (n—L)*(n—L4+1)s (n+2-L£)xE, 
(0,-1) = —8/2/(20 +1) (n+£)* (n—L)*nxl, 
(2,1) = -1/4/(2*b+1)* (n—L)«(E+1), 
(-2, 1) =-1/4/ (9+1) (п) (+1) 
|: 
which can also be typeset to give the rational matrix elements 
п € 
R{-]] — 9 — 9? 
В] = n, 
6 тп 
ЕЦ — 9 — 9? 
_ (п-2+0(п+#-1(п+0 
О 2 
_ _(®+0 (+1 
a 
_ (nt+l—1)(n+lje(2n—-1—-£) 
W{-1,-1]= И 
—_ (€+1)(2n+ 8) 
W{-1,1] — 4049 ? 
_ (3+3 (п- 0 
И, -1] = 4+2  › 
_ 31 (+1) 
W(0, 1] = або, 
_ п-0(п-#+16(2п+#+1) 
wil, —l = 4642 
— (6+1) (2п- 6) 
WLU = 4642 ’ 
_ п-п-+0(п+2-0 
WRU = — 8+4 
и, 1] = _(п- 6) (+1) 
8+4 


where we have omitted the bar оп R and W since we will no longer need the 
original matrix elements involving the square roots. 


8.2.3 Program gsstark for EY) and $0) 


The following Maple program implements the modified iteration scheme de- 
fined by (8.21) to (8.25). The energy corrections E) are denoted in the pro- 
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gram by DE/j] and the expansion coefficients p\), are denoted by DD/j,N,L]. 

Both the energy and expansion coefficients are represented by Maple table 
structures which are dynamically allocated so the Maple type function is quite 
useful for determining whether one of the expansion coefficients is defined or 
not. For example the expression #уре(т, name) used in lines 23, 98, 42 and 52 
is true only if z has not been assigned a value. 

The procedure gsstark creates a file, called estark6.m if jmazr is 6, соп- 
taining the tables DD and DE to order jmaz in Maple’s internal format, as 
indicated by the m suffix. 


01 # gsstark 

02 # Ground state Stark effect using renormalized matriz elements 
03  gsstark := proc (таг) 

04 

05 local W2110, W3110, R2010, 1, К, т, $1, 32, s3, №, Г, NP, LP; 
06 # global vars (input): В, W 

07 # global vars (output): DD, DE 

08 

09 DD/0, 1,0] := 1; 

10 W2110 := subs(n=1, £=0, W[1,1]); 

11 W110 := subs(n=1, £=0, W/2,1)); 

12 R2010 := subs(n=1, £=0, R[1)); 

13 for j from 1 to jmaz do 


14 lprint (j); 

15 

16 # Calculate jth order energy correction if ] 1s even. 
17 

18 if type(j, even) then 

19 $1 := W2110 * DDfj—1, 2, 1] + W3110 * DDfj—1, 3, 1); 
20 82 := 0; 

21 for К from 2 by 2 to ]-1 do 

22 z := DD[j-k, 2, 0]; 

23 if not type(z, name) then 

24 52 := 82 + a DETk); 

25 fi; 

26 od; 

27 DEfj] := s1 — R2010«s2; 

28 fi; 

29 

30 # Now calculate the jth order wavefunction coefficients 
91 

32 for N from 2 to 2*j+1 do 

33 for Г from j by —2 to 0 do 

34 if [< N then 

99 sl := 0; 

36 for NP from N—2 to N+2 do 


37 г := DDfj—1, NP, Г-1]; 
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38 if not type(z, name) then 

39 81 := 81 + subs(n=N, 6=Г, W[NP-N,—1])«z; 
40 fi; 

41 у := DD[j-1, МР, [+1]; 

42 if not type(y, name) then 

43 $1 := 81 + subs(n=N, (=L, W/NP_-N, 1])*y; 
44 fi; 

49 od; 


47 s2 := 0; 

48 for NP from М№М-1 to N+1 do 

49 s3 := 0; 

50 for К from 2 by 2 to j do 

51 z := DD[j-k, МР, L]; 

52 if not type(z, name) then 

59 593 := 89 + РЕК *х; 

94 fi; 

55 od; 

56 82 := 82 + subs(n=N, €=L, R[NP-N])*s3; 

57 od; 

58 DDfj, №, Г] := (s1 — s2)/(1-N); 
fi: 


60 od; # L 

61 od; # № 

62 od: #3 

63 DE[O] := -—1/2; 

64 save DD, DE, ‘estark’.jmaz..m ; 
65 end: 


67 # Example: Calculate wavefunction and energy corrections 
68 +# to order jmaz and display results 


70 jmaz := 6; 

71 read ‘renormdata.m ; 

72 gsstark(jmaz); 

73 Energy := sum(’DE[2xj]‘x° (2*j)’, 77’=0..jmaz/2); 
4 quit; 


For the example in lines 67 to 74 the output file estark6.m contains the 
following data in the tables for DD and DE. 


DD := table(/ 
(0, 1, 0) = 1, 
(1, 2, 1) = -2, (1, 8, 1) = 1, 
(2, 2, 0) = -23/4, (2, 3, 0) = 21/4, 
(2, 3, 2)=33/2, (2, 4, 0) = -2, 


(2, 4, 2) = -18, (2, 5, 0) = 5/16, 
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(2, 5, 2) = 21/4, 
(3, 2, 1) = -305/8, 
(3, 4, 1) = -875/8, 
(3, 5, 1) = 65, 

(3, 6, 1) = -161/8, 
(3, 7, 1) = 21/8, 


(4, 2, 0) = -17085/64, 
(4, 3, 2) = 3243/32, 
(4, 4, 2) = -49593/16, 


(4, 5, 2) = 138783/32, 

(4, 6, 0) = -9585/64, 

(4, 6, 4) = -25650, 

(4, 7, 2) = 25785/16, 

(4, 8, 0) — -35/4, 

(4, 8, 4) = -9900, 

(4, 9, 2) = 1485/32, 

(5, 2, 1) = -92989/32, 

(5, 4, 1) = -592129/32, 

(5, 5, 1) = 1454007/64, 

(5, 6, 1) = -310905/16, 

(5, 6, 5) = -1195425/2, 

(5, 7, 3) = 8700885/32, 

(5, 8, 1) = -314187/64, 

(5, 8, 5) = -2220075, 

(5, 9, 3) = 524205/8, 

(5, 10, 1) = -29205/128, 
(5, 10, 5) = -921375/2, 

(5, 11, 3) = 45045/32, 

(6, 2, 0) = -15184995/512, 
(6, 3, 2) = 17125467/128, 
(6, 4, 2) = -144241833/256, 
(6, 5, 2) = 1273836705/1024, 
(6, 6, 0) = -84408237/1024, 
(6, 6, 4) = -197267895/16, 
(6, 7, 2) = 460997721/256, 
(6, 7, 6) = 190724625/4, 
(6, 8, 2) = -167157675/128, 
(6, 8, 6) = -174139875, 

(6, 9, 2) = 87426405/128, 
(6, 9, 6) = 4353496875/16, 
(6, 10, 2) = -16164225/64, 
(6, 10, 6) = -232186500, 
(6, 11, 2) = 32207175/512, 
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(3, 3, 1) = 1529/16, 


(3, 4, 3) = -815, 
(3, 5, 3) = 540, 
(3, 6, 3) = -324, 
(3, 7, 3) = 135/2, 


(4, 3, 0) = 18755/39, 
(4, 4, 0) = -14013/32, 
(4, 5, 0) = 39775/128, 
(4, 5, 4) = 49605/4, 
(4, 6, 2) = -13803/4, 
(4, 7, 0) = 1505/32, 
(4, 7, 4) = 4702572, 
(4, 5, 2) = -1665/4, 
(4, 9, 0) = 189/256, 
(4, 9, 4) = 6435/4, 


(5, 3, 1) = 1260485/128, 
(5, 4, 3) a -178011/4, 
(5, 5, 3) = 644967/4, 

(5, 6, 3) = -4365765/16, 
(5, 7, 1) = 1500191/128, 
(5, 7, 5) = 3586275/2, 
(5, 8, 3) = -2712105/16, 
(5, 9, 1) = 21855/16, 

(5, 9, 5) = 1412775, 

(5, 10, 3) = -57915/4, 
(5, 11, 1) = 4455/956, 
(5, 11, 5) = 61425, 


(6, 3, 0) = 30408177/512, 
(6, 4, 0) = -43569685/512, 
(6, 5, 0) = 388979895/4096, 
(6, 5, 4) = 45966195/16, 

(6, 6, 2) = -114430425/64, 


(6, 7, 0) = 56985599/1084, 
(6, 7, 4) = 790117065/35, 
(6, 8, 0) = -7399558/956, 
(6, 8, 4) = -237844895/8, 
(6, 9, 0) = 11645739/1024, 
(6, 9, 4) = 1480792365/64, 
(6, 10, 0) = -8958775/1084, 
(6, 10, 4) = -190478925/16, 
(6, 11, 0) = 671055/1024, 
(6, 11, 4) = 125696025/32, 
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(6, 11, 6) = 227721875/2, — (6, 12, 0) = -10895/128, 
(6, 12, 2) = -1216215/128, (6, 12, 4) = -757575, 

(6, 12, 6) = -30362850, (6, 13, 0) = 19305/4096, 
(6, 13, 2) = 675675/1024, — (6, 13, 4) = 1044225/16, 
(6, 13, 6) = 18785575/4, 


dD; 

DE := table/(/ 
(0) — -1/2, 
(2) = -9/4, 


(4) _ -3555/64, 
(6) = -2512779/512 


1; 


This corresponds to the wavefunction expansion given in (8.20). Using 
(8.19) it is easy to return to the original expansion in terms of the coefficients 
cl), The results to order 6 are given by 


9@) = V2 |21) + ¥2 \31) (8.27) 


wl) = — 23 199) + 7 139) + #6 |32) — |40) 
— $142) + 36 150) + 45 [52) (8.28) 


WE) = — 30542 |21) + 159%? |31) _ 1156 |41) _ 2166 |43) 
+ 2410 [51] + 2472 [53) — 3479 |61) — 3 [63) 
+ 37 |71) + 3% |73) (8.29) 


94) = — 11085 20) + 4585V3 |30) 4 1108156 |32) _ 14013 |4 
= Nott М2) + 79 |5) + SEY? [52) + 2X [54) 
— 31956 60) — 425 [62) — 85 |64) + 25 79) 
+ 265 [12) + 2858 |174) 3542 80) — EME [82) 


— ВА [84) + 583 190) + 7 [92) 4 352002 94) (8.30) 


4) = — 92989 [21 4 126048557 131) _ 592129 |4] 
— 983 |43) + МЫЛО |5] 4 268 |5) 
— 8883/70 |61) _ 270175 [63) — 319557 |65) 
+ BAIOVT 71) + 19835548 |73) + 3795 [15) 
— 10472988 |3] ) _ 5479/66 |3) _ 1265546 |5} 
+ MSTVI5 |91) + 1059110 |93) + 345543 |95) 
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— #133 119, 1) — 2¥2145 119, 3) — 15995 |10, 5) 


256 
+ S325 1) + ABE, + 5,5 (831) 
yp) — — 151849952 20) + 101380593 30) + 57084896 32) 
— 9500685 qq) — s8080611 |49) 77796 | 50} 
ИЯ (52) + RR ]54) — SE [60) 
Зе 162) — rae 164) + St О 
+ 512219691 172) + 526та4т1 184 74) + 201825251 |176) 
_ rasa 0) — везти о) — вет gy 
Ра 186) + gpa 190) + Защ 192) 
ME jg) + Tg) — ers i100 
— 16827538 |10,2) — 129545715 |10,4) — 12285165 11, 6) 
+ sms 1,0) + 2805785 11,2) + Е [11,4 


+ 28352805 |11, 6) — 3465v3 |12, 0) — 4053003 |] 2, 2) 
Ш. |2, 4) — 3151122 112, 6) + И: 3 |13, 0) 


— 704 ~ 4096 
+ ey 0? (13,2) + + вл 13,4) + 2128 |13, 6). (8.32) 


8.2.4 Program for symmetric energy formula 


The following Maple program, symstark, implements the symmetric energy for- 
mula (8.18) which can be used in conjunction with program gsstark to calculate 
further energy corrections. If gsstark(6) has been used to calculate energy and 
wavefunction coefficients to order 6 then symstark(8,12) can be used to calcu- 
late the energy corrections 8, 10 and 12. The energy corrections 0, 2, ..., 12 
are saved in the file DE12. 


01 # symstark 

02 # Symmetric energy formula for the ground state 
03 # Stark effect with renormalized matrix elements 
04 symEnergy := proc(kmin, kmaz) 


05 
06 local R2010, j, k, г, s, т, z, $1, 82, 83, 34, 8d, М, L, 
07 NP, LP, Na2; 


08 # global vars (input): DD, DE, R, W, Norm2 
09 # global vars (output): DE 

10 

11 R2010 := subs(n=1, £=0, В[1]); 

12 for k from kmin by 2 to kmaz do 

13 lprint(k); 

7 j= 6/9; 

15 
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# Do terms involving the perturbation matriz 


81 := 0; 
for N from 2 to 8*]+1 do 
for L from j by —2 to 0 do 
if L < Nthen 
Na2 := subs(n=N, £=L, Norm2); 
s2 := 0; 
z:= ОБ, М, LI; 
if not type(z, name) then 
for NP from N—2 to N+2 do 
z := DDfj-1, NP, L-1]; 
if not type(z, name) then 
s2 := 88 + subs(n=N, £=L, W/NP-N,— 1])+2; 
fi; 
у := DD[j-1, NP, L+1]; 
if not type(y, name) then 
58 := 88 + subs(n=N, 6=Г, ИМР-М, 1])*y; 
fi; 
od; 
$1 := $1 + 2*s2/Na2; 
fi; 
fi; #L<N 
od; # L 
od; # № 


# do terms involving lower order energy corrections 


52 := 0; 
for г from 2 by 2 to j—-1 do 
58 := 82 + РЕ] г ОБ, 2, 0]; 
od; 
$1 := s1 — 2% R2010 * 82; 
if type(j, even) then 
$1 := s1 — РЕД] * R2010 * РОЙ, 2, 0]; 


fi, 
s2 := 0; 
for г from / to j do 


s3 := 0; 
for N from 2 to 2+r+1 do 
for L from r by —2 to 0 do 


if L < Nthen 
М№ а? := subs(n=N, é=[, Norm2); 
84 := 0; 


for $ from / to j—1 do 
if type(2*j-—r—s, even) then 


84 
85 
86 
87 
88 
89 
90 
91 
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39 := 0; 
for NP from N—1 to N+1 do 

х := ОО, NP, Г); 

if not type(z, name) then 

$9 := 85 + 
subs(n=N, €=L, Е[МР- М])жг; 

fi; 
od; 
$4 := 84 + DE[2«j—r—s]*s5; 


od; # $ 
$9 := 89 + DDIr, М, L]*s4/Na2; 
fi; #L<WN 
od; # L 
od; # № 
882 := 82 + 83; 
od; #r 
DE/[k] := simplify(s1 — s2); 
od: #k 
save DE, DE *.kmaz; 
end: 


# Example: Given wavefunction and energy corrections to 
# order jmaz calculate the energy to order 2+jmaz 


read ‘renormdata.m ; # get В, И’, Norm2 
read ‘estark6.m ; # get DD, DE to order 6 
symEnergy(8,12): # calculate DE[8] to DE[12] 
Energy := sum(’DE[2+j]+x° (243)’, ?j’=0..6); 
quit; 


in file DE12 is 


1); 


DE := table/(/ 
(0) = -1/2, 
(2) = -9/4, 
4) — =-3555/64, 
(6) = -2512779/512, 
(8) = -13012777803/16384, 
(10) = -25497693122265/131072 
(12) = -188968659571727791/2097152, 


corresponding to the energy expansion 


ga 1 _ 9y2_ 3555), 25127196 13012777803 ; 


2 4 64 512 16384 


_ 25497693122265 10 _ 138963659571727791 4. 


131072 2097152 


151 


For the example shown in lines 84 to 91 the resulting energy table saved 
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The energy corrections to order 100 in both rational and floating point form 
are given in Appendix E. 


8.3 Summing the Ground State Series 


The presence of the linear field term \z in (8.1) means that there are no true 
bound states for a hydrogenic atom in an electric field: the infinite Coulomb 
barrier is removed and all states are analogous to resonances with a finite 
lifetime characterized by both an energy level position and a level width. Thus 
it is not surprising that the ground state energy series 


1 0° 0° 
EQ)=-5+)0 EP)?" — S~ a, (8.33) 
n=] =0 


with coefficients to order 100 given in Appendix Е, is divergent (see [5182] and 
references therein). 


8.3.1 Direct summation of the series 


Direct summation of a divergent asymptotic series is only feasible for very small 
values of the parameter. A characteristic feature of such a series, if it is summed 
term by term, is that the error initially decreases and then rapidly becomes 
unbounded so only limited accuracy can be obtained and only for relatively 
small values of the parameter. The limited usefulness of direct summation of 
the ground state Stark series is summarized in Table 8.1 (see [5178] for more 
detailed results). 


Table 8.1: Direct summation of the ground state stark series (8.33). Order is 
the highest power of used in the sum. The non-perturbative results are from 
[AL69] and [НЕ?4]. 


А Е Нот (8.33) Order £ (non-perturbative) 
0.001 —0.50000 22500 5555 16 —0.50000 22500 5556 
0.005 —0.50005 62847 9379 16 —0.50005 62847 937 
0.01  —0.50022 55604 5796 16 —0.50022 55604 59 


0.03 —0.50207 42636 16 —0.50207 4273 
0.06 ——0.50918 8 —0.50920 4 
0.08 ——0.5167 4 —0.51756 

0.1 —0.5281 4 —0.5275 

0.12 —0.532 2 —0.5374 


To extend the parameter range and obtain better results for both the level 
position and level width it is necessary to find a summability method to extract 
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information from (8.33) using the known coefficients Е”) to a given order and 
possibly also an asymptotic formula for these coefficients which can be used 
for higher orders. A detailed rigorous analysis of these methods is beyond 
the scope of this book (see [S182] and references therein). It has been shown 
that the series (8.33) is asymptotic [НЕ79] and Borel summable [GR78] for 
imaginary values of Л. In fact the leading asymptotic behaviour of the ground 
state energy coefficients is 


Е”) ~ -* (2) "(en | +0 (-)] . (8.34) 


A comparison of this formula with exact values, and more accurate versions of 
it valid for a general parabolic state, has been given in [SI79]. 


8.3.2 Summation using Padé approximants 


The method of Padé approximants can often be used to sum a divergent series 
and extend the useful parameter range to larger values of Л. Given an infinite 
series whose first N + 1 terms are known, 


E(A) = > and” + O(ANt), (8.35) 


n=0 


it is possible to obtain the rational function approximations (Padé approxi- 
mants) [BA75] 


P 
ов А” 
ВР) = Ро, 1 (8.36) 
for degrees P and Q satisfying P+Q < №. For example the diagonal sequence 
RIPPI()), =P =0,1,...,{N/2] (8.37) 


for some given A may converge much faster than the original series or if the 
original series is divergent it may converge and provide a summability method. 

Thus it is tempting to calculate diagonal sequences for the Stark series 
(8.33). In fact, the diagonal Padé sequences do not converge for real values of 
А because their poles are real [RE82]. However the diagonal Pade sequences do 
converge for imaginary values of Л and this suggests that we make an analytic 
continuation of the series (8.33) about a new expansion point on the imaginary 
axis, say Л = 0.012, and then evaluate this new expansion for the real values 
of А in which we are interested (see [RE82] for more details). 

If we use the notation 


oO 


E(A, №) = > ax(Ao)(A — Ao)* (8.38) 


k=0 
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then the given series is Е(Л) = Е(Л,0) and we know the coefficients а„(0) to a 
certain order. Therefore we can calculate the new coefficients a,(Ao) in terms 
of the а„(0) with the usual Taylor series formula 


1 d@E(),0) 
rn ae 


_ 3 (n+ 1)(n rout + В ом 


ак(Л№) = 


n=0 


=> al) ya. (8.39) 

n=0 
Now if we know the first N + 1 coefficients a,(0), Е = 0,...,N then we 
can calculate the first N — k + 1 coefficients a*), п = 0,...,N — k in the 
series (8.39). Therefore to sum each series of the form (8.39) (e.g. for Ло = 
0.012) we calculate its sequence of diagonal Padé approximants. Then using 
the converged values a;,(Ag) we can calculate the sequence of diagonal Padé 


approximants for (8.38) for some real value of Л. 


Maple program and results for ак (№) 


It is easy to develop a simple Maple program, retnhardt, which can be used to 
test the convergence properties of the infinite series for the а» (Ло): 


01 # reinhardt 

02 test := proc(n) 

03 et := evalf(taylor(coeff(Enew, 2-20, п), x0, pmaz+1)); 
04 if type(n,even) then kmin := 2; else kmin := 3; fi; 
05 for k from kmin Бу 2 to (pmaz—n)/2 do 


06 etpade := convert(et, ratpoly, К, k): 

07 etvalue := evalf(evalc(subs(z0=0.01%I, etpade))); 
08 print(n, k, etvalue); 

09 od: 

10 end: 

11 


12 read DE100: # get Stark energy coefficients 
19 =Digits := 32: # 32 digit precision 

14 тат := 50: 

15 pmaz := тат: 

16 Energy := sum(’DE[2«j]xx* (2*j)’, ?=0..дтат): 
17 Епеш := taylor(Energy, г=10, pmazr+1): 

18  ртат:= тат: 

19 

20 for k from 0 to 30 do 1е5 КЕ); od; 


Here we are assuming that the file DE 100 contains the ground state energy 
coefficients DE/0], DE[2), ..., DE[100] where DE[2xj] corresponds to Е. 


Also x and 20 correspond to Л and Ло. 
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The series manipulations in (8.38) and (8.39) are easily performed by the 
taylor and coeff functions. Thus in lines 16 and 17 the energy coefficients are 
converted into the Taylor series (8.38) and in line 03 the Taylor series (8.39) 
are obtained and evaluated in floating point form using evalf. Since only even 
order energy corrections are non-zero then only even order terms appear in 
(8.39) if Ё is even and only odd order terms appear if k is odd. The Maple 
convert function with the ratpoly option is then used in line 06 to obtain the 
Padé approximants and in line 07 they are evaluated at the point 0.0172 on the 
imaginary axis. It should be noted that Maple will work automatically with 
complex numbers (7 is denoted by Г) and the evalc function is used to reduce a 
complex value to the standard form а + 63. Finally in line 20 the convergence 
of the series for a,(Ao) for 0 < k < 30 is tested. The series coefficients are real 
for k even and purely imaginary for k odd. It is to be expected as k increases 
that the convergence is slower since we have fewer and fewer terms in (8.39). 
The results are summarized in Table 8.2 for some selected values of k. 

Thus with coefficients Е(?”) to order 100 we can calculate the coefficients 
in (8.38) but with decreasing accuracy. The converged results are given in 


Table 8.3. 


Maple program and results for Е(Л,0.01 3) 


Finally the following Maple program can be used to compute the diagonal Pade 
approximants for (8.38) for real values of Л. In the program we are assuming 
that the file sumdata contains the coefficients in Table 8.3, denoted by a/0/ to 
а[30] in the program. 


01 # sumit 

02 makepade := proc(jmin,jmaz) 

03 local 7, Ecomplez, et; 

04 Ecompler := sum(’afj]*z°j’, ’=0..30): 
05 et := evalf(taylor(Ecomplez, z,31)): 


06 for 7 from jmin to jmaz do 

07 lprint(j); 

08 epade[j] := convert(et,ratpoly,j,j); 
09 od: 

10 save epade, epade .jmaz. .m ; 

11 end: 

12 


18  evalpade := proc(jmin, jmaz, г) 
14 local 7, 9; 


15 for ] from jmin to jmaz do 
16 subs(z=2—0.01+*I, ераае[)]); 
17 v := evalc(”); 

18 print(j, evalf(v, 16)); 

19 od: 

20 end: 


21 
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22 Digits := 32: 

23 read sumdata: 

24 makepade(10,15); 

25 for z in [0.03,0.04,0.05,0.06,0.07,0.08,0.09,0.1] do 
26 print(x); 

27 evalpade(10,15,x); 

28 od: 

29 quit; 


Some results for several values of Л are given in Table 8.4. 


Table 8.2: Padé summation of the coefficients ак (Ло) in (8.39) for № = 0.012 
and selected values of k illustrating the convergence behaviour. 


k P ar(ro) г ВЁРР|( Xo) 

0 10 - 0.49977 55506 38520 32110 21537 12680 93 
20 —0.49977 55506 38520 32110 07781 74864 62 
22 —0.49977 55506 38520 32110 07781 74864 04 
40 —0.49977 55506 38520 32110 07781 74864 08 


5 15 -0.25441 96872 56041 95773 09790 20723 x 10°: 
35 —0.25441 96872 56041 88548 26379 88902 x 10° 
37 —0.25441 96872 56041 88548 26379 88808 x 1031 
39 —0.25441 96872 56041 88548 26379 88801 x 1035 
41 -0.25441 96872 56041 88548 26379 88800 x 103; 


10 20 0.42157 36518 08538 48514 67956 x 108 
30 — 0.42157 36518 08558 58935 56509 x 108 
32 — 0.42157 36518 08558 58944 94260 x 108 
34 — 0.42157 36518 08558 58944 07914 x 108 
42 0.42157 36518 08558 58943 20766 x 108 
44 — 0.42157 36518 08558 58943 20814 x 108 


20 26 —0.20024 44260 90607 x 1022 
28 —0.20024 44260 57846 x 1022 
30 —0.20024 44265 35599 x 1022 
38 —0.20024 44265 46676 x 102? 
40 —0.20024 44265 46675 x 1072 


30 24 -0.63679 x 1036 
26 —0.61231 x 1036 
32 —0.61160х 1036 
34 —0.61144 x 1036 


These results are not too sensitive to the expansion point. The choice Ло = 
0.005 + 0.0052 gives results of similar accuracy [RE82] and there is agreement 
with more accurate results [BE80]. Comparison with Table 8.1 also shows that 
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Table 8.3: Converged series coefficients a,(Ag) in (8.38) for k = 0,...,30 for 
the analytic continuation of (8.33) about the imaginary point Ay = 0.015. 


ак (Ло) 

—0.49977 55506 38520 32110 07781 74864 1 
—0.44780 69549 36730 64457 16683 95590 6 x 10-11 
—0.22173 86636 28131 55283 00144 73513 3 x 10! 
—0.21279 47435 33595 56142 71124 35763 0 x 1011 
—0.48703 34056 92367 39290 82190 47099 5 x 10? 
—0.25441 96872 56041 88548 26379 88800 x 107% 
—0.30389 93086 45119 50946 03590 50903 x 104 
—0.44581 56137 87836 40592 93616 34 x 10°: 
—0.17491 00615 35298 60222 64981 9 x 106 

9 —0.93506 85752 37433 88464 1495 x 107% 
10 0.42157 36518 08558 58943 208 x 108 
11 —0.19259 72158 88386 34316 60 x 1010; 
12 0.33566 64715 07272 66904 x 101! 
13 —0.20070 39805 27906 633 x 10125 
14 0.14929 32510 32930 862 x 1014 
15 0.15099 24885 49190 67 x 10°; 
16 0.39945 67702 26195 8 x 1016 
17 0.14653 05032 79968 x 10183 
18 —0.86163 90781 200 x 1018 
19 0.63836 01134 50 x 1029; 
20 —0.20024 44262 4668 x 102? 
21 —0.82181 23587 2 x 10225 
22 —0.11665 58899 6 x 107° 
23 —0.38482 0735 x 1076: 
24 0.22316 4786 x 1077 
25 —0.24645 154 x 10291 
26 — 0.98836 67 x 1030 
27 0.11066 3 x 1032: 
28 — 0.54647 x 1033 
29 0.3093 x 1035; 
30 —0.611х 1036 


CONDO OS фз г 
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we obtain more accurate results than direct summation and have extended the 
useful parameter range from Л А 0.12 to Л = 0.5. 

Our numerical analysis of the ground state perturbation series using Padé 
approximants is an excellent example of the use of a symbolic computation 
language such as Maple for simple exploratory analysis. Having determined the 
success of the method it would be more efficient for a more extensive analysis 
to use a numerical language such as FORTRAN and specialized routines for 
the efficient one-point evaluation of high order Padé approximants. 


Table 8.4: Ground state Stark resonances for selected real values of А obtained 
by Padé summation of (8.38) for Ло = 0.012 using the converged coefficients 
in Table 8.3. Here |e| < 107-'8. The real parts are the energy levels and the 
imaginary parts give the level widths (one-half the ionization rates). 


А E(A,0.01 i) 
0.001 —0.50000 22500 55551 8 + €2 

0.01  —0.50022 55604 57959 9+ ез 

0.03 —0.50207 42726 076 — 0.00000 00111 874: 
0.04  —0.50377 15910 643 — 0.00000 19463 398732 
0.05  —0.50610 54250 74 — 0.00003 85911 382 
0.06 ——0.50920 34508 — 0.00025 75462 72 

0.07 —0.51307 67511 — 0.00092 365512 

0.08 —0.51756 07157 — 0.00226 983652 

0.09  —0.52241 2756 — 0.00439 221822 

0.1 —0.52741 7696 — 0.00726 9028: 

0.2 —0.57011 101 — 0.06060 3152 

0.3 —0.59681 12 — 0.13068 532 

0.4 —0.61310 46 — 0.20499 502 

0.5 —0.62261 1 — 0.27995 482 

1.0 —0.62572 — 0.64347 2 


8.4 Stark Effect in Parabolic Coordinates 


8.4.1 Separation and perturbation formalism 


We have seen in Section 4.14 that the Schrodinger equation for the 3-dimen- 
sional hydrogen atom is separable in parabolic coordinates. This separability 
holds even when the Stark perturbation Az is included. Moreover the pertur- 
bation of any parabolic state, not just the ground state, can be treated using 
nondegenerate RSPT since the perturbation matrix is diagonal in the parabolic 
quantum numbers nj, п2 and т. 
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If we repeat the transformation to parabolic coordinates of Section 4.14.1 
but with the Schrodinger equation (8.1) containing the perturbation term the 
result is the two separated equations 


d{,d m Е А 49 _ 


df d m Е А . 
-2 (n<-) + an ~ 992) 408" — My fa(n) = 0, (8.41) 
where 
2 
А+ A2 = ри (8.42) 


These two equations are identical in form except for the sign of the perturbation 
so it will be sufficient to solve one of them, say the first. 

If we let а = 1 and Z = 1 and apply the scaling transformation & = 27X 
as in Section 4.14.4 then the scaled version of (8.40) is 


ld d m Хз 
where the scaling parameter has been chosen so that 
1 
=-—. .44 
Е 2-3 (8.44) 
We can use the so(2,1) realization (4.249) to (4.251): 
1 d? d m xX 
T, == +] +—-— A 
(Gata) te 2’ (8-45) 
. а 1 
1 d? d m Х 
The Casimir operator is 
T* =r, (8.48) 
where (see Section 4.14.3) 
2 
1 
r= -——— = k(k +), (8.49) 
k = ihe L (8.50) 


and the eigenvalues of T3 are defined in terms of k (or equivalently, |m|) and 
the usual parabolic quantum number n, by 


m=k+l+m, nm, =0,1,2,... 


1 
=n + Hl (8.51) 
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Similarly for the 7 equation (8.41), applying the scaling transformation 
п = 27Y 


ld d m Y 4... 
and we can define a realization 51, 52 and 53 of so(2,1) equivalent to the one 
in terms of X but with X replaced by У and with S3 eigenvalue spectrum 


Qg=k+1l+n, п2=0,1,2,... 


1 
=n, + +" (8.53) 


Therefore we have two conventional perturbation problems 


IT; + AX? — Q,| Fi(X) = 0, 8.54 
[5з — AY? — Qa] (У) =0, (8.55) 
where 
A=PA, Qi= I, Q2= 72, (8.56) 
and 
Qi+Q2=7. (8.57) 


These are equations for the perturbed separation constants Q, and (©. rather 
than for the energy Ё so we assume expansions of the form 


Qi = Qi + QuAt 9124? +. .., 
Q2 = Qo + Олл + QA’? +---, 


where the coefficients depend on 41, 42 and k (or equivalently, пл, nz and т) 
corresponding to the unperturbed reference state. Therefore 


Qs = F(a k) + а, KA + = а, 9, (8.58) 
Qo = (в, k) - f(g, kA +++ = УЛ А’, (8.59) 


which express the fact that (8.55) is the same аз (8.54) except for the sign of 
A. 

First we determine the functions f)(q, k) from conventional perturbation 
theory based on (8.54) and then we unravel the equations (8.57), (8.56) and 
(8.44) to determine the desired energy expansion 


1 
E=-— (1) (2)\2 1... 60 
+В A+ Е А“ + (8.60) 


in terms of the original perturbation parameter A, the electric field strength. 
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We need the matrix elements of the perturbation V = X? with respect to 
the T3 eigenfunctions |qk). They are given in Table D.7 (we are using X rather 
than А as the variable defining the realization) so the nonzero matrix elements 
are (dropping the subscript оп 4 so that qg=k+1+7,) 


(q+ 2,k/X?Igk) = +V(q— Hq k+ DQ tk + Iq+k+2), 


4 
(q+ 1,4|X*lak) = р +19 Юа+Е+У, 
(qk|X?|qk) = ; [30° —k(k+1)], 
(q— 1, k|X*|qk) = “0 —1)V¥(q-k-1)(q+ +), 
(q— 2, |X*|gk) = Fy (q— k—2)(q—k—I(q+k—-1)(q +h), 
(8.61) 
and we can use the shorthand notation 


У = (q+ № Ха + v, k). (8.62) 


We can now apply the conventional perturbation theory developed in Sec- 
tion 7.2. This is easily done by hand only to second order and the results 
are 


f%(q,k) = 4, (8.63) 
f(q, k) = № = Ве — k(k +1)| 
= 7 (64° — 2т), (8.64) 
(2) k) = VouVuo = Ул 
Pah) eat x Cu) 


1 
5 V-20 


| 
= |-34 q° —59+ 184 (+1) 


1 
— 5 ~ то + У + 


1 
= $(—-344° — 59 + 18qr). (8.65) 


The formulas (7.21) and (7.23) for f® and f“ are 


a у. 


19 (9, * = - fy 4, (8.66) 
neo veo ( —и) о (— и) 
ии, 


Fak) = С) 


p#0 v#0 00 
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_ 9 f(t) ae ау хм. 

2} de Hav) py + (1 =: 

_ ву Им (8.67) 
изо (-р)?2 


They would be quite tedious to work out by hand. 


8.4.2 Maple program for f to f@ 


The following Maple program easily produces the corrections f to f™ for 
the separation constant Q,. The matrix elements of У = Х? are defined as 
functions of 4 and К by a Maple table such that 


Vio = (9+ р, k|X?|qk) = V/mu] 
Viv = (q+ в, k|X?2|q4+v,k) = subs(q=q-+nu, У [ти-пи]) 
and similarly for the other matrix elements. 


01 # alliluev 
02 # Explicit {th order calculation 


03 

04 V:=table(/ 

05 (2) = sqrt((q—k)* (q—k+1)* (q+k+1)* (qt+k+2))/4, 
06 (1) = —(2xq+1)*sqrt((q—k)*(q+k+1))/2, 

07 (0) = (8*q° 2—k« (k+1))/2, 

08 (—1) = —(2*q—1)*sqrt((q—k—1)+ (q+k))/2, 

09 (-2) = sqrt((q—k— 2)* (q—k—1)* (q+k-1)* (q+k))/4 
10 ]): 

11 

12 # Oth to 2nd order calculation 

13 

14 f0] :=4; 

15 ЛИ := У]; 

16 

17 12] := 0: 


18 for mu in [-2,- 1,1,8] do 
19 Pe = fl2] + Vimul"2/(-mu); 


21 в) = = simplify(f[2)); 
23 # 314 order calculation 


25 81 := 0: 

96 s2:= 0: 

27 for mu in [-2,- 1,1,8] do 

28 for nu in /—2,—1,1,2] do 

29 if abs(mu—nu) <= 2 then 
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51 := $1 + V[muj)*subs(q=q+nu, V/mu—nu]) 
+ Уми/(-ти)/(-пи); 
od; | 
52 := $8 + Ути/^8/(-ти)^2; 
od: 
f[3] := simplify(s1 — f[1]*s2); 


# 4th order calculation 


81 := 0: 
for mu in /—2,—1,1,2] do 
for nu from mu—2 to mu+2 do 
if nu <> O and abs(mu—nu) <= 2 then 
for sigma in [—2,-1,1,2] do 
if abs(nu— sigma) <= 2 then 
51 := 81 + У[тм] * subs(q=q+nu, У [ти— пи] 
* 5и63(9=9-+519та, V/nu—sigma]) 


* У[дта]/ ((-ти)* (-пи)* (- 19та)); 


fi; 
od; 
fi; 
od; 

od: 
$2 := 0: 
s3 := 0: 
84 := 0: 


for mu in [-2,- 1,1,8] do 
for nu in /—2,—1,1,2] do 
if abs(mu—nu) <= 2 then 
s2:= s2 + V[mu]*subs(q=q+nu, V/mu—nu]) 
* Vinu//((—mu)*2*(—nu)); 
fi; 
od; 
59 := 88 + V[mu]*2/(—mu)°3; 
$4 := 84 + Ути/`^8/(-ти)^8; 
od: 
1/4] := simplify(s1 — 2«f[1}*s2 + f[1]° 2+s3 — f[2]*s4); 


# use q and m rather than q and k 


for 7 from 0 to 4 do 

fla] := simplify(subs(k=—1/2+m/2, fh])); 
od; 
save f, т; 
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The results for f“) to f have been expressed in terms of 4 and т rather 
than 4 and k using К = (т — 1)/2 to facilitate comparison with Alliluev and 
Malkin’s results (the notation k is used in [AL74] for our q). The results are 


4f% =6q¢?+4-4m’, (8.68) 
4? |) = —194 — 684 +9 Sam (8.69) 
43 f(5) = 1 +918 4' — 1 т? + 15004 +m‘ 

— 258 q’m?, (8.70) 
44 f = — 28108 q — 46810 а° + ae gm? + 8910 43т? 
— 28 gm* — 42756 @’. (8.71) 


We can also compare with Silverstone’s results by using 4 and т = (т? — 


1)/4 (the notation k and М is used in [5178] for our 4 and т) and the results 
are 


4f =64? —2r, (8.72) 
4? f) = —109- 68 49° + 36 ат, (8.73) 
43 f°) = 660 4? — 1207 + 1500 4* + 44 т? — 1032 а?т, (8.74) 
44 }@) = —2210 q — 37900 43 + 12960 gr + 35640 43т 

— 3636 qr? — 42756 q°. (8.75) 


8.4.3 Unravelling the energy expansion 


We can now use the f® to obtain the energy expansion (8.60) as follows. If 
we substitute the f”) into (8.57) and (8.58) then 


Qi + 92 = Ao + AiA + А2А* +. (8.76) 
where 

А; = f(g, k) + (1)? F(a, ). (8.77) 
But Qi + О. = 7 and A = ¥°X so 


Ао + Ay (7°) + 4» (7) +... = 9, (8.78) 


which is an implicit equation defining y as a function of Л. If we assume the 
expansion 


7 = 9% + 9+ 92А* +... (8.79) 


we can substitute it into (8.78) and obtain for 9; the coefficient of А? in the 
left side of (8.78). Then the g; are expressions involving the A;. Finally (8.79) 
can be substituted into 


1 
Е=-5 (8.80) 
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to obtain the energy expansion (8.60). For example Ap = п and А! = 3n(q — 
q2)/2 so go = Ao = п and gy = А190 = 3n*(q, — q2)/2 and E® = g,/n? = 
3n(q1 — 92)/2. 

The following continuation of the preceding Maple program easily performs 
all the calculations to fourth order. First expand Q; + Q2 in a Taylor series to 
order 4 in Л (denoted by z in the program ) and solve the implicit equation for 7 
(denoted by G in the program). The Maple taylor function does the expansion 
including an order term. These manipulations are first done symbolically in 
terms of the coefficients A/j/. 


76 G:= sum(’gfjjex"j’, 77’ = 0..4); 
77 0192 := sum(’A[j/*(G"3xz)*j’, 77° = 0..4); 
78 eq := taylor(Q1Q2, 1, 5); 


Now 9[1] is just the coefficient of x’ in eq so it can be obtained and factored 
using the Maple coeff and factor functions. 


79 for 7 from 0 to 4 do 


80 gli] := factor(coeff(eq, х, j)); 
81 od; 


Next taylor is used to find the series expansion of the energy from (8.80) and 
coeff and factor are used to extract the energy coefficients Е) (denoted by 
e/j/ in the program). 


82 Energy := taylor(—(1/2)*G’ (—2), х, 5): 
83 for j from 0 to {do 

84 e[j] := factor(coeff(Energy, т, j)); 

85 od; 


Now Ag to A4 are computed as functions of п, © and т where п = 41 + q is 
the principal quantum number and 


Ч = -— 2 =т — N. (8.81) 


86 for j from 0 to 4 do 

87 АП] := (subs(q=q1, fh]) + (—1)°j * subs(q=q2, fh]))/n; 
88 АП] := subs(qi=(n+Q)/2, q2=(n—-Q)/2, Afi); 

89 Aly] := simplify(Af)); 

90 od: 


The energy coefficients can now be obtained as functions of п, Q and т. 


91 for j from 0 to 4 do 


99 efj] := factor(efj/); 
93 od; 


94 save e, enQm; 
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The results are 


3 
EY — 5 nQ, (8.82) 
E® = Е 0? — 19 - 17п? +9т”), (8.83) 
3 
E®) = 35 n'Q(-Q? + 39 + 23 п? + 11m’), (8.84) 
1 


Е) = то n}°(549 m* — 16211 + 8622 т? — 35182 п? 


— 5754 0? — 5487 п* — 147 0* — 1806120? 
+ 3402 т’п? + 1134 п? О?). (8.85) 


Аз а check the values Q = 0, т = 0 and п = 1 corresponding to the ground 
state can be substituted. 


95 for 7 Нот 0 to 4 do 
96 eg/j] := subs(Q=0, т=0, n=1, e/j]); 
97 od; 


The results agree with (7.96) to fourth order. 


8.4.4 Higher orders: general case 


The difficulty of the hand calculations involved in obtaining the energy to 
fourth order is evident since it wasn’t until 1973 that the correct results were 
obtained by Alliluev and Malkin in [AL74]. The first systematic high order 
calculation which extends these fourth order results was given by Silverstone. 
He used the general iteration scheme (7.25) to (7.28) of conventional RSPT 
combined with extensive bookkeeping and a double precision floating point 
calculation rather than a symbolic one to obtain formulas for the / (9) to order 
17 which are exact to order 10 [5178]. 

Here we show that modern computer algebra systems can easily produce 
these results using two simple Maple programs, one called silverstone to obtain 
the f%) and the other called unravel to obtain the energy corrections EY), 
which generalize program alliluev of Section 8.4.2 and Section 8.4.3. 

We can denote the unperturbed eigenstates of (8.54) using a single index, 


фа = |a) = |q +4, Е), (8.86) 
so that the unperturbed reference state has index 0, 
фо = |0) = |9,), (8.87) 


and is defined by the fixed values of 4 and К. Then the order 7 correction to 
the reference state is (see (7.24)) 


b= DO Md, (8.88) 


а=-п1 
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where п! = q — k — 1 is fixed. The unperturbed eigenvalues corresponding to 
(7.1) are в, = 9 + so the iteration scheme (7.25) to (7.28) for the f is 


с =1, с9=0,1>0, (8.89) 
| 1 ди ас 
et = —F | Varaca fee (8.90) 
Al i=1 
9 =S BV, 5 > 0, (8.91) 
A 


where the matrix elements V,, = (a|X*|b) are given by (8.61). 

Since these matrix elements involve square roots it would be convenient 
and more efficient to choose a renormalization factor N, which converts them 
to polynomials. Following the procedure of Section 8.2 we define 


49) = М.с0) (8.92) 
to obtain the iteration scheme 
d = №, d’)=0,j7>0, (8.93) 
gy lf -1) 6-9 

d's - А У. У „да а@- Si d\) (8.94) 

A'=A-2 

2 . 
Nof™ = S> У 9, 5 > 0, (8.95) 


A=-2 
where the index range in (8.94) and (8.95) is 


since the perturbation X? can change the state label by at most +2 from one 
order to the next, and the renormalized matrix elements are 


Vn, = na - №и. (8.97) 
If we choose [5178] 
а—1 
№, = П(а-&+9(а+Е+:+1]р7, а>0, (8.98) 
№ = 1 (8.99) 


|| 
No=[M(q—-k-iqgtk-i+ip”?, а<0, (8.100) 
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Voo = 1 

Vio = —3(2¢+1), 

Voo = 3(3q?—k(k+1)), (8.101) 
У-ш = —3(2¢-1)(q-k-1)(q +h), 

V_20 4(a—k—2)(q—k-I(qtk-1)(q +h), 


and the general matrix elements V,,,, are obtained from these ones by ге- 
placing q with q+ a. 
The following Maple procedure implements this iteration scheme. 


01 


05 
04 
05 
06 
07 
08 
09 
10 
11 
12 
18 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 


# silverstone 
02 # Stark effect for any parabolic reference state 
silverstone := proc(jmaz, 4, k, f, d) 

local У, 1, 7, A, AP, т, 31, s2, a; 


# Define У = Х`8 with а, k fired 


V 


Dj 


:= table/(/ 


(2) = 1/4, 

(1) = —(2q+24a+1)/2, 

(0) = (3*(q+a)*2—kx(k+1))/2, 

(-1) = —(2q+2ea—1)*(q+a-k— 1)+(q+atk)/2, 

(-2) = (q+a—k—2)« (q+a—k—1)*(qt+a+k-1) *(qta+k)/4 


d[0,0] := 1; 


for ] from 1 to jmaz do 


lprint (j); 
# Calculate ffj/ 


sl := 0; 
for A from —2 to 2do 
х := d[j—1, Aj; 
if not type(z, name) then 
$1 := 81 + subs(a=0, УА])*т; 

fi; 
od; 
fli] := simplify(s1); 


# calculate jth order expansion coefficients 


for A from —2*j to 4] do 
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94 if A <> Othen 

39 sl := 0; 

36 for AP from A-2 to A+2 do 
87 x := dfj—1, AP]; 

38 if not type(z, name) then 
39 $1 := $1 + subs(a=A, V[AP-A])*z 
40 fi; 

41 od; 

42 s2 := 0; 

43 for : from / to j—1 do 

44 х := dfi, Aj; 

45 if not type(z, name) then 
46 82 := 52 + flj—i}ez; 

47 В; 

48 od; 

49 d[j, A] := —simplify((s1 — s2)/A); 
50 fi; #A<>0 

51 od; # A 

52 od; #7 

55 ff0] := 9; 

24 end: 


The following program uses silverstone to obtain the f) to order 6 as 
functions of 4 and К. The results are saved in the files fgk6 and d6.m. 


01 # stest 

02 read silverstone; 

03 jmaz := 6; 

04  silverstone(jmaz, ’q’, №’, f’, ’d’): 
05 save f, ‘fqk.jmaz; 

06 save а, `4`.тат.`.т`; 


То compare with the Alliluev and Malkin results to order 4 (they use k for our 
4) we can display the f%) as functions of 4 and т where k = (т — 1)/2 


07 for j from 1 to jmaz do 

08 — ffi] := simplify(subs(k = (m—1)/2, fi])); 
09 print (4 “jx fi); 

10 od: 


or to compare with Silverstone’s results express the f¥) as functions of 4 and т 
where T = (т — 1) /4 (Silverstone uses k and М Юг our 4 and 7 and tabulates 
j 


BO) = 43 fl ) 


11 for j from / to jmaz do 

12 Ш] := simplify(subs(m = sqrt(4*tau+1), ffj])); 
13 print(4 “j«ffj)); 

14 od: 
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The results to order 6 as functions of 4 and т are given here and the complete 
results to order 12 are given in Appendix E. 


f% =4q, 

41 f) = 6g? —2r, 

4? f) = 367 q — 6843 — 104, 

43 |3) = 44 т? — 10327 4? — 1207 + 1500 q* + 66042, 

44 f\4) = 35640 т 43 — 3636 т24 + 12960 та — 42756 а? 
— 37900 4 — 22104, 

45 | (5) = 229200 т24? — 3680 т3 + 33712 т? — 1364160 та* 
— 1029600 т q* — 54240т + 1400784 4° + 2093280 4* 
+ 381264 47. 


46 [(6) — 552912 т34 — 13182480 729° — 5881416 т24 
+ 55719216 т 45 + 72439200 т 43 + 12051720 та 
— 50118384 4’ — 113822520 4? — 43002592 4? 
— 1656500 4. (8.102) 


The following Maple procedure does the unravelling to obtain the energy 
expansion in terms of the original perturbation parameter Л. It generalizes the 
method used in program alliluev to do the symbolic series expansions more 
efficiently. 


01 # unravel 

02 # use the ffj] to get the energy 

03 unravel := proc(f, 4, Ё, jmaz, e, п, Q, т) 

04 local 7, 41, 42, А, т, С, G3, Q1Q2, 9, 95, Energy; 


06 G3 := sum(’g8[j/*z°j’, 7? = 0..jmaz); 
07 Q1Q2 := А[0] + ит (Аж) *taylor(G3"j, т, 


08 jmaz+1—j)’, 7’ = 1..jmaz); 
09 Q1Q2 := taylor(Q1Q2, т, jmaz+1); 

10 

11 С := sum(’g[j/*2°j’, 7’ = 0..jmaz); 

12 G3 := taylor(G°3, 1, jmar+1); 

13 for ] from 0 to jmaz do 

14 g3[j] := тру (сое (СЗ, 1, 1); 

15 od; 


16 Q1Q2 := simplify(Q1Q2); 

17 for 7 from 0 to jmaz do 

18 g[j] := factor (eval(coeff(Q1Q2, т, j))); 
19 od; 

20 G := eval(G); 


8.4. Stark Effect in Parabolic Coordinates 171 


22 Energy := taylor(—(1/2)*G* (—2), 2, jmaz+1); 
28 for j from 0 tojmaz do 


24 e[j] := factor (coeff(Energy, 2, j)); 
25 od; 

26 

27 for j from 0 to jmaz do 

28 АЙ := (subs(q=a1, 10) + (-1)°j + subs(a=a2, 11); 

29 АЙ) = subs(q1=(n+Q)/2, @2=(n-Q)/2, k=(m—1)/2, АБ 
30 АЙ] := simplify(A[j)); 

91 od; 

32 


33 for ] from 0 to jmaz do 
34 e[j] := factor(e/j)); 


99 od; 
36 RETURN(NULL); 
37 end: 


The following program uses unravel to obtain the Е@) to order 6 as func- 
tions of 7 and 4 using the results in file fgk6 obtained from the silverstone pro- 
cedure in program stest. The energy corrections are saved in the file enQm6. 


01 # шея 
02 # unravelling the energy 
03 jmazr := 6; 


04 read unravel; 

05 read ° fqk .jmaz; 

06 unravel(f, q, k, jmaz, ’e’, т’, ’Q’, ’m’); 
07 save e, enQm .jmaz; 

08 

09 # Display energy 

10 

11 for j from 0 to jmaz do 


12 efj] := ef]; 


13 od; 

14 

15 #£ Check the ground state 
16 


17 for j from 0 to jmaz do 

18 eg[j] := subs(Q=0, т=0, n=1, e[j)); 
19 od; 

20 quit; 


The results to order 6 are given here and the complete results to order 12 are 
given in Appendix E. 


1 
FO = ——— 
212’ 
BO) = 5 nQ, 
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1 
E® = те" 7 п? —3Q? — 9т? + 19), 


Е) = 15779 (23 п? —Q* + 11m? + 39), 


1 
E“ = тора” (5487 п + 1806 n?Q? — 3402 п?т? + 35182 п? 
+ 147 Q* — 1134 Q?m? + 5754 0? — 549m?4 

— 8622 т? + 16211), 


3 
Е) = oa” a 10563 n4 + 98n?Q? + 772 n?m? + 90708 п? 


— 21 Q* + 220 Q?m? + 7800? + 725 m4 + 830m? 
+ 59293), 
1 
E®) = 8195” (547262 пб + 685152 n*Q? — 429903 пйтё 
+ 9630693 n* + 390 п?О* — 25470 п?О?т? 
+ 7787370120? — 16200 n?m* — 4786200 п? т? 
+ 22691096 п? — 372 08 + 765 Q*m? + 1185 Q* 
— 36450 Q?m* — 62100 Q?m? + 7028718 О? — 6951 m® 
— 16845 пи — 4591617 т? + 7335413). (8.103) 


8.4.5 Higher orders: special cases 


To obtain the energy corrections Е@) for a particular state it is necessary to 
substitute the appropriate values of п, @ = ny — п2 and т into the preced- 
ing formulas. However it is possible to proceed to much higher orders if the 
particular values are substituted from the outset. 

For example to do the excited state with nj = 1, ng = 0 and m = 0 
corresponding to Q = 1 and п = 2, or to q = 3/2, 42 = 1/2 and k = —1/2, we 
can use the following short program to calculate the two sets of f% coefficients 
to order 20 since procedure silverstone works with either symbolic values of 4 
and k or particular numeric values. The f“) are saved in files fa20 and fb20 
as rational numbers. 


01 # sitest 
02 # Using silverstone procedure for a particular state 
03 jmaz := 20; 


04 read silverstone; 

05 — silverstone(jmaz, 3/2, —1/2, а’, ’da’): 
06 save fa, ‘fa’ .jmaz; 

07  silverstone(jmaz, 1/2, —1/2, №’, ’db’): 
08 save fb, ‘fb .jmaz; 

09 quit; 


Now we need the following modified version of procedure unravel to obtain the 
energy. 
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01 #£ unravel! 

02 # version of unravel for a particular state 
03 unravell := proc(f1, f2, jmaz, e, x) 

04 local 3, А, G, G3, 01025, 4, 93, Energy; 


05 

06 for 7 from 0 to jmaz do 

07 АП] := fifi] + (-1) sfeb]; 
08 od; 

09 


10 G3 := sum(‘g3f/j}*x°j’, 7? = 0..jmaz); 
11 Q1Q2 := А[0] + sum(’Afj}*x jxtaylor(G3"j,2,jmax+1—j)’ 


12 ‚ j’=1..jmaz); 
13 Q1Q2 := taylor(Q1Q2, т, jmaz+1); 
14 


15 С := зит (‘9 [т 7’, 7? = 0..jmaz); 
16 G3 := taylor(G"3, т, jmar+1); 
17 for 7 from 0 to jmaz do 


18 g3[j] := simplify(coeff(G3, x, j)); 

19 od; 

20 

21 # we use eval to obtain full evaluation so that 
22 # G will be series with rational coefficients 
23 


24 Q1Q2 := simplify(Q1Q2); 
26 for j from 0 to jmaz do 


26 gli] := eval(coeff(Q1Q2, =, 1); 
27 od; 

28 G := eval(G); 

29 

30 Energy := taylor(—(1/2)*G* (—2), г, jmazr+1); 
31 

32 for j from 0 to jmaz do 

33 efj] := coeff(Energy, т, j); 

34 od; 

95 RETURN(Energy); 

96 end: 


Finally, the following program calculates the energy to order 20. The use 
of simplify in lines 18 and 24 is important (without it this order 20 calculation 
requires almost 10 megabytes of storage rather than 2 megabytes). 


01 # ultest 

02 # Calculating energy for a particular state 
03 тах := 20; 

04 read unravell; 

05 read ‘fa .jmaz; 

06 read ‘fb’ .jmaz; 

07 Energy := unravell (fa, fb, jmaz, ’e’, ’x’); 
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08 quit; 
Using the notation Рот for the energy levels the result to order 20 is 


Ел = —1/8 + 3 — 84 Л? + 1560 ЛЗ — 257856 A* + 14214816 5 
— 2690869248 A° + 243073886976 A" 
— 48538616082432 A° + 5925429002813952 №? 
— 1247119322547093504 № 
+ 187912057677787975680 A}! 
— 41965106251721294217216 r*” 
+ 7428858655861394409406464 13 
— 1770053421993608758538797056 №14 
+ 357540210738996369153435500544 Л!? 
— 91188875752496789111151613968384 №16 
+ 20630993847975259684560563105562624 Л!7 
— 5639641009410340886695833574878216192 A*® 
+ 1411018960842074180136775323864617975808 A? 
— 413301274094239026850581583427438244790272 20. 
(8.104) 


8.5 2-Dim Stark Effect in Parabolic Coordinates 


The Schrodinger equation for the Stark effect in a 2-dimensional hydrogenic 
atom is (with Z = 1) 


(57 _ : + №) = Ey, (8.105) 


where z = rcosy, г = \/т2 + у? and 


, _ 2 д2 д? 


—p = V — 922 "д. (8.106) 


We can introduce 2-dimensional parabolic coordinates &, у defined by 


t= AG —1), y= én, (8.107) 


or inversely 


f=r+2, n=r-g. (8.108) 
Then the Laplacian is given by 


из) 08 [42]. вю 
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and letting (1) = fi(&)fo(n) the Schrodinger equation separates into the 
two equations 


- ауте (М [У Е At - Be -2 fi(é)=0, — (8.110) 
В (viz) _ т — Ет- 2 ] fa(n) = 0, (8.111) 


where 


As in the 3-dimensional case in Section 8.4.1 we introduce the scaling trans- 
formations & = 27X and 7 = 27Y and choose 


1 
Е = -—- 
5-7 (8.113) 
to obtain for the & equation 
VK a хо 


which corresponds to the D-dimensional hydrogenic so(2,1) realization (4.134) 
to (4.136) if we choose a = 1 and 


3 3 
to obtain 
1 а а X 
— —~-/x— [Их --^ 
T; aVX ay ( Xa >, (8.116) 
а 1 
Т = — [хх + 7 ; (8.117) 
1 d d X 
= —-V/X— | /X—]|+—. , 
Ts 5 хах (МХ. )+3 (8.118) 
The 73 eigenvalues have the form 
mM@=k+1lt+n, n, = 0,1,2,..., (8.119) 
where ' 1 3 
= 9 |1 Е У4т + И = vt 4. (8.120) 


Here both values of k satisy К > —1 and are admissible. 
Similarly for the scaled n equation 


=k+lt+n, n.=0,1,2,... (8.121) 
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and in the unperturbed case 
Чи + 42 = (Ли + A2) = y = 2k +241 4+ 12, (8.122) 


so from (8.112) the unperturbed energy levels are 


l 
E=- 8.123 
2(2k +2 +n, +2)? ( 


Since 2k + 2 = 1/2 or 3/2 both cases can be obtained using 2k + 2 = 1/2. The 
result agrees with the general result (4.115) for the D-dimensional hydrogenic 
atom in spherical coordinates (put D = 2 in (4.115) and identify 2+ р with 
п1 + n2). For the ground state Е = —2, corresponding to k = —3/4, п: = 0, 
По = 0. 

The perturbation theory for (8.114) is now the same as in the 3-dimensional 
case since (8.114), using (8.118) for T3, is formally the same as (8.51) to (8.57) 
except that (8.51) and (8.53) are to be replaced by 41 = 1/4 + п! and q = 
1/4 + п2 which is formally equivalent to replacing |m| by —1/2 in (8.51) and 
(8.53). Therefore the formulas (8.103) for the energy corrections Е) to Е), 
and the more extensive ones to order 12 in Appendix E, are also valid in the 
2-dimensional case if we make the formal identifications 


п= 9+ 42 = + п: + no, (8.124) 
Ч = -—Ф=т: — п», (8.125) 
т’ =1. (8.126) 


As an example the following Maple programs use silverstone and unravel! 
to calculate the 2-dimensional ground state energy to order 30. 


01 # sitest2d 

02 jmaz := 30; 

03 read silverstone; 

04  silverstone(jmaz, 1/4, -3/4, ’f’, ’d’); 
05 save f, ‘f2d°.jmaz; 

06 quit; 


01 # ultest2d 

02 ymax := 90; 

03 read ‘f2d’.jmaz; 

04 Energy := unravell(f, }, jmaz, ’e’, т’); 
05 save е, e2r.jmaz; 

06 quit; 
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The result for the energy to order 20 is 


98 920 
48653931 \6 800908686795 
7 931 — 944 
5223462120917049 | 4, 
О 
955 
_ 98276453573919203439 12 
67 


— 1260656338200202681485219 14 
т 


_ 169594563919190860657202961483 16 
ИР ee 


_ 3627017569463341601735954216022765 \18 


_ 192534420895031072124861785132418925125 
2115 


8 


№2 (8.127) 


8.6 Exercises 


< Exercise 8.1 Show how to obtain the energy expansions for the Stark 
effect for nuclear charge Z from those with Z = 1. 


Chapter 9 


Symbolic Calculation of the 
Zeeman Effect 


9.1 Introduction 


Unlike the Stark effect, which is reducible to a one-dimensional problem by 
separation in parabolic coordinates, the Zeeman effect is inherently a two- 
dimensional problem: in spherical coordinates the y dependence can be sepa- 
rated but the г and 9 dependence cannot. Like the Stark effect, the perturba- 
tion theory of the Zeeman effect has had a long history (see [RO84] and [JA90] 
and references therein) but the first few energy corrections for the ground state 
are more difficult to obtain. In fact the first 5 orders were first calculated only 
in 1976 by Galindo and Pascual [GA76] using the method of Dalgarno and 
Lewis [DA55], [DA56a], [5С68]. 

At about the same time the so(4,2) Lie algebraic method and the modified 
algebraic perturbation theory were systematically applied to the ground state 
and the first high order calculation was done to order 40 with floating point 
arithmetic [VR77], [CI77b] and later to order 100 [AV79]. Rational results to 
order 10 were done by Clay using the FORMAC language [AV79], [CL79] and it 
was concluded at the time that higher orders were too expensive to generate 
in rational form. 

Asymptotic formulas for the energy corrections of the ground state were 
also obtained [AV77], [AV79] and also for the 3s—3dp degenerate excited states 
[AD80], [AV81a], [AV82]. Recently the large-order perturbation theory for the 
ground state has also been obtained by Janke from the connection with a 
four-dimensional anisotropic oscillator (see [JA90] and references therein). 

In this chapter we show how the modified algebraic RSPT of Chapter 7 
can be used to obtain the energy and wavefunction corrections to the ground 
state. First we obtain the energy corrections to order 5 “by hand” and then 
we show how Maple can be used to obtain exact rational results to order 60 for 
the ground state (see Appendix F for tables of results). The procedure is very 
similar to that followed in the previous chapter for the Stark effect. A simple 
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application of Padé approximants is also given to sum the divergent energy 
series. 

We also develop the modified algebraic RSPT for degenerate states in the 
special case of a doubly degenerate state by adapting the general case of con- 
ventional degenerate RSPT [5181] and apply it to the 33—34 sublevel which 
is the first case where degenerate RSPT is needed for the Zeeman effect. 

Finally we show how the method of moments, which does not require the 
wavefunction, can also be used to obtain the ground state energy corrections. 
This method was developed and first applied to the Zeeman effect by Fernandez 
and Castro [FE84]. Having two quite different methods for calculating the 
energy corrections provides a useful check on the results. 


9.2 Low Order Calculations for the Ground State 


In atomic units the Schrodinger equation for a hydrogenic atom in a uniform 
magnetic field in the z direction has the form [GA91] 


1, 2 В В. 2 
чув (911 
where В is the magnetic field strength. For the ground state we have т = 0 and 
the linear term in B does not contribute. Therefore we consider the Schrodinger 
equation 


se? - = +A? 22) b= BY (9.2) 


with perturbation parameter Л = В? /8. 
From the general results of Section 7.3 and Section 7.4 we obtain the scaled 
eigenvalue problem 


(Ts —n+\W ~ AES)W(R) = 0, (9.3) 
W = 7'R(R? — 2?) = (=) R(R? — Z?), (9.4) 
S=7R= (=) R. (9.5) 


As in the case of the Stark effect we can let Z = 1 since the nuclear charge 
can always be put back via scaling if desired (see Exercise 9.1). 

We can now use the modified algebraic RSPT formalism of Section 7.4, as 
we did for the Stark effect in Section 7.4.5, to obtain “by hand” the wavefunc- 
tion corrections UV“) and VU) and the energy corrections to order 5 using the 
symmetric energy formula (7.75). For the ground state we have UV = ©) = 
|100), © = Е = —1/2, Ko = T3 — 1, ю = 1, S = Rand W = R(R? - Z?) 


so the first order energy correction is 


(100|W|100) _ И 


E® — — —10 
(100|$|100) Rig 


= 2, (9.6) 
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where we have used the notation of Appendix D for matrix elements, the 
formulas in Table D.1 for matrix elements of R, and the formulas in Tables D.5 
and D.6 for matrix elements of W (denoted by U in these tables). 

From (7.71) and (7.73) the first order correction to the wavefunction is 


UY = GW, — EYES, 
= G(W,p |200) + И |300) + ИР |320) + И |400) 
+ W,2 |420)) — 2G( Rip |100) + R25 |200)) 
= G(2V2 |200) — 2/3 |300) + V6 |320) + |400) — |420)) 
= 2/2 |200) — V3 |300) + 5 |320) + 1 |400) — 1 |420). (9.77) 
From (7.74) the second order energy correction is 
EM) = (ФИФ) — EO (Go| S] 9), 
where 
(Фо) = (100|W|e™) 
= 22 Wag — УЗИ + № Wer + 3 И - 3 War 
_ 65 
3 ) 
(®o|S|¥) = (1005/0) 
= 2/2 (100|R|200) = 2/2 Е = —2. 


Therefore 
(2) _ _ 65 _ 8 


3 


The third order energy correction can also be obtained using the symmetric 


formula (7.77) 


(9.8) 


E®) = (POW | UM) _ EY (gOS) pO) _ 222) (Фо|5|9 0) 


и as 


The second order correction to the wavefunction is 
vb) = GWU — FYGSYU — EVGSG,, 
and after a lengthy calculation 
WW) = —134V2 |200) + 139% |300) — 3556 |320) — 554 |400) 
+ 380 |420) + 157% |500) — 75/4 |520) + V70 |540) 
— 19% |600) + 163521 |620) — 197 |640) + У? |700) 
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— 4/21 |120) + \184 |140). (9.10) 
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The symmetric energy formulas (7.76) and (7.77) can now be used to cal- 
culate E“) and Е): 


EM — (POW) ye) _ Е) (9) |S pO) _ EA (VO) Sy) 
~ EM (Go|S| 0) _ 29) (90590) 
21577397 
==———_, (9.11) 


Е(5) — (ФИФ) _ Е) (92) 59) _ 222) (90 |5 $2) 
— 2EP)(Go|S |v) — Е) (gs) g) _ 2E4) ($590) 


31283298283 
=—s00 (9.12) 
Therefore to 5th order the ground state energy series is 
_ ol 53 2, 55813 21577397 4 
Е = 5 +2^ 3A + а ^ 540 А 
31283298283 | . 


This result represents the limit of “hand calculations”. 


9.3 Symbolic Calculations for the Ground State 


9.3.1 Modified high order formalism 


The symbolic calculation of the energy and wavefunction corrections using 
the modified iteration scheme (7.82) to (7.85) is analogous to that for the 
Stark effect in Section 8.2.1 except now the selection rules for non-zero matrix 
elements of the perturbation W = R(R? — 2?) are given by (see Appendix О) 


wrtedty —= 0, unless |u| < 3, v = —2,0,2, (9.14) 


instead of (8.11). As we proceed from one wavefunction correction VY) to the 
next, the perturbation operator W can raise the principal quantum number n 
by at most 3 and the maximum orbital angular momentum quantum number 
increases by 2. 

Therefore the wavefunction corrections can be expanded as in the Stark 
case (8.12) but пом п = 2,3,...,37 + 1 and €=0,2,4,...,27 so the modified 
iteration scheme (7.82) to (7.85) (see (8.13) to (8.17) for the Stark effect) now 


has the form 


CO =1 C=0, N>1, (9.15) 
4 j-1 
| _ 7 
RoE = >) > ира) — Rip ECR”, 
N=1 \Г=0,2 k=1 


(9.16) 
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cH) =0, j>0, (9.17) 
g 1 м имо 
CNL = » >) Cnn 
N=N-3 \D'=L-2,L,L+2 
У RNP у E“ ca") (9.18) 


N wew-1 k=1 
where 
№ =2,3,...,37 +1, L=0,2,...,27, 0O<L<N. (9.19) 


Similarly the symmetric energy formula (7.86) (see (8.18) for Stark effect) 
now has the form 


В Betty) _ = LOnt > ( у` wa“ 


=N-3 \L'=L-2,L,L+2 


_ 820 Bs +9410) + НЫ 


r=1 s=1 


р 
~yycr (5 pletati—- r—s) у = ECE) (9.20) 
r=1 NL s=1 N'=N-1 
and we can calculate Е) by choosing р = |7/2] and а = |(j —1)/2}. 
The “renormalization” procedure which removes all square roots from the 
calculations is the same as in the Stark effect (see (8.19) and (8.20)) so we 
obtain the iteration scheme 


po 1 (9.21) 
(2) _ : wre po-») ) _ R к (k) 0-4) 
МоВюЕ =>, | >, Тю Dax Rio DE Da 
N=1 \L=0,2 k=l 
(9.22) 
po =0, j>0. (9.23) 
pv), = + _ у ~ Им Di 
1— Nwiy_3 А-а 
1 NH_,, 
т RN! L у B® por ый (9.24) 


№=М№М-1 = 
and the symmetric energy formula 


DY Pp) N+3 МИ 
Rio Rett) — y~ SNE т > У Ww, DY, 
NL *'NL N=N-3 \L'=L-2,L,L+2 


_ FR (>: petati- r) py) 4 у (р+ч+1- —s) in 
r=1 


s=1 


_ = DN - Е (Р+9+1-г-з) < Rr p©) (9.25) 
>. №2 >) > МГ МТ 


s=1 Ni=N-1 
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where the renormalized matrix elements are defined by (8.23) and (8.24). 
Thus the iteration scheme (9.21) to (9.24) can be used to obtain the energy 

and wavefunction corrections to a certain order, say 7, and then the symmetric 

formula can be used to obtain further energy corrections to order 21 + 1. 


9.3.2 Renormalized matrix elements 


The calculation of the renormalized matrix elements В”, and Ww, is analo- 
gous to the Stark case so we give here only the Maple programs genzeemandata 
and zrenorm corresponding to the Stark programs genstarkdata and renorm 
in Section 8.2.2. The input file rzdata.m was created by the program rzmatriz 


given in Appendix D. 


01 # genzeemandata 
02 # Generate matriz element data for ground state 
03 # Zeeman effect from general results in rzdata.m 


04 
05 read ‘rzdata.m ; 
06 Е := op(r1); 


07 W := subs(m=0, op(u)); 
08 save R, W, zeemandata; 
09 = quit; 


01 # zrenorm 

02 read zeemandata; 

03 = Norm2 := (n+l)!/(n—£—1)!/(2*£+1); 
04 

05 # Renormalize К matriz 

06 

07 for mu from —1%0 1 do 

08 Na2 := Norm2; 

09 Nb2 := subs(n=n+mu, Norm2); 
10 f2 := simplify(Na2/Nb2); 

11 Е [ти] := simplify(f2° (1/2)*R[mu)); 


12 od 

13 

14 # Renormalize the perturbation matrix 
15 


16 for mu from —3 to 3 do 
17 for nu from —2 by 2 to 2 do 


18 Na2 := Norm2; 

19 Nb2 := subs(n=n+mu, €=+nu, Norm2); 
20 f2 := simplify(Na2/Nb2); 

21 Й[ти, пи] := simplify(f2° (1/2)* И [ти, пи] ); 
22 od; 


23 о4: 
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24 


25 save Norm2, В, W, ‘zrenormdata ; 
26 save Norm2, В, W, ‘zrenormdata.m ; 


27 quit; 


The renormalized matrix elements of W = R(R? — 2?) are were de- 
noted in the program by W/mu,nu/ and are given as functions of п and # 


by 
W[-3, -2] = 
W[-3, 0] = — 
W[-3,2] = 
W[-2,-2] = 
W[-2,0] = 
W[-2,2] = - 
W[-1,-2] = 
W[-1,0] = - 
W[-1,2] = 
0, —2] = - 
W(0, 0] = 
W(0,2] = — 
W(1, -2] = 
[1,0] = - 
W[l,2] = 
W[2,-2] = — 
W[2, 0] = 
W[2, 2] = - 


ИВ, -2] = 


(п-4+0(п- 3+9 (п- 2+0 (п+Е- 1) (п+0 (6-1 
162+ 8) (26-1) ) 
(n+£)(@+2£-1) 
20-1) 


(n-24+0(n+l-1 
(82+ 12) 
(n + £)(€+2)(£4 1) 


—| = 


(1624 8)(224 3) ’ 
(n—3+4+2)(n—242)(n4+2—1)(n4+ 2) (€— 1) e(8n-—2- 22) 


(824 4) (22-1) | 


(3п+38- 3) (п+ 0 (2+#-1) п-1) 


(40+ 6) (20-1) 


(£+2)(€+1)(3n+22) 


(82+ 4) (2243) 


(5n—10+520)(n+ 2—1)(n+ £)(n— £2) (€—- 1) £(8n-1-2) 


(162 + 8) (2£— 1) | 


(3п+30 (2 +6-1) (bn? -5п-#+2-2) 


(86+ 12) (2#—1) 


(56+ 10) (6+ 1)(3n+2) 


(16 2+ 8) (22+ 3) 


(5n+5£—5)(n+£)(n—2£)(n—-£41)n(e-1)e 


(40+ 2) (26-1) 


n(€? 4-1) (5n? 41-32-32?) 


(26+3) (26-1) 
5п (6+2) (6+1) 


(46+2) (26+3)’ 
(5п+56) (п- 6 (п- 6+1) (п+2-60(6-1)6(3п+#+1) 


(166+8) (26-1) 


(3n— 30 (2+#-1 (5n? -L- 02 4+5n+2) 


(82+ 12) (26-1) | 


(56+ 10) (6+ 1) (3п- 6) 


(166+8) (22+ 3) 


(n—£)(n—L41)(n+2—2)(n+3—£)(€— 1)£(3n +2042) 


(82+ 4) (20-1) | 


(3п- 36) (п- +1) (2+#-1) п+1 


(42+ 6) (2—1) 


(6+2) (6+1) (3п-20) 


(86+ 4) (22+ 3) 


(п- 6) (п- +1) (п+2-6 (п+3-—6(п+4-6 (6-16 


(162 + 8) (24-1) 
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(n-£)(n—L41)(n+2-2)(@+2£-1) 
(86+ 12) (22-1) 
(n — £) (6+2) (£+ 1) 
(166+ 8)(2£+3) © 


WB, 0] = — 


И’, 2] = 


9.3.3 Program gszeeman for EY) and 909) 


The Maple program implementing the iteration scheme (9.21) to (9.24) for the 
ground state energy corrections EY) and the expansion coefficients DY. is very 
similar to program gsstark given in Section 8.2.3 for the Stark effect: 


01 # gszeeman 
02 # Ground state Zeeman effect using renormalized matriz elements 
03 gszeeman := proc(jmaz) 


05 local R2010, j, К, т, s1, s2, 89, М, Г, NP, LP; 
06 # global vars (input): Е, W 
07 = # global vars (output): DD, DE 


09 DOD{0,1,0] := 1: 
10 R2010 := subs(n=1,l=0,R/1)); 


12 for j from / to jmaz do 
13 lprint(j); 


14 

15 # Calculate jth order energy correction. 
16 

17 $1 := 0; 

18 for № from / to 4 do 

19 for L in [0,2] do 

20 х := DD[j—1,N,L); 

21 if not type(z, name) then 

22 $1 := $1 + subs(n=1,l=0, И[М- 1,L])«2; 
23 fi; 

24 od; 

20 od; 

26 s2 := 0; 

27 for k from / to j—1 do 

28 x := DD{[j—-k,2,0); 

29 if not type(rz, name) then 

30 52 := 52 + 2*DE|k); 

91 fi; 

92 od; 


33  ОЕЙ]:=1- R2010«s2; 
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# Now calculate the jth order wavefunction coefficients 


for N from 2 to 3*j+1 do 
for [ from 0 by 2 to 2«j do 
if [< М then 


81 := 0; 
for NP from N—3 to N+3 do 
for LP from [-2 by 2 to L+2 do 
г := DD[j—1,NP, LP]; 
if not type(z,name) then 
sl := 81 + 


fi; 
od; 
od; 


82 := 0; 
for NP from N—1 to N+1 do 
89 := 0; 
for k from [40 ] do 
г := DD[j—-k,NP,L/; 
if not type(z,name) then 
59 := 83 + DE[k}*z; 
fi; 
od; 
58 := 82 + subs(n=N,l=L, Е[МР- N])*s3; 
od; 
DD[j,N,L] := (s1 — s2)/(1-N); 


od; # Г 
od; # № 
od: #1] 
DE/[0] := — 1/3; 
save DD, DE, ezeeman .jmaz. .m ; 
end: 


# Example: Calculate wavefunction and energy corrections 


qmaz := 4; 

read °zrenormdata.m ; # get R, W 
gszeeman(jmaz); 

energy := sum(’DE/j]*x°j’, 7j’=0..jmaz); 
quit; 


subs(n=N,l=L, W[NP-N,LP-L])«z; 
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The procedure gszeeman creates a file called ezeemanj.m , if jmaz is 4, 


containing the tables of energy corrections DE/j] and wavefunction coefficients 
DD[j,N,L] to order тах. 
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The wavefunction corrections to order 4 in terms of the original expansion 
coefficients СА, = = DY) Nur are 


1) = 2/2 |20) — V3|30) + ¥8 |32) + 4 (40) — 3/42), (9.26) 


WO) = — 12472 |99) + 13973 30) — 35 |32) — 584 |40) 


+ 38 |42) + 1900 [50) — 34 |2) + V70 (54) 
- в gq) + 18 fon) — [64 4 О 


105 
— 471 |12) + У |74), (9.27) 


3) — 39011 19g) _ 5369218 |39) 4 2207946 |32) 4 3309529 |4 


540 


— 407285 |49) — 47158 |50) 4 ТТУ |52) _ 281 | 54} 

+ STAVE |60) — 18507821 [62) + 24351 |64) — 1088У7 |79) 

+ ЗВ |172) — "ВМТ |74) + ЗУ [76) + ISTOV? 80} 
— ИИ |6) 4 ТАЗУТЫ [84 _ 350/86 [$6) _ 392 |90) 


385 
+в op) — 88280 jog) + 38) + 2V0 [10,0 
— 10¥38 119, 2) + 20 [10 4) — 258 |10, 6), (9.28) 


yi) — — 456223032 20) + + 7510194193 30) — 293776935 |32) 


— 6000306581 40) + 7O1168101 42) + seis 150) 


— 1635198553V14 52) + 7803185370 54) — 9364951696 |60) 
+ 971684503\/ 1 62) — 1436283827 64) + 319820837 \70) 
_ ил [72) + 87024199154 (74) — ЕЕ \76) 


— 7es0ss911V3 |gq) + 200703201V42 jgo) _ 11967837154 |4) 
3150 


6174 
+ gg) повете og) — msm Jo 


4 316182061 77002 94) — 5079655 |96) + 00/1430 |98) 
— 3053736 |1, 0) 4 22276501583 |19, 9) — 80821975 |104) 


2772 


+ 113512V165 10,6) — 1400715 (10,8) + s165711 [11,0) 
— 12208667858 |] 1, 2) 4 981927286 |] 1 4) _ 7598/2805 |116) 


1540 
+ “У 117, 8) — 814\/3 |12,0) + 8548088 |19, 2) 
_ 3486/2002 12, 4) + 650/112 |12,6) — 28016302 112, 8) 
4 Е |13,0) — 200v2002 м 2002 |13,2) +8 та |13, 4) 
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_ 80/3553 |13, 6) + 40/3808 13,8). (9.29) 
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9.3.4 Program for symmetric formula 


Again the Maple program symzeeman for the symmetric energy formula (9.25) 
is very similar to the program symstark of Section 8.2.4. If gszeeman has been 
used to obtain the energy and wavefunction corrections to a certain order jmaz 
then symzeeman can be used to calculate further energy corrections for orders 
Лтах-+1 to 2ejmaz+1. 


01 # symzeeman 

02 # Symmetric energy formula for the ground state 
03 # Zeeman effect with renormalized matrix elements 
04 symEnergy := proc(kmin, kmaz) 


05 
06 local R2010, k, р, 4, г, $, $1, 32, 83, 34, 85, N, L, 
07 NP, ГР, Nad, т, 5; 


08 # global vars (input) DD, БЕ, Е, W, Norm2 
09 # global vars (output) DE 


10 

11 R2010 := subs(n=1,l=0,R/1]); 

12 for k from kmin to kmaz do 

13 р := iquo(k, 2); 

14 4 := iquo(k—1,2); 

15 lprint (k,p,q); 

16 

17 # Do terms involving the perturbation matriz 
18 

19 81 := 0; 

20 for N from 2 to 9*р+1 do 

21 for [ from 0 by 2 to 2p do 

22 if Г < Nthen 

23 Na2 := subs(n=N,l=L, Norm2); 

24 s2 := 0; 

25 2 := ОБ, М, Г]; 

26 if not type(z,name) then 

27 for NP from N—3 to N+3 do 
28 for LP from [-—2 by 2 to L+2 do 
29 х := DD[q,NP,LP]; 

30 if not type(z,name) then 
91 $9 := s2 + 

32 $и63(п=М№,1=Г, W[NP-N,LP-L])*2; 
33 fi; 

34 od; # LP 

35 od; # NP 

36 $1 := $1 + zs2/Na2; 

97 fi; 

38 fi; #L<N 


39 od; # L 
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od; # № 
# do terms involving lower order energy corrections 


s2 := 0; 
for г from / to 940 
52 := 88 + DE[p+qt+1—r]*DD/[r, 2,0); 
od; 
sl := $1 — 2* R2010 * $52; 
58 := 0; 
for г from 4+1 to р do 
52 := 88 + DE[p+q+1—r/*DD/r, 2,0]; 
od; 
sl := sl — R2010 * 82; 


s2 := 0; 
for г from 1 to pdo 
89 := 0; 
for № from 2 to 3xr+1 do 
for [ from 0 by 2 to2«r do 
if L < Nthen 
Na2 := subs(n=N,l=L, Norm2); 
84 := 0; 
for 5 from / to q do 
89 := 0; 
for NP from М№- 1 toN+1 do 
х := DD[s, NP,L]; 
if not type(z,name) then 
89 = 89 + 
subs(n=N, I=L, В [МР- М) *х; 
fi; 
od; 
$4 := 84 + DE/p+q+1—r—s]*sd; 
od; # $ 
$9 := 89 + DDr,N,L]*s4/Nad; 
fi; # L<N 
od; # L 
od; #N 
82 := 82 + 83; 
od; #r 
РЕК] := simplify(s1 — s2); 
od: #k 
save DE, ‘DE °.kmaz; 
end: 


# Example: Given wavefunction and energy corrections to 
# order jmax calculate the energy to order 2*jmaz 
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87 

88 read ‘zrenormdata.m ; # get Е, W, Norm2 
89 read ‘ezeemanj.m; # get DD, DE to order 4 
90 symEnergy(5,8): # calculate DE/5] to DE[8] 
91 quit; 


9.3.5 Summation of the ground state series 


The ground state series has the form 


со со 2\” 
Е + УЕ)" = 14 УЕ) (=) (9.30) 
2 n=1 2 n=1 8 
where the energy corrections Е®) are given in Appendix F to order 60 in both 
rational and floating point form. 
It has been shown that this series is divergent, asymptotic and Borel sum- 
mable [AV81b], [5182]. The conjectured large order behaviour of the energy 


corrections is given by 


Ay, As (9.31) 


BO) = 0 (В+ +... 
п п 


where Ap = 1 and 


ci") = (—1)"+1 (4)" (5). Г (2n + >) (9.32) 


Unlike the Stark effect, there is no rigorous mathematical proof of (9.32) but 
it has been verified numerically [AV79]. 

As in the Stark effect (see Section 8.3.1) direct summation of the series is 
possible only for rather small values of A. The diagonal Padé approximants 
can extend this range somewhat and the results are given in Table 9.1. 

Some extrapolated results and exact variational results are also given in the 
last two columns. The variational results were obtained by Vrscay using the 
so(4,2) Lie algebraic methods and a complete basis [VR77] and the extrapolated 
results were obtained by Cizek and Vrscay using more sophisticated summation 
techniques involving continued fractions for the series (9.30) and the Thiele 
extrapolation method [CI82]. 


9.4 Degenerate RSPT for the Zeeman Effect 


The modified algebraic RSPT of Section 7.4 for the so(4,2) Lie algebraic ap- 
proach can also be developed for degenerate cases by adapting the general 
conventional formalism developed by Silverstone [5181] to apply to (7.61). 

For the Zeeman effect the need for degenerate RSPT first occurs for the 
doubly degenerate п = 3 subspace consisting of the states |300) and |320) (in 
spectroscopic notation these are the 3s and 34 excited states). For these states 
the degeneracy is removed 1n first order. Therefore we consider only this case. 
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Table 9.1: Summation of the ground state Zeeman series. Eparsum represents 
the best value obtained by direct summation, [4,4] and [28,28] are the Padé 
approximants, Fextrap and Eexact are extrapolated and exact results [C182]. 
Entries indicated by * would have no correct figures. 


B Eparsum [4, 4] [28, 28] Fextrap Fexact 
0.1 —0.49753 -0.49753 —-0.49753 —-0.49753  -—0.49753 
0.2 —0.49039 —0.49038 —-0.49038 —0.49038 —-—0.49038 
0.3 —0.47886 —0.47919 —-0.47919 —-0.47919 —0.47919 
0.4 —0.46707 —0.46462 —0.46461 —0.46461 —0.46461 
0.5 —0.43750 —-0.44731 -0.44721 -0.44721 -0.44721 
1.0 * —0.33924 —0.33140 —0.33117 -0.33117 
2.0 * * * —0.02219 —0.02223 
3.0 * * * +0.3357 +0.3354 
4.0 * * + +0.7206 +0.7192 
5.0 * * * +1.1235 41.1196 


9.4.1 Doubly-degenerate modified RSPT 


As in the non-degenerate case of Section 7.4 we consider the general perturba- 
tion problem 


(Ko — ko + ЛИ’ — AES)V =0, (9.33) 
and the unperturbed eigenvalue problem 
КоФ. = к.Ф., a=0,1,2,..., (9.34) 


but now we assume that a = 0 and a = 1 correspond to the doubly degenerate 
states so 
a> 2. (9.35) 


Ko = ^1, Ka A Ko, 


We shall also assume that the degeneracy is removed in the first order of 
perturbation theory and that the correct linear combinations 


Dy = Coo%o + Сло$1, 
Фи, = Coo + С.Ф, 


(9.36) 
(9.37) 


of the two degenerate states Фо and ®, are obtained by diagonalizing the 2 x 2 
secular equation 


Wo = EY) So, 


where FE“) is the first order energy correction. Thus our assumption is that the 
two eigenvalues satisfy EY A Е. This is really an ordinary secular equation 
rather than a generalized one since S is a multiple of the 2 x 2 identity matrix 


(see (9.68)). 


(9.38) 
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To obtain perturbation equations we first define the resolvent operator on 
the space of solutions of (9.34) orthogonal to the degenerate subspace spanned 
by Фо and Фу, or equivalently Фо, and Фу», 


G= >. а (9.39) 
and consider the perturbed problem in the form 
(ко — Ko)V = (AW —AES)W. (9.40) 
Then the solution of this equation can be expressed as 
Ф = By + 60, + GAW — AES)W. (9.41) 


Here we are considering Фо, as the unperturbed reference state so this will give 
the perturbed wavefunction evolving from ®y. 

We can obtain the other perturbed wavefunction from the formalism we 
shall develop simply by reversing the roles of Фо, and ©. This is the ap- 
proach taken by Silverstone in the conventional case [5181] in order to make 
the degenerate formalism look formally similar to the non-degenerate case. 

If we introduce the notation 


VY = 07 +9, 4%, (9.42) 
Q, — b Dy), (9.43) 
Q = GOW — AES)W, (9.44) 


then we have an iterative formula for Qo, the component of $ orthogonal to 


Oo and 01), 


Now substitute the series expansions 
=, Я = >> СФ, (9.46) 
j=l k=2 
и =S 0», 99 = 6%, (9.47) 
= 
AE = У` EY) =ЛУ` EGY), (9.48) 
j=l j=0 
to obtain for 7 = 1 
| OW = G(W - Е) 5) (Фо + BoSy), (9.49) 


and for 7 > 2 
—1 
п = СИ’ (899$, + 097) — зу EMQG) 
k=1 


| J | 
— Е9 35$. - <5>`Е®В9-ЮФь. (9.50) 


k=1 


194 Chapter 9. Symbolic Calculation of the Zeeman Effect 


Thus 00 ) depends on lower order Qi). Q*) (through the coefficients Bi) 
and E‘*) so we also need iteration formulas for the 6) and the Е®). To obtain 


them we project the Schrodinger equation (9.40) onto the degenerate states Фу, 
and ®,,. Therefore 


(Do |AW — АЕ S|®o + ЬФ,, + Qo) = 0, (9.51) 
(91) |AW — AE Фо +50, + о) = 0. (9.52) 


Define the shorthand notation 
бер = ($. |5|Ф;), И; = (®;|W|®;1), г, = 0,1, (9.53) 
and substitute the series expansions (9.46) to (9.48) to obtain for 7 = 0 


(Wor — Soo BY) + (Wor — Soy) BO = 0, (9.54) 
(Wye — блю EY) + (Way — Sy EB) BO = 0, (9.55) 
and for 7 > 1 
j 


(Wor — So Е) 8 — Son у` В+) В0-В Soy BGT) 


k=1 


о | 
= — ($09) + > Е ($ |5 00—^), (9.56) 
k=0 
(Wy — Sy EO) 80) — Sin > Е +1) BG-) _ Sy EStY 


k=1 


1-1 
= —(Ф/И 05) + > BS (1505). (9.57) 


=0 


Since Фо, and Фу, are eigenvectors of the 2 x 2 secular equation (9.38) we 
can assume that Woy = Ио = бло, = Son so the two first order energies are 


Е = Ию / Soo, (9.58) 
Е = Ин, [Sy (9.59) 


Therefore (9.54) and (9.55) are satisfied if we choose В) = 0. 


The energy corrections EY +1) can now be determined from (9.56) in terms 


of lower order energy corrections and the wavefunction corrections (Wo, as 
1—1 
А Ш 
So ЕЯ = (ФИ IO) — S> Е (Ф |5 09°, (9.60) 
k=0 


which has the same form as the corresponding result for the non-degenerate 
case. 
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Finally the coefficients 8%), 5 > 0, which are needed for the calculation of 
007) in (9.50), can be determined from (9.57) as 


| 1 yh _ 
бе = 5 вии) - By (61505 —®) 
Eo — Ey k=0 
j-1 
- 5 У asi go) (9.61) 
k=1 


where we have used Wy) — Sy BD = Sy( EO — EM) and we have B© = 0. 

Thus we obtain the following algorithm. First diagonalize W in (9.38) to 
obtain the two first order energies EY) and EM, Call one of the eigenfunctions 
Фо, and the other Ф1, as in (9.36) and (9.37). Then for 7 = 1,2,3,... calculate 
1) from (9.50), 8%) from (9.61) using В©) = 0, and ES from (9.60). Repeat 
the calculations with the roles of Фи, EY and Фу», EY reversed to calculate 
the wavefunction and energy corrections for the other state. 

For practical calculations it is necessary to substitute the expansion (9.46) 
for the wavefunction corrections 00 ) in terms of the unperturbed eigenfunc- 
tions ®, and expansion coefficients cl), The results, analogous to (7.82) to 
(7.85) in the non-degenerate case, are 


] 


Cy — |W soy = S sys) | ’ A > 2, (9.62) 
Ko — КА 
l 7 со _ | 
cy = 199 4 + у. W pC! 1) — S po EY? 
Ko — WA В=2 
< ptt) 26-6) _ © i 9 6-9 
=». pe -¥5u(Ea Co }] 
k=1 , В=2 k=1 
j>1,A>2, (9.63) 
; l со со 7—1 _ 
И ЗЕ 
Eo — Ey” laze A=? k=0 
1-1 | 
k=1 
; ] со со 1-1 _ 
BOY = — р ИАС — > Sova d. Bo CH | (9.65) 
00’ A=2 А=2 k=0 


The matrix elements S45 and Wyp, А, В > 2, are defined in terms of the 
standard unperturbed eigenfunctions ®,4 and Фв as in the non-degenerate case 
and those with subscripts 0’ or 1’ are evaluated in terms of Фо and ©, using 


(9.36) and (9.47). 


9.4.2 The 35—34 degenerate level 


For the Zeeman effect the 3s—3dp sublevel is the first case where degenerate 
perturbation theory is required. For n = 3 the operators S and W are (see 
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(9.4),(9.5)) 
S=3°R, W=3'R(R? - 2’). (9.66) 


The 2 x 2 matrices of S and W in the subspace spanned by the degenerate 
unperturbed eigenfunctions 


Фо = |300), $, = |320), (9.67) 
аге 
с _ [(800151300) (300]51320)] _ [9 So 
~ | (320151300) (320|51320)| ~ |Sio Sir 
27 0 
|i np (9.68) 
и’ — | (3001/1300) (300[17/320)] _ [Woo Wor 
~ | (3201/1300 (320[/|320)| ^ |Wio War 


3400 ‚ 34 
~ it 34 nae | (9.69) 
Therefore the secular equation (9.38) is 
138 — EM) —30/2 | }Co} _ |0 
| —30/2 60- “a с ~ В | (9.70) 
The eigenvalues are the first order energy corrections 
EM =99+9V41, El = 99 -9V41, (9.71) 


and the coefficients defining the linear combinations (9.36) and (9.37) are (see 
Exercise 9.2) 


Coo = а, Cio = -3 qe’, (9.72) 
Cor — —C'o, Cy = Coo, (9.73) 
1 13 
=-+——\41. 
а=5+5щУИ (9.74) 
Using the renormalized coefficients 
р9 = Nn,Cc"), (9.75) 
Doo = NoCoo, D0 = Ni Cio, (9.76) 
Dor = №Са, Ви = МСи, (9.77) 


and the renormalized matrix elements 5,43 and W 4p defined as in the nonde- 
generate case, we obtain from (9.62) to (9.65) the iteration scheme 


1 
p® = т Is) — 5286 |, (9.78) 
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1 


DY}, = ~3_N [s,p0-9 — 8. Ey” — $384 1 $5 — s6| (9.79) 

p” = и [Dox (s7 — 89) + Ви (38 — 310) — в 

Syy(Eo° — Ey") 
(9.80) 
1 
Ey*? a | Doo( sz — 89) + Dyo(sg — $10) (9.81) 
o’o! 
where 
==-30 — 732 

50 = Во" мг + DioW мг, (9.82) 
= Dy Wit Би и, (9.83) 
— = Do Snr + Dy Snr, (9.84) 
53 = Po Sw, + Dux (9.85) 
$4 = > EM) в (9.86) 


N+3 М, (j 1) 
$5 = У. У. Им: Dyn 3 (9.87) 
N=N-3 \L'=L-2,L,L+2 


, 1—1 
-¥ 5 SNE aps во | (9.88) 


N'=N-1 k=1 
$7 = = у УТ» 09 |, (9.89) 
30 N=1 \L=0,2 
wrt 
38 = a у ~ Ww 32 2) (9.90) 
32 N=1 \L=0,2,4 
sy = ae У 5 (Esa } (9.91) 
N30 N=2,4 k=0 
1 — 
so =-— YS + к рб ы (9.92) 
N39 2 N=2,4 k=0 
$11 = би, у ЕЕ g-’), (9.93) 
k=1 


9.4.3 Procedure zee3s3d for the 3s and З4 states 


The following Maple procedure implements the iteration scheme (9.78) to 
(9.93) for the energy corrections. The coefficients Doo, Dio, Doi, Dii and 
pv) ) are denoted in the program by 000, D10, 201, D11 and DD[j,N,L]. The 
energy correction EY ) is denoted by DE/j] and the first order energy соггес- 
tions EY) and EY ) are denoted by DE10 and DE11. Also BY) is denoted by 
Bij]. 
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# zeeds3d 

# Degenerate PT for the doubly degenerate 95-340 states 

# This version uses unnormalized coefficients and matriz elements 
zee3s3d := proc(jmaz) 


local fW, fS, №34, №134, 500, 511, SOPOP, S1P1P, 
j, К, №, Г, NP, LP, s, s1, $82, 83, s4, s5, 86, 
s6a, $7, 38, $89, $9а, $10, s10a, $11, 2; 


# global vars (input): 200, 201, 210, 211, DE10, DE11 
# global vars (input): Norm2, В, И 
# global vars (output): B, DD, DE 


fW := 374; 

fS := 3°2; 

№34 := subs(n=3,l=0, Norm2); 
№154 := subs(n=3,l=2, Norm2); 


500 := fS * subs(n=8,l=0,R/0]); 
S11 := fS * subs(n=3,l=2, R/0]); 


SOPOP := S00; # CO00"2 + C10°2 = 1 
S1P1P := S00; # С01`9 + C11°*2 = 1 


for j from / to jmaz do 


lprint(j); 
11] = 1 then 
DEfj] := DE10; 


for № from / to 3+j + 3 do 
for [ from 0 by 2 to 2%] + 2 do 
if (Г < М) and (N <> 3) then 


8 := 0; 
if abs(N—3) <= 3 and abs(L) <= 2 then 
s:=s+ D00* fW 
* subs(n=N,l=L, W/3— N,0-L]); 
fi; 
if abs(N—3) <= 3 and abs(L—2) <= 2 then 
s:=s+D10* fW 
* subs(n=N, I=L, W/3- N, 2-L]); 
fi; 
if abs(N—3) <= 1 and Г = 0 then 
s:=s— ОЕ] * 000 * fS 
* 5и68(п=М№,1=Г, R[3—N]); 
fi; 
if abs(N—3) <= 1 and Г = 2 then 
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45 5 := $5 - DE/1] * 010 * fS 
* subs(n=N,l=L, R[S—N]); 
46 В; 
47 
48 DD[1,N,L] := simplify(s / (3-М)); 
49 
50 fi; #L<N 
51 od; # Г 
52 od; # № 
99 
54 else # calculate ОО, М, Г] for j > 1 
99 
56 for N from 1%0 9] + 9 4о 
57 for L from 0 by 2 to 4+] + 2 4о 
58 if (Г < М) and (N <> 3) then 
99 
60 81 := 0; 
61 if abs(N—3) <= 3 and abs(L) <= 2 then 
62 81 := 81 + DO1* fW 
+ subs(n=N,l=L, И[8- N,0-L)]); 
63 fi; 
64 if abs(N—3) <= 38 and abs(L—2) <= 2 then 
65 sl :=s1 + D11* fW 
# subs(n=N,l=L, W/3- N,2-L]); 
66 fi; 
67 - 
68 82 := 0; 
69 89 := 0; 
70 if abs(N—3) <= 1 and Г = 0 then 
71 52 := s2 + 000 + fS * subs(n=N,I=L, R[3—N]); 
72 59 := 89 + DO1 * fS * subs(n=N,I=L, R[3—N]); 
73 fi; 
74 if abs(N—3) <= 1 and Г = 2 еп 
75 52 := $2 + 010 * fS * subs(n=N,l=L, R[3— N]); 
76 s3 := $9 + D11 * ]5 * subs(n=N,l=L, R[3—N)); 
77 fi; 
78 
79 84 := 0; 
80 for К from / to j—1 do 
81 54 := 84 + РЕ] * Bij—kj; 
82 od; 
83 
84 $ := $1 * Bfj—1] — s2* ОЕ] - — s3 * s4; 
85 
86 55 := 0; 
87 for NP from N—3 to N+3 do 


88 for LP from [-—2 by 2 to L+2 do 
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89 x := DD[j-1,NP,LP); 
90 if not type(z,name) then 
91 89 := 85 + fW * subs/ 
n=N,l=L,W/NP-N,LP-—L]) * т; 
92 fi; 
93 od; # LP 
94 od; # NP 
95 
96 $6 := 0; 
97 for NP from N—1 to N+1 do 
98 s6a := 0; 
99 for К from / to j—1 do 
100 х := DD[j—k,NP,L/}; 
101 if not type(z,name) then 
102 s6a := s6a + РЕ] * 2; 
103 fi: 
104 od; 
105 $6 := $6 + 5 
* subs(n=N,l=L,R[NP-N]) * зба; 
106 od; 
107 
108 DD[j,N,L] := simplify((s + 35 — s6)/(8—N)); 
109 
110 fi; F#L< М 
111 od; # Г 
112 od; # № 
113 
114 fi; #)> 1 (else part of DD[j,N,L] calculation) 
115 
116 # Now calculate ВП] and DE[j+1] 
117 
118 87 := 0; 
119 for № from / to 6 do 
120 for Г from 0 by 2 to 2 do 
121 z := РО, М, Г]; 
122 if not type(z, name) then 
123 $7 := 87 + subs(n=3,l=0, W[N—3,L]) * 2; 
124 fi; 
125 od; 
126 od; 
127 87 := 87 * fW / №384; 
128 
129 $8 := 0; 
130 for № from | to 6 do 
131 for Г from 0 by 2 to 4 do 
132 x := DD[,N,L]; 


133 if not type(z, name) then 
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134 
185 
186 
187 
188 
189 
140 
141 
142 
143 
144 
145 
146 
147 
148 
149 
150 
151 
152 
153 
154 
155 
156 
157 
158 
159 
160 
161 
162 
163 
164 
165 
166 
167 
168 
169 
170 
171 
172 


173 
17 


175 
176 


$8 := 88 + subs(n=3,l=2, W[N- 3,L—2]) * т; 
fi; 
od; 
od; 
$8 := 88 * fW / N1sq; 


59 := 0: 
for N from 2 to 4 do 
39а := 0; 
for К from 0 to j—1 do 
х := DD[j-k,N,0); 
if not type(z,name) then 
59а := s9a + DE[k+1}*2; 
fi; 
od; 
59 := 89 + subs(n=3,1=0,R[N—3]) * s9a; 
od; 
s9 := 89 * fS / NOsq; 


s10 := 0; 
for N from 2 to 4 do # only N=4 contributes 
s10a := 0; 
for k from 0 to j7—1 do 
x := DD[j-k,N, 2]; 
if not type(z,name) then 
s10a := s10a + DE[k+1] * т; 
fi; 
od; 
$10 := 810 + subs(n=3,l=2, R[N—3]) * $10а; 
od; 
$10 := $10 * fS / N1sq; 


$11 := 0; 
for К from 1 to j—1 do 
$11 := 811 + DE[k+1] * Bij-k/; 
od; 
$11 := S1P1P * $11; 


ВИ] := simplify((D01*s7 + D11*s8 — 00159 
— D11*s10 — s11)/S1P1P/(DE|1] - DE11)); 


DE[j+1] := simplify((D00*s7 + D10*s8 — DO0«s9 
— D10*s10) / SOPOP); 


od; # j 
177 end: 
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Program zee3s3d can be used to obtain the wavefunction corrections Фо ) 
yl ) and the energy corrections EY ) EY ) for the two degenerate states. For 
example, the following program uses zee3s3d to produce results to order 5 in 
the wavefunction and to order 6 in the energy for reference state 0. 


01 #£# test3-0 : Calculation for reference state 0 
02 # Directly substitute the symbolic numeric values 
05 

04 утат:= 9: 

05 read ‘zrenormdata.m : 

06 read zeeds3d; 

07 

08 — №54 := subs(n=3,l=0,Norm2): 

09 Nisq := subs(n=3,l=2,Norm2): 

10 NO := sqrt(NOsq); 

11 №1 := 347 (№184); 

12 

13 # first order energies 

14 

15 DE1[0] := 99 + 9 * sqrt(41); 

16 DE1[1] := 99 — 9 * sqrt(41); 

17 

18 # Expansion coefficients for reference states 0 and 1 
19 

20 ccc := 1/2 + (13/246) * sqrt(41); 

21 CO[0] := sgrt(ccc); 

22 =C1/0] := —sqrt(50/369)/sqrt (ccc); 

29 С0Ш:= —C1[0); 

94 Cif1] := 000; 

25 

26 # Initialize the 6 parameters for the reference state 0 
27 

28 1000 := NO * Cofo]: 

29 D10:= М * C1/0): 

30 DE10 := РЕПО]: 

91 

32 001 := NOx С0П]: 

33 011:= М * СИИ: 

34 DE11 := )Е11]: 

95 

96 # Do perturbation theory to energy order jmaz 
37 

38  zee3s3d(jmaz): 

39 

40 # simplify radicals in the energy expressions to form а + b*sqrt(41) 
41 

42 Юг 7] тот / to jmaz + 1 do 
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43 radsimp(DE/j], ’e’); 

44 e0[j] := expand(e); 

45 od: 

46 

47 = # Save energy results in a file 
48 

49 save е0, ‘e0—*.(jmar+1); 

50 

51 # Display results in symbolic and floating point form 
52 

59 op(e0); 

54 Digits := 64; 

55  map(evalf,op(e0)); 

56 quit; 


Similarly, by interchanging the roles of the two reference states we can 
obtain the wavefunction and energy corrections for reference state 0. 


01 #£ test3-1 : Calculation for reference state 1 

02 # Directly substitute the symbolic numeric values 
03 

04 jmaz := 3d: 

05 read ‘zrenormdata.m : 

06 read zee3s3d; 

07 

08 NOsq := subs(n=3,l=0,Norm2): 

09 Nisq := subs(n=3,l=2, Norm2): 

10 NO := 397 (№34); 

11 М1 := 847 (№184); 

12 

13 # first order energies 

14 

15 DE1[0] := 99 + 9 * sqrt(41); 

16 DE1[1] := 99 — 9 * sqrt(41); 

17 

18 # Expansion coefficients for reference states 0 and 1 
19 

20 ccc := 1/2 + (18/246) * 547 (41); 

21 COf0] := sgrt(ccc); 

22 СИ] := —sqrt(50/369)/sqrt(ccc); 

29 Cof1] := -—C1/0]; 

24 C1[1} := Coo); 

25 

26 # Initialize the 6 parameters for the reference state 1 
27 

28 D01 := № * Coo]: 

29 D11:= М! * C1/0): 

30 DEt11 := РЕПО]: 
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82 D00 := № * СОШ]: 
88 D10:= N1 * СИ: 
$4 DE10 := БЕЦИ: 


96 # Do perturbation theory to energy order jmaz 

38  zee3s3d(jmaz): 

40 # simplify radicals in the energy expressions to form a + b*sqrt(41) 
42 for j from / to jmazr + 1 do 

43 radsimp(DEfj}, ’e’); 


44 e1[j] := expand(e); 
45 od: 


47 # Save energy results in a file 

49 save el, ‘e1—’.(jmaz+1); 

51 #£# Display results in symbolic and floating point form 
58  ор(е1); 


54 Digits := 64; 
55 map(evalf,op(e1)); 


56 quit; 
9.4.4 Energy corrections for the 3s and 34% states 


The energy corrections for the 3s and 3dp states to order 8 can be expressed 
in the form 


8 д. ] 8 
= 0 BY) = - +), (&+8\41) №, (9.94) 
=0 18 у 
= = 
8 Gi); 1 8 
Вы, = BPM = +) (a; — b; V41) №, (9.95) 
7=0 1=1 
where 
a= 99 
576639 
ag = — 
2 2 
5472956565 
о 
„ _ _2790872774796399 
ВАЗЫ 


40 
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198262158135884253459 
200 
_ 381026492604321172533508041 
7 14000 
433868339729340744055559603380917 
490000 
ag = _4571024809705696472549320658872479690657 (9.96) 
137200000 
b, =9 
2858409 
89 
1238374860363 
3362 
17642206568880035001 
7 2756840 
82642226827695383963288781 
565152200 
6620142631368769144953280647896079 
7 1621986814000 
44548152957891664885086089154271314385149 
332507296870000 
135372571280735118532835066637852918572359961188023 
7 26720286376473200000 | 


bs = 


4 — 
5 — 
6 — 
7 — 


bs = 
(9.97) 


Due to the symmetry of the energy coefficients expressed by (9.95) and 
(9.96) for the two states we see that it is only necessary to use test3-0 to 
obtain the a; and 6; for reference state 0. A symmetric energy formula having 
the same basic form as the non-degenerate formula used in the Stark and 
Zeeman ground state calculations can also be developed for the degenerate 
perturbation theory [5181]. 

These exact results agree with the floating point results to order 87 obtained 
by Silverstone and Moats [SI81] using conventional degenerate perturbation 
theory based on the so(4,2) algebraic approach (perturbed principal quantum 
number) and also with the unpublished floating point results to order 53 ob- 
tained using the modified perturbation formalism of this section [AD80]. 

It has also been conjectured that the leading asymptotic behaviour of the 
energy coefficients for the two states (see (9.36), (9.37), (9.67) and (9.72) to 
(9.74)) is given by 


EM = СП + O(1/n)], a = 0,1, (9.98) 


15 n 1 
С°) = (НВ (=) Г (2n + >) ; (9.99) 


a 
34 13/2 72 


where 
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and 


Cx 2 Coo 2 
fo — (Coo + =i) ; Е — (Cio — = . (9.100) 


This leading behaviour was verified numerically using a modified form of 
the Neville-Richardson extrapolation method [AD80], [C182]. 


9.5 Method of Moments 


Fernandez and Castro have developed an alternate perturbation scheme for 
obtaining the energy series for the Zeeman effect which does not require the 
wavefunction [FE84], [AR90]. Instead, a compact iteration scheme is developed 
for the moments of the wavefunction with respect to a suitable class of functions 
and the energy corrections are simply expressed in terms of these moments. 

The method has subsequently been generalized and applied to other prob- 
lems such as the Stark effect and the hydrogen molecular ion [AR84], [FE85], 
[FE87a], [FE92]. Here we illustrate the method of moments for the Zeeman 
effect. 

Consider the unperturbed Schrodinger equation 


Нофо = Eoto, Но = -3V’?4+ И. (9.101) 
Express the wavefunction in the exponential form 
(=) = F(r)O(r), O(n) = e793) (9.102) 
and substitute into (9.101) to obtain 
iWF-VF-VS + i{(VS)? — V?S]F = (И — Eo)F. (9.103) 
The perturbed Schrodinger equation is 
Hp= Ey, H=H+rAV, E=Eo+ AE, (9.104) 


which implies that 
(УН- El fo) =0 (9.105) 


for any reasonable function f and from (9.101) and (9.104) this can be ex- 
pressed as 


—Z(d|(V"F)®) + (OVE. VS)®) + 5 (495 — (VS)") 1) 
+ (p|Vof®) + (УФ) — E(p|fO) = 0. (9.106) 


In case f = Р, corresponding to the unperturbed wavefunction (9.102), we can 


simplify (9.106) using (9.103) to obtain 


AE(p|FO) = (У FS). (9.107) 
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If we impose the intermediate normalization condition on 7 then 


(Фо) = (Ф]ЕФ) = 1. (9.108) 


The results (9.106), (9.107) and (9.108) involve only moments of the wavefunc- 
tion ~ and are the starting point for the method of moments. 
For the Zeeman effect in hydrogen we have from (9.1) 


1 
и=--, У=г” - 22 =г 59, S(r)= Г, (9.109) 
г n 
where n is the principal quantum number. We choose a set of functions f(r) 
of the form | 

f(r) = гМ зи" 9 cos’ de”, (9.110) 


where М = N = 0,1,2,..., т =0,+1,+2,...,t = 0,1. It is not necessary to 
consider functions with ¢ > 1 since the identity cos? 9 = 1 — sin? 9 can be used 
to obtain functions in the set (9.110) with + =0 or t = 1. 

With these choices of f and S we have 


vse 2 
nr’ 
1 
2 
(VS) — п2’ 


УЕ. УФ = aM sin’ 9 cos’ ve”, 
10 [ ,0f 1 Of. of 1 Of 
2 2 

= —— [7*— — 9— = 
vi г? Or (> я 1 sind 99 (six 4) TR sin’ 9 Oy? 
= [M(M + 1)r¥~? sin’ 9 + N?rM-? sin’? 9(1 — sin? 9) 

— N(t+1)r@-? sin® 9 — КМ + 2) М2 sin’ 9 

— т? М-2 sinN-? 9] cos Je”. 
Now define the moments 


Gun = (тм sin’ 9 cos’ Je"), (9.111) 


The dependence on t and т is not indicated since t and т are fixed for any 
state. Substitution into (9.106) gives the iteration formulas for the moments 


МЪ-п+1 
eT Guin = 11M(M +1) —(N +1)(N + 2t)|Gu_2n 


+ 3(N* — m’)Gy-2,n-2 + AE Gun 
— A\GM42,N42- (9.112) 


For the ground state we have п = 1, m=0,t = 0 and д =е`". Therefore 
in (9.108) we have Ё = 1, corresponding to М = N = 0 in (9.110) and 


Goo = 1. (9.113) 
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The energy is given by (9.107) with F = 1, У = г? эт? 9. The moment on the 
right side corresponds to M = 2 and N = 2 so 


We can assume the perturbation expansions 


= ED), Gun = GY yy (9.115) 


j=0 


and substitute into (9.112), with M replaced by M + 1, (9.113), and (9.114) 


to obtain the iteration scheme for р = 0,1,..., Dmax 
GY) =1, ‚0% = 0, р>0, (9.116) 
С® = wo (М+М +2) - N(N + 1)]GY?_1 
FING yt NOG 
а=0 
— би Зм+2, (9.117) 
EP) — Gy), (9.118) 


It is clear that № must be even since (9.117) changes N only by 0 or +2. Also in 
order to calculate Gy ) to some maximum order pmax it is necessary to calculate 


the moments GY for р = 0,1,...,Dmax, М = 1,2,...,2 + 3(pmax — p) and 


N = 0,2,...,2 + 2(pmax — p). It is also convenient to define GY y = 0 for 
p=-l. 

This iteration scheme is easily implemented symbolically with the following 
simple Maple program called moments. In the program the energy correction 


Е{) is denoted by DE/p] and the moment Gy) м is denoted by G/p,M,N]. 


01 # moments 

02 # Fernandez and Castro method for Zeeman effect 
03 moments := proc(mazorder) 

04 local pmaz, р, а, М, N, С, $1; 

05 # global: DE 


06 

07 pmax := тахотает- 1; 

08 for р from - 1 to pmaz do 

09 for М from 0 to 2+3*(pmaz—p) do 

10 for N from 0 by 2 to 2+2«(pmaz—p) do 
11 С[р,М,М] := 0; 

12 od; 

13 od; 

14 od; 


15 G/0,0,0] := 1; 
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16 

17 for р from 0 to pmaz do 

18 for М from / to 2 + 3*(pmaz—p) do 

19 for N from 0 by 2 to 2 + 2«(pmaz—p) do 

20 81 := 0; 

21 for q from 0 to р-1 do 

22 $1 := 81 + G[q,2,2]/*G/p—q—-1,M+1,N]; 

29 od; 

24 $1 := s1 + ( (M+1)*(M+2) — №(М№+1) )*G[p,M—-1,N]/2 
25 + N°2«G[p,M—1,N—2]/2 — G[p—1,M+3,N+2]; 
26 G/[p,M,N] := s1 / (M41); 

27 od; 

28 od; 

29 DE[p+1] := Gp, 2,2]; 

30 print(p+1, DE[p+1)); 

91 od: 

92 end: 

33 


94 maxorder := 20; 

85 moments(mazorder); 

96 save DE, DE.maxorder; 
357 quit; 


It is interesting to compare program moments with program gszeeman of 
Section 9.3.3 based on the algebraic RSPT. It is useful to have two different 
methods for solving the same problem as a check on the results. Program mo- 
ments is 4 to 5 times faster than gszeeman in calculating the energy corrections 
to a given order and has slightly less memory requirements: 8.1 million bytes 
compared to 10 million bytes for maximum order 30. On the other hand if we 
combine gszeeman and symzeeman which uses results to order 7 to compute 
further energy corrections to order 27 + 1 then results to order 60 can be com- 
puted with no additional memory requirements (in fact symzeeman runs with 
less memory requirements than gszeeman), whereas the use of moments with 
maxorder=60 would require considerably more memory. 


9.6 Exercises 


< Exercise 9.1 Show how to obtain the energy expansions for the Zeeman 
effect for nuclear charge Z from those with Z = 1. 


& Exercise 9.2 Write a Maple program to diagonalize the 2 x 2 secular equa- 
tion (9.38) to obtain the first order energy corrections (9.71) and coefficients 
(9.72) to (9.74). 


Chapter 10 


Spherically Symmetric Systems 


10.1 Introduction 


In this chapter we apply algebraic RSPT to spherically symmetric hydrogenic 
systems. In this case the perturbation is a function only of the radial variable r. 
We consider the most important cases: power potentials of the form г“ where 
d > 0, and the screened Coulomb potentials of which the Yukawa potential is 
a special case. 

First we show how the algebraic RSPT can be applied to obtain both 
wavefunction and energy corrections in the charmonium and harmonium cases 
for a general state and for specific states. The general results to order 14 for 
charmonium and to order 10 for harmonium are reported in Appendix G and 
Appendix H. 

The specific results for the 3-dimensional ground state to order 100 in both 
rational and floating point form are also reported in these appendices. The 
charmonium results were first obtained for the first few levels using algebraic 
RSPT and floating point arithmetic by Vrscay [VR85] who also obtained the 
leading term asymptotics of the energy coefficients and continued fraction rep- 
resentation. 

We also consider the screened Coulomb potential and show that the appli- 
cation of the algebraic RSPT method is more complicated if high order calcu- 
lations for the energy series are desired. This leads to two alternate approaches 
to obtaining the energy series. In both cases the wavefunction corrections are 
not required so these methods are often referred to as “perturbation theory 
without wavefunctions”. 

The first method is a power series or difference equation approach first used 
by Bender and Wu in their study of the ground state energy series of the quartic 
anharmonic oscillator [BE71], [BE73] and later applied to hydrogenic systems 
[C182], [VR85], [VR86]. The disadvantage of this method is that a different set 
of equations must be formulated for each state. 

The second method is referred to as the HVHF method and is based on 
the application of Hirschfelder’s hypervirial theorems [Н160] and the Hellmann- 
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Feynman theorem [HE37], (FE39] first applied to the energy series for anhar- 
monic oscillators by Swenson and Danforth [SW72] and later applied to the 
Stark effect by Austin and Lai [AU80], [LA81], to charmonium by Killingbeck 
[КГ78], to a general state of the screened Coulomb potential by Grant and Lai 
[GR79] and to general power potentials by Vinette and Cizek [VI88], McRae 
and Vrscay [MC92]. We illustrate the method for power potentials and screened 
Coulomb potentials using symbolic computation. 

While the HVHF method gives the energy series for a general state, some 
disadvantages are that the wavefunction corrections are not obtained and the 
method is not applicable to non-separable systems such as the Zeeman effect. 
Symbolic results for general states and rational and floating point results for 
the 3-dimensional case are given in Appendix G, Appendix H and Appendix I. 


10.2 RSPT for Charmonium and Harmonium 


In atomic units the Schrodinger equation for a hydrogenic atom in an external 
spherically symmetric field of the form 


V(r) =r? (10.1) 
15 
se = + ar!) ф= By. (10.2) 
From (7.53) to (7.55) we have the Тз eigenvalue problem 
[15 — q+ AW — AE S] ¥(R) =0, (10.3) 
where 
q \@t2 
W = RV(7R) = ван = (5) Ван, (10.4) 
2 4`\* 
= = | — 10. 
9=7В (4) R (10.5) 


The Lie algebraic perturbation theory requires only the so(2,1) subalgebra 
of so(4,2) since Е = Тз- Г. The most important cases are charmonium, 
corresponding to d = 1, and harmonium, corresponding to d = 2. 

We can treat any state using non-degenerate RSPT since the perturbation 
is spherically symmetric and we can also use the general D-dimensional real- 
ization of the so(2,1) generators given in Section 4.8 for a hydrogenic atom 
[С187|. Therefore the unperturbed eigenstates of (10.3) can be denoted by |4) 
(see (4.18) to (4.21)) where 


k= t+ 5(D- 3), £=0,1,2,...,k > -1, (10.6) 


1 
q=k+ltn,=l+5(D—-1) +n, п, =0,1,2,..., (10.7) 
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and the eigenvalues of the so(2,1) Casimir operator are 
1 
= k(k + 1) = 7(D —1)(D — 3) + 6+ D— 2). (10.8) 


In the 3-dimensional case this gives the usual interpretation of 4 and k as the 
principal and orbital angular momentum quantum numbers п and 46. 

As in the case of the Stark effect in parabolic coordinates (see Section 8.4.4) 
we can denote a general unperturbed state using a single index by 


®, = |а) = |q+a,k), a=—n,,—n, +1,...,00, (10.9) 


where the fixed values of 4 and К define the unperturbed reference state corre- 
sponding to index 0 as 


Фо = |0) = 9%. (10.10) 


The corresponding unperturbed energy is 
Е® = Ey = -—. (10.11) 


The matrix elements of В, В? and R° needed in the charmonium and harmo- 
nium cases are given in Appendix D (see Section D.1.2 and Table D.7). 
It is convenient to introduce the notation 


(Вы = (Ву = (q +b, AIR Iq + a, k), (10.12) 
- (15а) = (2) вы. (10.13) 

а\ “+? d+1 
Win = (b|W]a) = (4) (В), (10.14) 


for matrix elements. The resolvent operator defined in (7.71) can be expressed 
as 


К) { k 
= nae Mot | о a a (10.15) 
a#0 (q +a apo ( 


10.2.1 Low order calculations 


We can let Z = 1 in our calculations since the energy corrections as functions 
of the nuclear charge satisfy (see Exercise 10.1) 


E™(Z) = Z2-(449)" FM) (1), (10.16) 


so we use Е(”) to denote E)(1). From (7.78) the first order correction to the 
energy is given by 


EQ) — (qk|W |qk) _ (а В+ а) 


= (ню т @нЕию (10.17) 
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For charmonium and harmonium we have 


Е 1 [3q? — k(k + 1)| = Не —т), (10.18) 


charm ~ 9 


1 1 
EY = 59 [592 + 1 — 3k(k +1)] = 54 (54° + 1-37). (10.19) 


harm — 


From (7.80) the second order energy correction is 


Soo Е) = (W_20) — ; (W20)° 
+ |(W_10)” — 22510-10 + (E™)?(S_10)?| 


= l(Wi,0)? — 2E% 5, оо + (E)(S1,0)?| 


1 
2 


and for charmonium and harmonium, using Table D.7 in Appendix D, 


1 
ЕО тт = —89 (54° — 3k? — 6k? — 3k4 4 74*) 
1 
= —g (Ta? + 5¢° — 37’), (10.20) 
1 
Exarm = ~7g(—126k — 147k? + 3454? + 28 + 1434* — 904? 


— 42k° — 90k?q? — 21k*) 
| 
= —169 (1434 + 345q? + 28 — 90q?r — 217? — 1267). 
(10.21) 


As a special case the 3-dimensional ground state corresponds to D = 3, 8 =0, 
k = 0, gq = 1 and we have 


1 
Echarm = —5 + 54— 5X +, (10.22) 
1 129 
Eharm = —5 + 3A - 7 +.-.. (10.23) 


10.2.2 Symbolic calculations 


The symbolic calculation of the energy and wavefunction corrections for an 
arbitrary state can be accomplished using the iteration scheme (7.82) to (7.86) 
corresponding to the expansion 


w= YS CHE, (10.24) 


of the order j wavefunction correction in terms of the unperturbed states (10.9) 
and the 73 eigenvalues ко = q, к. = а-+а. 
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As in the case of the Stark effect in Chapter 8 and the Zeeman effect in 
Chapter 9 it is more convenient and computationally more efficient to define 
new expansion coefficients D) by 


D® = Nc), (10.25) 


Here N, is a suitable “renormalization” factor chosen to remove the square 
root factors from the matrix elements of S and W. Thus, if we define 


(q+a+k)! |" 
1) 


М, = 
eter 


(10.26) 


then the new matrix elements of powers of А are defined by (see (8.23), (8.24) 
and (8.97)) 
— М, 
(R"),. = (Е). (10.27) 

b 

For charmonium and harmonium, matrix elements of the first three pow- 

ers of В are needed. The results can easily be obtained using simple Maple 
programs similar to those of Chapter 8 and Chapter 9 (see Section 8.2.2 and 
Section 9.3.2): 


В. = ча, ( ) 
Ва = —3 (ч+а- К), ) 
Ra-1,. = —3(qtath), ( ) 
R’)aa= 4(3(q+4)?—k(k+1)), (10.31) 

atta = —1(29+2а+ 1) (а-+а- №), (10.32) 
- (10.33) 

(10.34) 
(10.35) 
(10.36) 


( 
(2qg+ 2a —1)(q+a+k), 
(qta—k)(q+a—k+1), 
( 

(q+ 


ar St of Ci, Se of i — 
| Bl = = 
а Ss 

| 

= 

Q 

| 


а+а+Е- 1) (а-+а+ 1), 
а)[5(а + а)? +1 — 3k(k + 1)], 
(Rosie = —3[5(4 + а)? + 5(q +a) +2—k(k+1)(q+a—h), 
(10.37) 
(R°)a-1a = —$[5(q + а)? — 5(q +a) +2—k(k+1)\(q+a+h), 


Р 
| 

> 

а 
| 


2 
1 
2 
1 
2 
1 
2 
1 
2 
1 
4 
1 
4 
1 
2 
3 
8 


(et) 


(10.38) 
S(qtatl)(q+a-k(q+a-k+1), (10.39) 
a(qta—1)(qta+k—1)(qt+a+h), (10.40) 
a( (10.41) 
a( (10.42) 


a 
+ 
№ 
Q 

| 


(ot) 


=-s;(qta-—k)(qgta-—k+1)\(qta—k +2), 
qtatk—2)(q+at+k—I1)\(qtatk). 


| 
i) 
Q 
+ 
© 
> 


——щ — = — 
МЕ 
8 8 9. 

| 

NO 

R 
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Then the matrix elements бы and в, are easily obtained from (10.13) and 
(10.14): 


Sha = g’ Roa, (10.43) 
Woo = а (В ba. (10.44) 


The iterative equations (7.82) to (7.85) can now be expressed as 


D® =1, D?=0,A>0, (10.45) 
got} SB we пб а 5-96 
EV ==} >, Wa DS? - У Sao EDR” |, (10.46) 
00 | A=~(d+1) A=#1 i=1 
DY =0, 7 >0, (10.47) 
С ] А+(4+1) _ | Ан 
= У 1,0609 - У Sy gD EO DE” |, 
(—A) A'=A—(d+1) A'=A-1 i=1 
(10.48) 


where —(d + 1)j < A < (d+1)j, which follows since the perturbation В+ 
can change 4 up or down by at most d+ 1 in each order of perturbation. 


10.2.3. Maple programs for charmonium and harmonium 


The following program, rpower, implements the iterative equations (10.45) to 
(10.48). The wavefunction expansion coefficients ре are denoted by РО, A] 
and the energy corrections Е) are denoted by DE/j/. They are output by 
the program. In the determination of the expansion coefficients the lower 
loop index over A can be outside the valid range, if the program is used for 
particular values of 4 and Ё rather than symbolic ones. The corresponding 
expansion coefficients will have the value 0 so it is necessary in line 100 to 
unevaluate them. 


01 # rpower 

02 #г`а perturbation for any reference state 

03 rpower := proc(jmaz, 4, q, k) 

04 local В, W, fS, ГИ, 500, i, 3, a, А, АР, т, $1, $2, 59; 
05 # global DD, DE 


06 

07 Е := table(/ 

08 (1) = -—(q+a—k)/2, 
09 (0) = qta, 

10 (-1) = —(qtatk)/2 
и }; 

12 


13 if d = 1 then 
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15 # use matriz elements of R°2 for charmonium 

16 

17 W := table(/ 

18 (2) = (qta—k)*(q+a—k+1)/4, 

19 (1) = —(2*q+2+a+1)+(q+a—k)/2, 

20 (0) = (3* (q+a)* 2—kx (k+1))/2, 

21 (-1) = - (2+9+2*а- 1)* (qta+k)/2, 

22 (-2) = (qta+k—1)*(q+a+k)/4 

29 ]): 

24 

25 elif 4 = 2then # use matrix elements of R°3 for harmonium 
26 

27 W := table/(/ 

28 (0) = 1/2 (q+a)x (5% (q+a)° 2+1—3xk—- 3k 2), 

29 (-1) = -3/8* (qta+k)* (5+ (q+a)*2—5* (q+a)+2—k—k* 2), 
30 (1) = —3/8« (q+a—k)* (5* (q+a)°2—k—kex2+5« (q+a)+2), 
91 (-2) = 3/4*(q+a—1+k)* (q+a+k)»(q+a-— 1), 

32 (2) = 3/4*(q+a—k)* (qta+1—k)* (q+a+1), 

33 (-3) = — 1/8 (q+a—2+k)*(qt+a—1+k)*(q+atk), 

34 (3) = —1/8% (q+a—k)« (q+a+1—k)* (q+a+2—k) 

35 ]): 

96 

97 е]зе 

38 # do other cases here if desired. 

39 ERROR( ‘only d=1 and d=2 are implemented ` ); 

40 fi; 

41 

48 fS := q°2; 

48 fW := q° (d+2); 

44 


45 DD{0,0) := 1; 
46 500 := fS*xsubs(a=0, Е[0]); 


47 

48 for j from / to jmaz do 

49 lprint (1); 

90 

51 # Calculate energy correction DE[j] 
52 

09 81 := 0; 

54 for А from -— (4+1) to (4+1) do 
55 x := DD[j-1, А]; 

56 if not type(z, name) then 

57 $1 := $1 + subs(a=0, W[A])*2; 
58 fi; 

99 od; 

60 
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62 for A in [-1,1] do 

63 59 := 0; 

64 for : from / to j—1 do 

65 z := 20-14]; 

66 if not type(z,name) then 

67 59 := 89 + РЕ; 

68 fi; 

69 od; 

70 52 := 82 + subs(a=0, В[А]) * 83 

71 od; 

72 РЕГ] := simplify((fW*s1 — fS*s2)/S00); 

73 

74 # calculate jth order expansion coefficients 

75 

76 for А from - (4+1)*) to (d+1)*j do 

77 if A <> 0 then 

78 sl := 0; 

79 for AP from А- (4+1) to A+(d+1) do 
80 z := DD[j-1, AP]; 

81 if not type(z, name) then 

82 $1 := 81 + subs(a=A, W[AP- A])xz; 
89 fi; 

84 od; 

85 

86 s2 := 0; 

87 for AP from А- 140 A+1 do 

88 89 := 0; 

89 for i from / to j do 

90 2 := DDfj-i, AP]; 

91 if not type(z,name) then 

92 59 := 88 + DEfi}*z; 

93 fi; 

94 od; 

95 52 := 52 + subs(a=A, R[AP-A])*s3; 
96 od; 

97 

98 РО, А] := simplify((fW*s1 — fS+s2)/(—A)); 
99 if РОГ, А] = O then # unassign БОГ, А] 
100 DDfj, A] :=*DD[*j.5.A-] С; 

101 fi; 

102 fi; #A<>0 

103 od; # A 

104 = od; #3 

105 DEO] := —1/(2«q"2); 

106 end: 


The following program uses rpower to compute the wavefunction and en- 


ergy corrections for charmonium. The energy corrections are produced as func- 
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tions of 4 and k which are then converted to functions of 4 and т = k(k +1). 
Finally the program produces the ground state energy corrections for the 3- 
dimensional case by substituting the particular values 4 = 1 and rt = 0 into the 
general results. The output files in the case shown Юг jmaz :=4 are DE1qk4.m 
and DD1qk4.m containing the energy and wavefunction corrections аз func- 
tions of 4 and К and DE1qt4.m containing the energy corrections as functions 
of 4 and т. 


01 # charm 

02 # for charmonium the perturbation is г 

03 

04 read rpower; 

05 jmaz := 4; 

06 rpower(jmaz, 1, q, k): 

07 

08 # Display and save results as functions of q and k 
09 


10 for j from 1 to jmaz do DEfj] := ОЕ]; od; 
11 save DE, DE1gqk °.jmaz..m°; 

12 save DD, DD1gqk °.jmaz..m°; 

13 

14 # Convert from 4, Е to 4, tau 

15 

16 г1:= (-1 + sqrt(1+4*tau))/2: 

17 for j from 1 to jmaz do 

18 РЕЙ] := simplify(subs(k=r1, DE[j])); 

19 sort(DE|j], [q,tau/, plex); 


20 od: 

21 

22 # Display and save energy as functions of q and tau 
23 


24 for j from 1 to jmaz do DEfj] := DE[j]; od; 
25 save DE, DElgqt .jmaz..m-; 


26 

27 # Display 3-dimensional ground state results 

28 

29 for j from 1 to jmaz do subs(q=1,tau=0, DE[j]); od; 
90 quit; 


In a similar manner the results for harmonium can be produced by the 
following program. 


01 ££ harm 
02 # for harmonium the perturbation ts r°2 
03 


04 read rpower; 
05 jmazr := 4; 
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rpower(jmaz, 2, q, k); 
# Display and save results as functions of q and k 


for j from 1 to jmaz do DEfj] := РЕП]; od; 
save DE,‘ DE2qk *.jmaz. .m°; 
save DD, ‘DD2qk `.]тах.`.т`; 


# Convert from q, k to q, tau 


rl := (-1 + sqrt(1+4*tau))/2: 

for j from 1 to jmaz do 
РЕЙ] := simplify(subs(k=r1,DEfj])); 
вот (РЕВ), [q,tau), plex); 

od: 


# Display and save energy as functions of q and tau 


for j from / to jmaz do ОЕ/] := РЕЙ]; od; 
save DE, ‘DE2qt `.утат.`.т`; 


# Display 3-dimensional ground state results 
for j from 1 to jmaz do subs(q=1,tau=0, DE[j]); od; 
quit; 


The general results to order 4 produced by charm and harm are 


E charm = 50 — 97 
ED om = ae (Tg +$5¢ — 377), 
EO nm = 19 (334 + 75q* — Тат" — 107°), 
ED mm = ad (465 9° + 2275 9° — 99 q'r? + 44044 
— 90 q’r* — 180 q’r* — 841%), 
Enarm = 39 (54? — 37 +1), 
EY =-14(1434* — 90 g?r + 3454? — 217? — 126 7 + 28), 
EN) = 190(1530 48 — 1305 g*r + 11145 q* — 6825 q?r 
+ 8645 q* — 337° + 337? — 27067 + 484), 
EO = ~ reg 7 4(1502291 4 — 1640100 457 + 22937530 48 


+ 251370 4*т? — 19742520 q*r + 54811295 q* 

— 3060 42т3 + 2184330 42т? — 31859700 42т 

+ 25371140 4? — 4005 74 — 7260 т3 + 1425540 т? 
— 7286640 т + 1137344). 


(10.49) 
(10.50) 
(10.51) 


(10.52) 
(10.53) 


(10.54) 


(10.55) 


(10.56) 
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More complete results to order 14 for charmonium and to order 10 for harmo- 
nium are given in Appendix G. The harmonium results in the 2-dimensional 
case have been used for the application of 2-point Padé approximants to the 
ground state of the 2-dimensional hydrogen atom in an external magnetic field 
[AD88a]. 

Results for specific states can be obtained from these symbolic results by 
substituting particular values of 4 and т. Thus, for the 3-dimensional ground 
state (¢ = 1, т = 0) the energy to order 4 is 


E charm = —2 + aA — ae + re 7 > Fonts (10.57) 
Enarm = —i + 3\ — 182 + 54519 — 69099754... (10.58) 


A more efficient way to obtain high order results for specific states is to 
substitute particular values of g and k from the beginning so that the symbolic 
calculation involves only rational numbers. The following program, charmgs, 
shows how to obtain the energy corrections for the 3-dimensional ground state 
of charmonium. The energy and wavefunction corrections in the case shown 


for тат := 20 are output to the files DE1GS20.m and DD1GS20.m. 


01 # charmgs 
02 # for charmonium perturbation 13 г 
03 # Do ground state 3-dim case directly 


04 
05 read rpower; 
06 jmaz := 20; 


07 rpower(jmaz, 1, 1, 0): 

08 for j from 1 to jmaz do DEfj] := ОЕ]; od; 
09 save DE, DE1GS.jmaz. .m°*; 

10 save DD, DD1GS.jmaz..m°; 

11 quit; 


The resulting energy series to order 20 is 


1 3 3 27 
E charm = ~5 + 547 БАНЯХ 
_ те № + = Аб — 5583 68 
9543339 , 1141062999 в, 18769071555 ,, 
97 л^ - 910 910 
— 1343699301873 №0 51910283674773 yu 
912 913 

4302261498085317 1), 23790217856283351 15 

Пе) 
915 913 

2238202979629389225 .,, 446349518125914065265 15 

7 915 АТ 918 А 


_ 188137797615156926767999 


a 16 
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5224425597308832324993495 т 
oe 
922 


_ 610283093633587591852031535 18 
224 
37405459833681441600909 796725 \19 
rr 
_ 4802288067045920889872593707405 


aii \?°, (10.59) 


More complete results to order 100 are given in Appendix G. 
Similarly the following program, harmgs, directly calculates the energy 
corrections for the 3-dimensional ground state of harmonium. 


01 # harmgs 
02 # for harmonium perturbation is г`? 
03 # Do ground state 3-dim case directly 


04 
05 read rpower; 
06 jmazx := 20; 


07 rpower(jmaz, 2, 1, 0): 

08 for j from 1 to jmaz do DEfj] := DEfj]; od; 
09 save DE, DE2GS.jmaz. .m*; 

10 save DD, DD2GS.jmaz..m*; 

11 quit; 


The resulting energy series to order 18 is 
1 12 1 
Eharm = —5 +3А- si + т 
6609975 734589303 
58 4 + 55 > 
880224055389 |, 169960252839003 
АРА 
29 29 
1316458151745974019 |, 
= 914 А 
391398896113218866535 |, 
914 A 
1124700335952727250306379 y10 
017 
481155665292926985009182529 yu 
+ 917 
3873547640308281898602688 756323 12 
7 921 
2266772565182684831275281206035947 \13 
+ 921 
12219973462461027474558248933001260685 
— 924 


\? 


лм 


10.2. RSPT for Charmonium and Harmonium 223 


_, 9898717678402633731855178508960624235875 |, 
924 


_ 9238932 75629313923746805294316650830416371515 \ 1g 
930 


+ 513057352091621880993517596730198301652201013575 1 
930 


_ 4491126282969558086365180175965052125187169221215455 


933 


18 
(10.60) 


More complete results to order 100 are given in Appendix G. 

The symmetric energy formula (7.86) can be used to calculate energy cor- 
rections to order 27 + 1 in terms of the wavefunction and energy corrections to 
order j. In the case of charmonium or harmonium (7.86) is given by 


oo (4+1; р) (Ax) __ 9) 
Sob) = у. 2. у. W РАДА, 


А=- (4+1); МА А'=А-(4+1) 


A=+1 r= A=+1 r=Q+1 


P (d+1)r ре А+1 _ Q G-r—s) (2) 
— У. У Swal > Е Dy ||, (10.61) 


2 
т=1 А=- (4+1) МА A'=A-1 8=1 


Q P 
-2 > 5 Ep - > 5 » ey 
1 


where 7 = P+Q+1 and P= |j/2|, Q = |G —1)/2]. 
The following program, sympower, implements this symmetric energy for- 
mula. 


01 # sympower 

02 # symmetric energy formula for charmonium and harmonium 

03 

04 symEnergy := proc(jmin, jmaz, 4, q, k) 

05 local R, W, a, A, AP, 3, P, Q, г, в, т, z, Na2, Norm2, fS, fW, 


06 500, $1, $2, $21, 89, $81, $4, 841, 842, $43; 
07 # global DD, DE 

08 

09 Е := table/(/ 

10 (1) = —(q+a-k)/2, 

11 (0) = qta, 

12 (-1) = —(qta+k)/2 

13) 

14 

15 if d = 1 then 

16 

17 # use matrix elements of R°2 for charmonium 
18 


19 W := table/(/ 


224 Chapter 10. Spherically Symmetric Systems 


20 (2) = (qta—k)* (qt+a—k+1)/4, 

21 (1) = —(2+q+2+a4+1)*(q+a—k)/2, 

22 (0) = (38% (q+a)* 2—kx (k+1))/2, 

23 (-1) = —(2«q+2a—1)* (qta+k)/2, 

24 (-2) = (qtatk—1)+(qta+k)/f 

25 ]): 

26 

27 elif d = 2then # use matriz elements of R°3 for harmonium 
28 

29 W := table(/ 

30 (0) = 1/2 (q+a)* (5*(q-+a)°2+1—3ek— 3k 2), 

81 (-1) = —3/8 (q+a+k)x (5* (q+a)°2—5* (q+a)+2—k—k*2), 
32 (1) = -3/8* (q+a—k)* (5* (q+a)° 2—k—ke* 245x (q+a)+2), 
33 (-2) = 3/4* (а+а- 1+Е)* (qt+a+k)*(q+a- 1), 

34 (2) = 3/4*(а-+а-Е)* (q+a+1—k)*(q+a+1), 

35 (-3) = —1/8« (q+a—2+k)* (q+a—1+k)* (q+a+k), 

36 (3) = -1/8* (q+a—k)* (q+a+1—k)* (q+a+2—-k) 

37 ]): 

98 

39 else 

40 # do other cases here if desired. 

41 ERROR( ‘only d=1 and d=2 are implemented * ); 

42 fii; 

43 

44 Norm2 := (qtatk)! / (qta—k-1)!; 

45 


46 fS := q°2; 
47 ЛИ := q° (d+2); 
48 500 := fSxsubs(a=0, В[0]); 


49 

50 for j from jmin to jmaz do 

51 Р := iquo(j,2); 

52 Q := iquo(j— 1,2); 

53 lprint (j,P,Q); 

54 

55 # do terms involving the perturbation matriz 
36 

97 sl := 0; 

58 for A from — (d+1)*j to (d+1)*j do 

59 s2 := 0; 

60 z := DDIP,A]; 

61 if not type(z,name) then 

62 for АР from А- (4+1) to A+(d+1) do 
63 z := DD[Q,AP]; 

64 if not type(z,name) then 

65 52 := s2 + subs(a=A, W[AP- A])+z; 


66 fi; 
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67 od; 

68 Na2 := subs(a=A, Norm2); 

69 $1 := $1 + 282/Na2; 

70 fi; 

71 od; #A 

72 

73 # do terms involving lower order corrections 
74 

75 s2 := 0; 

76 for A in [-1,1] do 

77 s21 := 0; 

78 for г from 1 to Q do 

79 z := DDIr, A]; 

80 if not type(z,name) then 

81 521 := 821 + DE[P+Q+1-r)«2; 
82 fi; 

83 od; 

84 58 := 82 + subs(a=0, R[A])*s21; 

85 od; 

86 

87 89 := 0; 

88 for A in [-1,1] do 

89 $91 := 0; 

90 for r from Q+1 to P do 

91 г := ОО, A]; 

92 if not type(z,name) then 

93 591 := 391 + DE[P+Q+1-r)«2; 
94 fi; 

95 od; 

96 $9 := s3 + subs(a=0, R[A])*s31; 

97 od; 

98 

99 $4 := 0; 

100 for г from / to Pdo 

101 841 := 0; 

108 for A from - (4+1)*г to (d+1)+r do 
103 842 := 0; 

104 2 := ОО{, 4]; 

105 if not type(z,name) then 

106 for AP from А-1 to A+1 do 
107 843 := 0; 

108 for $ from / to Q do 

109 x := DD/s, AP]; 

110 if not type(x,name) then 
111 s43 := 843 + ОЕР+О+1-г-зжг; 
112 fi; 


113 od; 
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542 := $48 + subs(a=A,R[AP-A])*s43; 
od; # AP 
Na2 := subs(a=A, Norm2); 
$41 := $41 + 2ж549/М№ 2; 
fi; 
od; #A 
84 := 84 + 841; 
od; #r 
DEfj] := simplify( (fW*(s1—s4) — fS+(2*s2+s3))/S00 ); 
od; # j 
end: 


The following program shows how sympower can be used in the charmonium 
case (d = 1) to produce energy corrections to order 40 from wavefunction and 
energy corrections to order 20. The file DD1GS20.m contains the wavefunction 
corrections to order 20. The file DE1GS20.m contains the energy corrections to 
order 20. The energy corrections to order 40 are output to the file DE1GS40.m. 


01 
02 
08 
04 
05 
06 
07 
08 
09 
10 


01 
02 
03 
04 
05 
06 
07 
08 
09 
10 


# symcharmgs 

read ‘DD1GS20.m°; 

read ‘DE1G520.m `; 

read sympower; 

тит := 21; 

]тахт := 40; 
symEnergy(jmin,jmaz, 1, 1,0): 
save DE, `2)Ё1С 5 `утах.`.т`; 
save DE, `РЕ1С5`.]тат; 
quit; 


A similar program with d = 2 could be used for harmonium. 


# symharmgs 

read DD2GS20.m `; 

read ‘DE2GS20.m `; 

read sympower; 

тип := 21; 

qmax := 40; 
symEnergy(jmin,jmaz, 2, 1,0): 
save DE, `РЕ?С5 `.лтаг.`.т`; 
save DE, ‘ DE2GS °.jmaz; 
quit; 


The results of these two programs are given in Appendix G to order 100. 


10.3 RSPT for Screened Coulomb Potential 


The hamiltonian for a hydrogenic atom in a screened Coulomb potential is 


H= 5? + U(r,d), (10.62) 
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where 


Zz 
U(r, А) — т + V(r, Л), 
V(r, d) = -2 Vian 
г J 


1=1 


An important special case is the Yukawa potential defined by 


U(r, Л) = —=e™, 
V(r,d) = -2(e™" = 1), 
Г 
_ (1) 


The Schrodinger equation is 


2 


SP? - = + V(r.) - £] Wr) = 


227 


(10.63) 


(10.64) 


(10.65) 


(10.66) 


(10.67) 


(10.68) 


We can now multiply by r and apply the scaling transformation (7.49) to obtain 


the scaled hydrogenic equation 


RP + 5 —~q+7RV(7R, A) - АЕ] У(В 


where 


E = EO + AE, Е) = Ею = i 


2/2’ 


so we obtain the perturbed 73 eigenvalue problem 
[13 —q + W(R, 4) - AES] U(R) 
where 5 = 72 В and 
И’(В, Л) =7RV(7R, Л) = у. И’ (Е 
j=l 


W;(R) = -7ZV;j7' В. 


y= 


= 0, 


= 0, 


(10.69) 


(10.70) 


(10.71) 


(10.72) 


(10.73) 


This is a simple generalization of (7.52) and the modified algebraic RSPT of 


Section 7.4 can be adapted to (10.71). 
The resulting equations are 


j 


yo) = У G(W, — Е) S)yo-k 


k=1 


(10.74) 
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which is the appropriate generalization of (7.73) for the wavefunction correc- 
tions and 


, ol | 2—1 | 
(Vo|S|Wo) EY = У`(ФоФ0-^)) — У ^( 915190) Е, (10.75) 
k=1 k=1 


which is the appropriate generalization of (7.74) for the energy corrections. 
We can let Z = 1 since the energy corrections E%)(Z), defined as a function 
of the nuclear charge Z, can be expressed in terms of those for Z = 1 by (see 
Exercise 10.2) 
E9(Z) = 27-9 £9)(1), (10.76) 


The first two energy corrections can easily be obtained by hand using the 
definitions (10.9) to (10.15) of Section 10.2 and the formulas in Section 7.4 
(see Exercise 10.3): 


E = -Y,, (10.77) 
| 
EO = 5% [392 — k(k +1]. (10.78) 


The symbolic computation of high order energy corrections for a general state 
is complicated by the presence of high powers of R. To calculate UV“) and EY) 
it is necessary to have matrix elements of АЗ for 1 < d < j. In principle this 
is not difficult since the “renormalized” matrix elements (10.27) of R? can be 
obtained iteratively using the matrix multiplication formula 


b+1 
ды = >\` Вы и, 6-а<4. (10.79) 


c=b—1 


(Е 


but the program storage requirements for the wavefunction corrections is much 
larger than is the case for charmonium and harmonium so we shall illustrate two 
alternate approaches to algebraic RSPT for obtaining the energy corrections. 
One is based on the direct series solution of the differential equation and the 
other is based on the hypervirial and Hellmann-Feynman theorems. 


10.4 Power Series Method 


It is possible to obtain the wavefunction and energy corrections for any par- 
ticular state of (10.69) by directly substituting a trial solution which is both a 
perturbation expansion in powers of A and an expansion in powers of R. This 
approach was first used by Bender and Wu in their study of the large order 
perturbation theory for the quartic anharmonic oscillator [BE71], [BE73]. It 
was also used by Vrscay to obtain the high order perturbation theory for the 
Yukawa potential for the 3-dimensional 1s, 2s and 2p states [VR86], and for 
the ground state of charmonium [VR85]. The method can also be used for the 
ground state Zeeman effect [CI82]. A disadvantage of this approach is that a 
different set of difference equations must be derived for each state. 
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To illustrate the method we consider only the ground state of (10.69) in 
the D-dimensional case. From Chapter 4 


(D-1)(D-3) LP 


2 2 
P 2+ др р (10.80) 
? D-1d (D-1\D-3) 
А 
Рв = dR? R dR 48? (10.81) 


so (10.69) becomes 


Rd D-id Г в 


(10.82) 
For the ground state 
qg=k+1= a LW =0, (10.83) 
50 
ie _ на + : ~q+W-@AER| (В) =0, — (10.84) 


where from (10.73) the components of W are 
W,(R) = —q?**V,R?. (10.85) 
In the general case a trial solution would have the form 
9 (В, A) = Ек(В,Л)У(9), (10.86) 


where F(R, 0) is defined by (4.150) in terms of the associated Laguerre poly- 
nomials and Y(Q)) is a generalized spherical harmonic function in D dimen- 
sions. For the ground state, neglecting normalization, we can choose the simple 
functional form 


Wo(R,A) =е *B(R,X), B(R,0) = 1. (10.87) 
Substitute into (10.84) to obtain a differential equation for B(R, Л): 
RB"(R, A) + 2(q — R)B'(R, Л) — 2(W — @AE R)B(R,A)=0. — (10.88) 


Next substitute (10.72) and the perturbation expansions 


B(R,\) = >> В„(В)^, AE = So EM)", (10.89) 
n=1 


n=0 
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to obtain a differential equation for B,(R): 


RBY(R) + 2(q— Е)В, (Е) +28 У`92Е® B,_4(R) 


k=1 
~ 25° Wi(R)Bu-e(R) = 0. (10.90) 
Now assume a polynomial form for B,(R): 
B,(R) = Soba. (10.91) 
7=0 
For n = 0 it follows from (10.87) that 
B(R)=1, bo = 1. (10.92) 
For n = 1 (10.90) reduces to 
qo + (—b + PE +42И)В = 0, (10.93) 
SO 
by, = 0, 6, = 0, E™ =-И, B,(R) = 0, (10.94) 


where we observe that the coefficients bo, for п > 0 are not determined by 
(10.90) so we are free to choose them to be zero. This is analogous to the 
intermediate normalization condition chosen for the algebraic RSPT. Similarly 
for n = 2 (10.90) reduces to 


9612 + ((24 + 1)5.> — 6:2 + 2Е®)) В + (ЧУ, — 26,2) В* — 0, (10.95) 


so 


1 1 
bo = 0, 612 — 0, boo = 59 Vas E®) — —5(24 + 19%. (10.96) 


For the general case substitute (10.91) into (10.90) to obtain 


qoin += ту © + 1)( \G + 2q),41, nit? — У, 


2 ‚= =1 97=1 
+98 у у EM), ,-.R? + >> у НИ, nk В? = 0. 
k=1 j=0 k=1 2=0 


We need to rearrange the double sums: 


n j 
PRS Eb, 4R = #5 [> Е, 1 п ‘в. 


k=1 1=0 71=1 


п п К 


n J 
Vb aR = p> 


k=1 3=0 1=1 


ЧИ, кп у Е?. 
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Therefore 


171 


qbin += = j + 1)( \Q + 24)6;-+1, „В — Ули 


2—1 j=l 


п-7+1 
+5 хз » 29%...) В? 


1=1 k=1 


n Jj 
+2 (Ee ту, 1=-Ет-— ; Ri = = 0. 


(10.97) 


The first sum can be made to go from 7 = 1 to 7 = п since the added term is 
zero from (10.91). 


Using bon = bin = 0 for > 0, the 7 = 0 term in (10.97) gives the formula 
for the energy corrections 


gE = —(2¢ + 1)bon, (10.98) 


and the other terms give the iteration scheme for 2 <7 <n and n> 2: 


1/1. | 2 
6" = “(50 +1)(j + 2¢)bj41n + ОИ kn 
k=1 


n—-j+1 
+9 ». Р®Ь-, +) (10.99) 
k=1 


For each n > 2 the computational order is 
ban — bn—1yn > by—2,n >... - bon > E™), 
subject to the boundary conditions 


bo =1, EO = -Y,, (10.100) 
bon — bin — 0, п> 0, bin = 0, q > Nn. (10.101) 


The iteration scheme (10.98) to (10.101) is easily programmed in Maple to 
give energy corrections to high order as polynomial functions of 4 related to the 
dimensionality by (10.82) or in rational form for particular values of ¢ (q = 1 
corresponds to D = 3 and 4 = 1/2 corresponds to D = 2). The following 
program, yukawa, implements the iteration scheme for the Yukawa potential 


defined by the coefficients И, = (—1)*/k!. 


01 #£# yukawa 

02 # energy corrections for yukawa potential 
03 # D-dimensional space: q = (D-1)/2 
04 

05 yukawa := ргос (птат, 4) 
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06 local 6, п, j, К, 2, $1, s2; 
07 # global DEq 


09 b/0,0] := 1; 
10 DEgq/1] := 1; 


12 for п from 140 nmaz do b/0,n/] := 0; od; 
13 for п from 140 nmaz do 6b/1,n] := 0; od; 
14 for п from 2 to nmaz do +1, п] := 0; od; 


15 

16 for п from 2 to nmaz do 

17 for ] from п by —1 to 2 do 

18 $1 := sum(’q° (k+1)* (— 1) kxbfj—k,n—k]/kl’, ’k’=1..7); 
19 58 := sum(’q° 2+ DEgq/k/+b[j—1,n—k]’, *k’=1..n-j+1); 
20 b/j,n] := simplify(( (0+1)* G+2*q)*bfj+1,n]/2 

21 + $1 + $2 )/j); 

22 od; 

23 DEgq[n] := simplify(— (2 q+1)+b[2,n]/q° 2); 

24 od; 

25 DEq[0] := —1/(2*q° 2); 

26 end: 

27 


28 nmaz := 20; 

29 yukawa(nmaz,q): 

80 for nfrom 140 nmaz do DEgq{n] := DEq{n]; od; 
31 save DEq, ОЕд.птах.`.т`; 

382 save DEq, DEq.nmaz; 

33 quit; 


The results to order 6 are 
Е) =1, 
1 
Е® = —1(24+104 


1 
ES) = — (24+1) (+0, 


1 
E = —06 (29+ 1) (9+0$(84+3), 


г 


1 
Е) = те (29+ 1 (9+ 1) 4 (144? + 199+ 2), 


1 
E®) = 5880 (29+1) (9+1) 4 (352 q° + 717 4? + 3664 + 15). 
(10.102) 


More complete results to order 20 are given in Appendix I. These results are 
special cases of the general results for an arbitrary state obtained using the 
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hypervirial and Hellmann-Feynman theorems in Section 10.7 and also reported 
to order 14 in Appendix I. 

The program can also be used for a particular value of 4. For the 3- 
dimensional ground state case the procedure call yukawa(100,1) can be used 
to obtain the energy coefficients in rational form to order 100. The results to 
order 20 are 
3,.,1,, Ша 21; 145 6 715. 
a> +5^ — 16 ^ ^^ + 96 ^ 
_ 69433 \8 321449 \o_ 2343967 и 24316577 yu 

3072 4608 10240 30720 

2536041607 .,. 47860811537 |3 145923785051 ,,, 
884736 4423680 _ 3440640 
159957248809633 „5 42949294634584421 | ,, 


928972800 59454259200 
46466864975430973 1;  2386707218502703471 | 1, 


14863564800 16986931200 
2532503612322014333 15 572761545510214991993 | 4, 


39636172800 1902536294400 


| 
Е=-Е+А- 
5+ 


(10.103) 


More complete results in rational and floating point form are given in Ap- 
pendix I to order 100. 


10.5 НУНЕ Perturbation Method 


The classical and quantum mechanical hypervirial (HV) theorems were first 
introduced by Hirschfelder [H160]. Together with the Hellmann-Feynman (HF) 
theorems [HE37], [FE39] the HV theorems provide a powerful perturbation 
method (HVHF) for separable quantum mechanical systems. This method is 
often referred to as “perturbation theory without wavefunctions” since it pro- 
vides iteration formulas for the energy corrections for a general state which do 
not require the wavefunction corrections. Recent reviews of the HV theorems 
and their applications have been given by Marc and McMillan [MA85] and by 
Fernandez and Castro [FE87b]. 

The HVHF method was first applied to anharmonic oscillators by Swen- 
son and Danforth [SW72], to the charmonium ground state by Killingbeck 
[KI78] and Austin [AU80] and to a general state of the screened Coulomb po- 
tential by Grant and Lai [GR79]. The method was also applied to the Stark 
effect by Austin [AU80] and Lai [LA81]. This is possible since the Schrodinger 
equation for the Stark effect is separable in parabolic coordinates into two 
one-dimensional systems. 

More recently the symbolic computation for the D-dimensional hydrogenic 
atom with power potentials of the form r?, d > 0, has been discussed by Vinette 
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and Cfzek [VI88] and the HVHF theorems have been used by McRae and 
Vrscay [MC92] to obtain energy expansions for both the classical and quantum 
mechanical anharmonic oscillators and Kepler problems with power potentials, 
including the cases d < 0. 

We shall illustrate the HVHF method for hydrogenic systems with spheri- 
cally symmetric potentials of the power and screened Coulomb types. 


10.5.1 Hypervirial and Hellmann-Feynman theorems 


Let H be a time-independent and hermitian hamiltonian and let A be any 
time-independent linear operator. If % is any eigenstate of H such that Н is 
hermitian with respect to both » and Aw then 


(p|CA, HI] |p) = 0. (10.104) 


This result is called the hypervirial theorem and easily follows from Hy = Еф 
and the assumed hermitian conditions on H [EP62]. 
ЕН = H(A) depends on a parameter Л, such as a perturbation parameter, 


and H(A) = E(A\) for some range of values of А and фр is normalized, (|p) = 
1, then 

OE _ OH()) 

= (v +): (10.105) 


This result is called the Hellmann-Feynman (HF) theorem and can be proved 
as follows. The energy is given by E(A) = (~|H(A)|). Differentiating and 
assuming that H is hermitian with respect to both ~ and 07/04, 


OE |0 OY OH 
ах = (ан) + (на) + (в) 
д ОН 
= ED (ФУ) + (5) 


Then (10.105) follows since (|p) = 1. Together (10.104) and (10.105), with 
the appropriate choices of the operator A, give the HVHF method. 


10.5.2 HVHF method for hydrogenic systems 


For a D-dimensional hydrogenic system with a spherically symmetric pertur- 
bation the hamiltonian is given by (see Chapter 4) 


H= 5’ _ = +У(т, ), (10.106) 


and the Schrodinger equation is 


Age (r) = Еф), (10.107) 


10.5. HVHF Perturbation Method 


where 


, 
p=pts 


2’ 
== - 0-3) ++ D-2), 
k=l+5(D-3), (20, 
gq=k+lt+n,, n,>0. 
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(10.108) 
(10.109) 


(10.110) 
(10.111) 


The key idea in the derivation of the HVHF method is to consider the set 


of operators of the form | 
A=r't'p, 


(10.112) 


and evaluate the commutators [A,H] using the commutator identities (see 


Chapter 4) 


[pr] = тг”, 


[р,,г-"] — пт +1), 


dV п 
[р,,У (г)] = 5: = —iV'(r), 


which are valid in D-dimensional space. Therefore 
р, Н] =r?! [p,, H] + [r’*?, Н]р,, 
where 


[р,,Н] = [p,,7r7?/2 — Zr7' 4 VI 
= 5 lpr] ~~ Ё[р,,г 1] + [р,, У] 
= (тг — Zr? —V’), 
[г7+1 Н] — —5 [p?,r?**] 
— _i, [p pitty] _ 1 р rit!) р 
9 т т, у т, т 
1... ‚|... 
= 509 Орг” + 59+ Ор, 
1... ar 1... 
= 51) + 1)(r’p, фа") + 51) +1)r’p, 
- 1... _ 
= (7 + 1)r’pe + 5505 + Yr’. 
Substitute into (10.116) to get 
[rit4y., Н] = irr)? ат —irt ly! 


vp 1... 
+ i(j Игр: + 59 + Пр. 


(10.113) 
(10.114) 


(10.115) 


(10.116) 


(10.117) 


(10.118) 
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Now substitute for p? using (10.106) and (10.108) to obtain 
[НТ р,, Н] = -ijrr?~? +12(27 + 1)r?7! + 29+ Пг (Н - У) 
— PV" + SIG ОР pe. 


Now take expectation values of both sides and use the HV theorem (10.104) 
to obtain 


2¢j + IE (r’) = fr (r?™) — ZQj + V(r?) + 2G + (PV) 
+ (54) +5040), (10-119) 


where we have introduced the shorthand notation 


(A) = (P| Aly) (10.120) 


for the expectation value of an operator A with respect to an eigenstate ф of 
H having eigenvalue Е. 

To eliminate p, from (10.119) we can again apply the HV theorem but now 
with A =r? to obtain 


(Cri, HI) = ij(ri*p,) +5 


57 - 1)(r?-?) = 0. (10.121) 


Thus the last term in (10.119) can be eliminated and we obtain the following 
result involving only expectation values of powers of r: 


2(j + 1)E(r?) = 25 + U(r? V) + (У) — (25 + 1) Z(r?) 
+ - 0), (10.122) 


The HF theorem can be expressed as 


9Е _ /AV(r,d) 
8 = ( 7 ) (10.123) 


For any spherically symmetric potential У, we can now use these two results 
to obtain an efficient iteration scheme for the energy corrections. 


10.6 HVHF Method for Power Potentials 
For V(r, \) = Ar? (10.122) and (10.123) become 
2(j + 1)E(r’) = [2g + 1) + d]A(r’*4) — (27 + 1)Z(r?~") 
+ silt - (7? = 1) ir, (10.124) 


— = (r*). (10.125) 
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Now substitute the perturbation expansions 


E=S EM, (r= TOM", (10.126) 


n=0 n=0 


into (10.124) to obtain 


2(j + 1) >> (5 Ev "om M = [2G +1) +d] > CHP" 


n=0 =0 n=1 


—(27+1)Z 5° С) Х" + silts -(7-и У) С)". 
n=0 


n=0 


We can make the second sum begin at n = 0 if we define 
Oh =0, j>0. (10.127) 


Therefore, equating coefficients of A” we obtain 


27 +1) У Е") С = у +4002 


т=0 


- (21+1)2С® + Ст - 2-1). 


Take out the т = n term to get 


(7 + NEC = -25 +1) ‚У БО - (274+ 1)2С®) 


m=0 


n= 1. n 
+ (2G +1) + CHa? + ir - 0-10). (10.128) 


The HF result (10.125) gives 


д °° ыы = п] \п 


n=0 n=0 


Therefore the energy corrections are И by 
Ee) = ae 0. (10.129) 
Since (r°) = 1 it follows from anon that 


С®=1 COM =0,n>0. (10.130) 


To initialize the iteration scheme (10.128) for each n we also need values for 
C). To obtain them substitute 7 = 0 into (10.128) to obtain 


п-1 
BOC = 2 > Е") — 200 + (d 420". 


m=0 
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For n = 0 this gives С® = —2Е0) |2 and for п > 0 
n 1 n п- 
С = 5(-2E' + (d42)00-), (10.131) 


which is also valid if n = 0 from (10.127). In case d > 0 the calculation of the 
cw") and E'"+1) proceeds according to the scheme 


п =0: co > с _ Со уе _ С) _ E®) 
n=1: co) > С — ol) piece eeeee > cM) _ E®) 


n=k: с) > cl) = ol) _... — cw) + ЕЖ+И 


It is clear from (10.128) that the calculation of C{*) in row k requires entries 


up to ce) in row k—1. Therefore if we want to calculate energy corrections 
to order па; then we calculate rows п = 0 to n = пи — 1 30 we have 
Nk = (Nmar — &)d as the maximum subscript in each row К. 

The entire iteration scheme for d > 0 can now be obtained starting only 
with CO = 1 and E© = —Z?/(2g?) using (10.130) and (10.131) to obtain the 
first two entries in each row and (10.128) for the remaining entries. 

The following simple Maple procedure, hvhfpower, can be used to obtain 
the energy corrections as functions of 4, т and Z for any power potential r?, 
d > 0. In the program the energy corrections Е“) are denoted by РЕ], the 
coefficients с are denoted Бу C/n,j/ and the nuclear charge 2 is denoted by 
Z. Of course we can do all calculations with Z = 1 and use (10.16) to obtain 
the energy corrections for any other value of Z. 


01 # hvuhfpower 

02 # HVHF method for power potential r*d, d > 0 

03  hvhfpower := proc(nmaz, 4, 4, tau, Z) 

04 local j, п, $1, т; 

05 DE[0] := —Z° 2/(2«q° 2): 

06 C/0,0] := 1: 

07 for j from 0 to (птаг+1)*4 do C/—1,j] := 0; od: 
08 for п from / to nmaz—1 do C/n,0] := 0; od: 


09 

10 for n from 0 to nmaz—1 do 

11 C[n,—1] := simplify((—2«DE[n] + (d+2)*C[n—1,d]) / 2); 
12 for j from 1 to (nmar—n)*d do 

18 $1 := sum(’DE[n—m]*C[m,j]’, ’m’=0..n— 1); 

14 C[n,j] := simplify( ( —*(+1)ж81 — (24j4+1)*Z*C[n,j—1] 
15 + (2x (j+1)+d)+C[n—1,j+d] 

16 + jx(tau-(j°2-1)/4)»C[nj—2] ) / (6+1) БЕ] ); 


17 od; 
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18 DE[n+1] := C[n,d]/(n+1); 
19 od: 
20 «end: 


01 # hvhfcharm 

02 # test for charmonium using huhfpower 

03 read hvhfpower; 

04 nmaz := 6; 

05 4:=1; 

06 hvhfpower(nmaz, а, 4, tau, 1): 

07 DEgqt := op(DE); # make а new name for energy coefficients 
08 for п from 0 to nmaz do DEgt[n] := DEgqt[n]; od; 
09 save DEqt, DE.d. qt .nmaz. .m; 

10 save DEgqt, DE.d. qt `.птат; 

11 quit; 


01 # hvhfharm 

02 # test for harmonium using hvhfpower 

03 read hvhfpower; 

04 nmazr := 6; 

05 d:= 2; 

06 hvhfpower(nmaz, а, q, tau, 1): 

07 DEgt := op(DE); # make a new name for energy coefficients 
08 for n from 0 to nmaz do DEgt[n] := DEgqt[n]; od; 
09 save DEdt, DE.d. qt `.птах.`.т’; 

10 save DEgqt, DE.d. qt *.nmaz; 

11 quit; 


Programs hvhfcharm and hvuhfharm use hvhfpower to efficiently produce 
the charmonium and harmonium energy corrections for a general state as pre- 
viously obtained by programs charm and harm in Section 10.2 and given to 
order 14 for charmonium in Appendix G and to order 10 for harmonium in 
Appendix H. With hvhfpower it is possible to go to much higher orders for a 
general state. 

Procedure hvhfpower can also be used to produce the energy corrections 
to high order for any particular state. For example, the 3-dimensional ground 
state results for charmonium given in Appendix G can easily be obtained us- 
ing the procedure call hvhfpower(100,1,1,0,1) and the similar results in Ap- 
pendix H for harmonium can be obtained using huhfpower(100,2, 1,0, 1). 
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10.7 HVHF Method: Screened Coulomb Case 
For V(r, А) given by (10.64) the HVHF equations (10.122) and (10.123) become 
2(j + IE + ZVA)r’) = —(2j + 1)Z(r?™) 
+ Gilder — G? IP} 


- ZS (QGQ+_ M+ пи," (r7t™*), (10.132) 
т=2 
> =-Z У тУ, А" (г" т). (10.133) 
т=1 


Substitute the perturbation expansions (10.126) into (10.132) to obtain 


2° (: > Beno) \”-22V, >> oN" 


n=0 =0 n=1 


_ 2441 (n) (n) 
——Z)_ Ci "+ СА 
1+1 > i(-37 +1" 7); ~ 
l 
rey ae Vx" 5500)", 
т=2 n=0 


Then using the definition (10.127) and writing the double sum on the right 
side as 


т, бит ) yn 


we can equate coefficients of A” on both sides to obtain 


= п-т) ~y(m (п-1) _ 
2 dE om ИОВ = = 


T (n) м (п-т) 
++ г Ис +2). У Оли: 


Take out the т = п term and solve for cw) to obtain the iteration formula 


(n) _ (n—m) (т) (n-1) 
cf) = | om + 22V,c! 
27 +1. (п T (n) 
+ ——— i+ ZC; 1+; (- Е "of 


1 т 
rey ony, ay “| (10.134) 


Vin 71+т-—1 
=2 
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For j = 0 we can solve for the starting value Cc’) 


1 _ n 
с =-= 26 4 22V,0") 4 Zo (m+ Ши, Ст], 
т=2 


(10.135) 


which is valid for п > 0 under the assumption (10.127). Therefore the starting 


values С) and С") can be used in (10.134) to calculate the coefficients С) 
for j > 1. 

To obtain the energy formula substitute perturbation expansions (10.126) 
into (10.133) to obtain 


Sn EO = 1 — -Е сти, 1 ve 
n=1 
со n+1 
=-25` » nese №. 


= т=1 


Therefore for п > 0 
Bet) = oP > ту Сет. (10.136) 


To calculate E(t) we need to calculate the coefficients in row 0 to C), the 
coefficients in row 1 to с _1 and finally in row п the last coefficient needed ; is 


С. As in the power potential case of the preceding section the entire iteration 
scheme can be obtained starting only with CO) = 1 and Е® = —Z?/(2q?) 
using (10.135) and (10.130) to obtain the first two entries in each row and 
(10.134) for the remaining entries. 

The following simple Maple procedure, hvhfscr, implements this iteration 
scheme. The notation is the same as in procedure huhfpower of the preceding 
section. The program produces symbolic energy corrections as functions of q, т 
Z, and the coefficients V, defining the screened Coulomb potential. The specific 
form У; = (—1)?/3! can be substituted, as shown in line 15 of program scrtest, 
to obtain energy corrections for a general state for the Yukawa potential. 


01 # hvhfser 

02 # HVHF method for screened Coulomb potential 
03  hvhfscr := proc(nmaz, 4, tau, Z) 

04 local 1, п, $1, s2, 89, т; 

05 DE[0] := —-2`2/(9*4^2): 

06 = C/0,0) := 1: 

07 for ] from 0 to nmaz—1 do С[- 1,1] := 0; od: 
08 for п from 1 to nmaz—1 do C/n,0] := 0; od: 
09 for п from 0 to nmaz— 1 do 

10 $1 := sum(’?(m+1)*Z* Vim]*C/n—m,m-—1]’, ’m’=2..n); 
11 C[n,—1] := simplify( 
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— (2 DE[n] + 2«Z* V[1)*C/n— 1,0] + s1)/Z ): 
for ] from {/ to nmaz—n—1 do 

52 := sum(’DE[n—m]*C[m,j]’, ’m’=0..n—1); 

$9 := т V/[mj* C[n—m,j+m-— 17, 
’m’=2..n); 

C[n,j] := simplify( —( 2482 + 2«Z* V/1]*C/[n— 1,3] 
+ ((245+1)/ (5+ 1))+Z+ СИ 
+ jx( —и/ 0+1) + (-1)/4 )*C[n,j—2] + 83 ) 

Г / (2 DE[O0)) ); 


DE[n+1] := simplify(—Z*sum(’m* V[/m]}*C{n—m+1,m—1]’, 
’m’=1..n41)/(n+1)); 
od: 


end: 


# scrtest 
read hvhfscr; 


# Do the screened coulomb potential 


nmaz := 6; 

huhfscr(nmaz, q, tau, 1): 

DEqt := op(DE); # make a new name 

for п from 0 to nmaz do DEgqt[n] := factor(DEqt{n]); od; 
save DEgt, DEsqt.nmaz. .m ; 

save РЁ, DEsqt.nmaz; 


#4 Do the yukawa potential 


for п from / to nmaz do У] := (-1)^п/п!; od: 

for п from 0 to nmaz do DEgqt/n] := factor(DEgqt[n]); od; 
save ДЕ, DEyqt.nmaz. .m; 

save DEqt, DEyqt.nmaz; 

quit; 


The general screened Coulomb results to order 5 are given by 


EY — И, 
1 
EO) =-5 (3 — 7), 
E®) = 5% а —3т+1), 


1 
EM = af (-7 У24* — 35 Vag’ + 30 Ула?т — 25 Vag? — 5 У? 


+3 Vir? —3 Ут? +6 Ут), 
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] 
Е® = 54 (-45 VaVaq" — 63 Veg" + 70 Vsq?r + МИФ 

— 105 Veq? — 63 VaVaq? — 15 Ver? + 15 И.М? 

+ 10V,Var + 50 Vsr — 12 V5). (10.137) 


More complete results to order 10 are given in Appendix I. 
In the special case of the Yukawa potential the results to order 6 are 


Е) =1, 


| 
Е (2) = —1 а’ — т), 
| 
| 
EY = - БФ (Ч — 304т +554? — 157? — 67), 


1 
Е) = 3209 (171 4 — 70q°r + 245 q* — 457? — 50т+4), 


1 
EO = —57609 (4763 48 — 2070 4*т + 11580 4* — 945 42т? 
— 2940 42т + 1057 4? — 340 7° — 205т? — 307), (10.138) 


and more complete results to order 14 are given in Appendix I. Results for a 
specific state can be easily obtained directly. For example the 3-dimensional 
ground state results for the Yukawa potential are easily obtained to order 
100 using procedure hvhfscr by first initializing the coefficients V/j/ with a 
statement such as 


for п from 1 to 100 do Ут] := (—1)°n/n!; od: 
and then using the procedure call 
huvhfscr(100,1,0,1); 


The results are given in Appendix I. 

We also note that the results obtained in Section 10.4 for the D-dimensional 
ground state by program yukawa using the power series method are special 
cases of the general results produced by program hvhfscr. In fact the results 
(10.102) are easily obtained by substituting т = k(k + 1) = q(q — 1) into the 
results (10.138) since for the ground state we have from (10.83) k = q—1. 


10.8 Exercises 


Exercise 10.1 Derive (10.16) for the Z dependence of the energy correc- 
tions for power potentials. 


< Exercise 10.2 Derive (10.76) for the 2 dependence of the energy correc- 


tions for the Yukawa potential. 
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<> Exercise 10.3 Derive the formulas (10.77) and (10.78) for the energy cor- 
rections FE“) and Е@) for the screened Coulomb potential. 


Appendix A 


The Levi-Civita Symbol 


A.1 Basic Properties 


The Levi-Civita symbol is denoted by ¢;;,. It is antisymmetric in all three 
indices and defined by 


1 if 27k is an even permutation of 123, 
Е = 4 —1 НК is an odd permutation of 123, (A.1) 
Q if two or more of 2,7, are equal. 


It is very useful for the manipulation of various commutation relations and for 
expressing them in compact form and arises most naturally in the discussion 
of the vector product in the three-dimensional vector space ВЗ. 

If an orthonormal basis {e1,e2,e3} is chosen then any vector # can be 
expressed as х = (21, 22,23) = ));2;e; and the dot and cross products can be 
expressed as 


е; ге; = 6;;, (А.2) 
е; Же; = У ‘еек. (А.3) 
k 


Because of the properties of €;;, given in (A.1) the sum over k reduces to a single 
term and provides a compact way of writing the three identities e,; Хе. = ез, 
€, Хез = e; and ез Хе: = eg and the antisymmetry property e; Хе; = 
—е; Хе; of the vector cross product. 

From (A.2) and (A.3) we obtain the following definition of the Levi-Civita 
symbol as the signed volume of the unit cube: 


Eijk = (e; х е;) . е;. (А.4) 


A.2 Important Identities 


Important identities involving the Levi-Civita symbol can be obtained from 
the following well known vector identities 


a X (6 Х с) =(a-c)b—(a-b)c, (A.5) 
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ax(bxc)+6bx(cxa)+cxX (ax b)=0, (A.6) 
(a X b)-(c X d) = (a-c)(b-d) — (a-d)(b-c), (A.7) 


where a, b, c € №?. Equation (A.6) is a consequence of (A.5). From these 
identities it can be shown that 


Da (¢im eke + €jkm€itm + €kimEjtm) = 0, (A.8) 
2 Eijm€ktm = Oikbje — библь (A.9) 
У GitmEktm = 264, (A.10) 
у CitmEitm = 6. (А.11) 
itm 


Note how the subscripts are obtained in (A.8): cyclic permutations of 7,7, k 
but £,m are in fixed positions. 


A.3 Exercises 


<> Exercise A.1 Derive (A.8) to (A.11) using vector identities (A.5) to (A.8). 


Appendix В 


Lie Groups and Lie Algebras 


In order to make the book as self-contained as possible we briefly outline the 
connection between Lie groups and Lie algebras using the familiar concepts 
of matrices and linear algebra. The special orthogonal groups in 2 and 3 
dimensions, SO(2) and SO(3), are used as familiar examples. It is also shown 
how the infinitesimal group transformations corresponding to one-parameter 
subgroups give rise to the generators of the associated Lie algebra. Also we 
discuss the special unitary group SU(2), which is important for spin in quantum 
mechanics, and show its connection with SO(3). 

The Lie groups SO(n) and SO(p,q) and their corresponding Lie algebras 
so(n) and so(p,q) are also discussed in general terms as transformation groups 
since realizations and representations of so(4) and so(4,2) are the subject of 
Chapter 5 and Chapter 6. We do not present a mathematically rigorous or 
advanced approach here (see [MI72], [SA86], [HU72], [CO84a,b] for accessible 
and more comprehensive treatments). A pedagogical discussion of the unitary 
Lie groups and algebras and their application to the many-electron correlation 
problem in quantum chemistry has been given by Paldus [PA76]. 


B.1 Some Definitions 


A group G is a set of elements with a binary operation (denoted by juxtaposi- 
tion) such that for all a,b,c EG 


(a) ab € G, (closure), 
(b) (ab)c = a(bc), (associativity), 


(c) there exists an identity element e € G such that ae = ea = a, 


(d) there exists an inverse element а Е G such that аа" = e 


and a~!a=e. 


It can be shown that the identity element is unique and also that the inverse 
of each element is unique. A subgroup is a subset of the elements which also 
forms a group. 
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Groups can be broadly classified as discrete (finite or countably infinite 
number of elements) or continuous. For a continuous group each element de- 
pends continuously on one or more parameters and a Lie group is a special 
kind of continuous group. A rigorous definition will not be attempted here 
since it would require a knowledge of topology and differentiable manifolds. 

For our purposes an n-parameter Lie group is a group whose elements can 
be expressed as analytic functions g(a,,...,Q@,) of п independent parameters 
a; in such a way that 


(a) the identity element e = e(0,...,0) corresponds to parameter 
values a; = 0,7 =1,...,n, 


(b) the group multiplication and inverse operations are analytic 
functions of the parameters in some neighborhood of the iden- 
tity element. 


Using the vector notation a = (a1,...,a@,), property (b) implies that if g(a) 
and 9(8) are two group elements defined in some suitable neighborhood of 
the identity element then there exist analytic functions 7; = 7;(a,8) and 
6; = 6;(a), 7 =1,...,n such that in some neighborhood of the identity element 
we have g(7) = g(a)g(3) and 9 (а) = g(6). 

The simplest examples of Lie groups are the matrix Lie groups for which 
each group element д is an т Xm matrix and each matrix element g;; = g;;(a@) 
is an analytic function of the n parameters. In Section B.3 we shall consider two 
important examples: the special orthogonal group SO(3) of proper rotations in 
3 dimensions and the special unitary group SU(2) of unitary, unimodular 2 x 2 
matrices. In each case we obtain the Lie algebra associated with the group and 
show how the Lie algebra generates the group elements in some neighborhood 
of the identity via exponentiation. In fact each basis vector of the Lie algebra 
generates a one-parameter subgroup of the Lie group. 


B.2 One-parameter Subgroups 


Given an n-parameter Lie group we can construct n one-parameter subgroups 
in many ways. We shall not give the details here but it is possible to choose 
a canonical parameterization of the group elements such that the elements of 
subgroup 7 have the form g(t) = g(0,...,0,¢,0,...,0) for ¢ in position 7 and 
for t in some neighborhood of ¢ = 0 corresponding to the identity element 
e = g(0). Moreover this parameterization can be chosen so that the group 
multiplication has the particularly simple additive form 


9(# +12) = g(ti)g(t2). (B.1) 


Letting & = ¢ and & = —¢ and using 9(0) = e, inverses are given by 


g(t) = 9(-9) (B.2) 
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If we consider only matrix Lie groups (m x m matrices) it is possible to show 
that the matrices g(t) satisfy a first-order linear matrix differential equation of 
the form 


— = Ag, (B.3) 


where A is a constant matrix. The solution satisfying g(0) = J, the m x m 
identity matrix, is 


g(t) = exp(tA) = e!4. (B.4) 


Since there are n such independent one-parameter subgroups we can use a 
subscript to distinguish them. Thus, the elements of subgroup j have the form 


gj(aj) =e", (B.5) 


where a; is the parameter and A; is ап т X т constant matrix. 
The important results, whose proofs are beyond the scope of this book, are 
that the п matrices Aj, 7 =1,...,n satisfy the commutation relations 


[А;, Ax] — Усы Аь (В.6) 
4 


and thus form a basis for a Lie algebra, and that any group element sufficiently 
close to the identity element can be expressed in the form 


g(Q1,..-,Qn) = eds any (B.7) 
or the form 
9(и,.... а) = е1 41... etndn (В.8) 


for some other set of parameters a‘. 
If we know the exponential form of the one-parameter subgroups then the 
basis vectors of the Lie algebra can easily be obtained as 


A, = $9123) Е... (В.9) 


a, =0 


Each А; is often called an infinitesimal generator of a one-parameter subgroup 
since for small values (a; = 0) of the parameter the group element g(a;) can 
be approximated by the matrix 


g(aj) = Im +а;А;, (B.10) 


where I, is the т x т identity matrix. 

Finally we note without proof that the correspondence between Lie groups 
and Lie algebras is many-to-one in the sense that several non-isomorphic Lie 
groups may have the same Lie algebra. This is not surprising since a Lie algebra 
determines a Lie group only locally within a neighborhood of the identity. 
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B.3 Rotation Group SO(2) 


Consider the one-parameter group of 2 x 2 real matrices 


—sin@ созб 


В(0) = ( cos 0 м) , 0<9<2т. (В.11) 


These matrices have the following properties 


R™(0)R(0) = Ь, (B.12) 
R(0, + 0.) = R(0,)R(4), (B.13) 
R-'(6) = В(-0) = ВТ(9), (B.14) 
det(R(6)) = 1, (B.15) 


where АТ denotes matrix transposition and Iz denotes the 2х2 identity matrix. 
These matrices form a one-parameter Lie group called the special orthogonal 
group in two dimensions and denoted by SO(2). The matrices are orthogo- 
nal, property (B.12), and “special”, property (B.15). Properties (B.13) and 
(B.14) show that the group multiplication and inverse operations are analytic 
functions of parameter 0. 

Considered as a transformation group these matrices rotate points X = 
(21,22)? about the origin in R’ to their new positions X' = В(9)Х. The 
group is often referred to as the proper rotation group in 2 dimensions. 

Since every orthogonal matrix В satisfies де (А) = +1 we can define the 
more general group O(2) consisting of all real orthogonal 2 x 2 matrices. O(2) 
contains SO(2) as a subgroup and also contains the improper rotation matrices 
of the form S'R(@) where 5 = diag(1,—1) is the diagonal reflection matrix. 

From (B.9) the infinitesimal generator and basis vector for the 1-dimen- 


sional Lie algebra so(2) is given by 
0 1 
6=0 


Since A?” = (—1)"J, and A*"*! = (—1)"A it follows that each element of the 
one-parameter group can be expressed in the form 


_ dR(6) 
A= в 


В(9) =е^. (B.17) 


These results can easily be generalized to 3 dimensions. 


B.4 Rotation Group SO(3) 


In 3 dimensions every proper rotation can be expressed in terms of rotations 
about the x1, x2 and хз axes. There are now three one-parameter subgroups 
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whose matrices are 


1 0 0 
Ва) = |0 cosa —зша|, (В.18) 


0 sina cos a 


cos 0 sinf 
R2(8) = | 0 1 ] (В.19) 


—зшВ 0 созВ 
cosy —siny 0 

R3(y) = | siny cosy 0}. (B.20) 
0 01 


The matrices of each of these subgroups also have properties (B.12) to (B.15). 
From (B.9) we obtain the infinitesimal generators 


АВ, (а) оо о 

Ai = = 00 -1|, (В.21) 
da |. р 1 0 
001 

Аз = в) =| ооо|, (В.22) 
р В=0 -1 0 0 
0 -1 0 

A3 = Oo) =]1 0 oj. (B.23) 
75 о 00 


These matrices satisfy the defining commutation relations 
[А:, 42] = Аз, [A2,As3] = Ai, [Аз Ai] = Ap (B.24) 


of the Lie algebra so(3). It follows from (B.8) that in some neighborhood of 
the identity (a = 8 = y = 0) a general rotation can be expressed as 


R(a, B,7) = etAitBArtyA3 — оса’ А1 В’ Аз "Аз. (В.25) 


The three one-parameter subgroups can also be expressed аз В! (а) = e~'*, 
R,(B) = е "№2, R3(y) = е` 713 in terms of the matrix representation 


оо 0 о} 0 -i 0 
I,=]|00 -:|, [2 = оо|, [з3=|;: o of, (В.26) 
ого -i 0 0 0 0 0 


of the orbital angular momentum components: 


[L1, 22) = tL, [Lo, [3] — Л, [L3, £4] = 1D. (B.27) 
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B.5 Special Unitary Group SU(2) 


The special unitary group SU(2) consists of all unitary, unimodular 2 x 2 
matrices. Every g € SU(2) has the form 


_ a b _ ao + 103 a2 + зал 
j= ( —b* a* 7 (_ +14, dg— м (В.28) 
det(g) = |a|? + |? = a6 + a? + a2 + af =1, (B.29) 


where do, а1, 42 and аз are real. It follows that SU(2) is a real 3-parameter 
Lie group whose matrices have the form 


1 0 о: 0 го 
9 = a ( ‚+ ( оо (| ‚+ ( ‘) (B.30) 


The last three matrices are related to the Pauli spin matrices so we obtain the 
compact expression 

9 = dgl, +1а +0, (В.31) 
where а = (а1,а2, аз) and o = (01, 02,03) is the vector of Pauli spin matrices. 
Defining 


do = Cos > (B.32) 
a= a-a=sin=, (B.33) 


the group elements can be expressed as 
g(w, a) = (cos | In +1 (sin >) ao, (B.34) 


where @ = (a;/a,a2/a,a3/a) is the unit vector in the direction of a. 

We can now relate the elements of SU(2) to rotations in В? where @ specifies 
the direction of the rotation axis and w is the rotation angle. Since (а + в)?" 
I, and (а+в)”* = a-o, the elements of SU(2) can be expressed in the 
exponential form 


g(w, a) = exp (12а с) | (В.35) 


Therefore there are three 1-parameter subgroups given Бу 91 (<) = 9(а,1,0,0), 
92(В) = 9(8,0,1,0) and g3(7) = g(7, 0,0, 1) whose infinitesimal generators are 
S; = 40;, j = 1,2,3 and satisfy the su(2) commutation relations (also satisfied 


by the L; in (B.26)) 
[51, So] = 1593, [52, 53] — 154, [S3, 91] = 102. (В.36) 


With respect to these commutation relations the Lie algebra su(2) consists of all 
real linear combinations of the Pauli spin matrices and can also be characterized 
as the set of traceless 2 x 2 complex Hermitian matrices: every A € su(2) can 
be expressed as 

A=a-o, ЖЕ}. (B.37) 
Even though the Lie algebras so(3) and su(2) are the same, the corresponding 
Lie groups are not isomorphic as will be shown in the next section. 
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B.6 Mapping from SU(2) to SO(3) 


From (B.34) it follows that the correspondence between SU(2) and SO(3) is 
2-to-1 since the angles wo and wo + 27, 0 < wo < 27, correspond to distinct 
elements of SU(2) but to the same element of $O(3). This relationship can be 
made more explicit. 

Each СЕ SU(2) defines a Lie algebra homomorphism denoted by Тс: 
su(2) — su(2) and defined by 


Tc(A)=B=GAG"', A,B €su(2). (B.38) 


Defining A = 2-o and B= y-a for x,y € В? we can associate with each С 
the linear transformation on В? defined by 


y = Rez. (B.39) 


Letting G = ао[. +1a-0, then G7! = agl, —ia+o. Substituting into (B.38) 
we obtain 


у = (1 —2a*)x + 2(а :х)а — 2ap(a X 2), (B.40) 
yj = )/(Re) jets, J, & = 12,3, where (B.41) 
k 
(Ra) ;k = (1 — 2а*) 6; + 24; ак + 2ао у. Е; ке ав. (В.42) 
Г 


From these results it can be shown that Вс is orthogonal (Вс ВЕ = I) and 
that det(Rg) = 1. Therefore Rg Е 50(3). Finally we note that —С Е SU(2) 
and R_g = Rg so the correspondence is 2-to-1. 


B.7 SO(n) and its Lie Algebra so(n) 


Rotations in 2 and 3 dimensions can be defined as matrix transformation groups 
which leave the quadratic forms 12 + 12 and 11 + 12 + 12 invariant, where 
(11,52) Е В? and (21,22,23) Е R°. This definition is easily generalized to 
rotations in n-dimensional Euclidean space R”. Consider the set of пхп 
matrices which preserve the quadratic form 


Or) = а. +1 Ех, (В.43) 


where х denotes the column vector (71, 12,...,7„) and z’ denotes its trans- 
pose, a row vector. The invariance of Q(x) under a transformation by a matrix 
A can be expressed using matrix multiplication as 


Q(Ar) = (Ar)"(Az) = 2’ A’ Az = 2’ = Q(z). (В.44) 
Therefore Q is invariant if A is an orthogonal matrix: 


ATA=Ihn, (B.45) 


254 Appendix В. Lie Groups and Lie Algebras 
where I, is the п x п identity matrix (the converse is also true) and we define 
the orthogonal Lie group O(n) as 

O(n) = {A € GL(n,R): АТА = Ih}, (B.46) 


where GL(n,R) is the general linear group of all invertible n x n real matrices. 
The special orthogonal group SO(n) is defined as the subgroup of matrices 
having unit determinant: 


SO(n) = {A € O(n): det(A) = 1}. (B.47) 


Thus the reflections are not included in SO(n). We note that O(n) and SO(n) 
are indeed subgroups of GL(n,R) (see Exercise B.6). 


To characterize the Lie algebra so(n) write 
A=e*. (B.48) 


Then from (B.45) it follows that 


so so(n) is the set of all п x п antisymmetric matrices: 
so(n) = {L € gl(n,R): 7 = —L}, (B.49) 


where gl(n,IR) is the general linear Lie algebra (see Chapter 1). 

The Lie algebra so(n) has n(n — 1)/2 independent generators (see Exer- 
cise B.1) which can be expressed in terms of the elementary n x n matrices 
Ex, having 1 in position (jk) and 0 elsewhere (see (1.5)), as 


Lk = Ek — Е, 1 <j <k<n. (B.50) 
We can extend this definition to all indices 7 and k by defining 
Ley = —Lyr, LS Gk <n. (B.51) 


The defining commutation relations can be obtained from the defining com- 
mutation relations (1.6) for gl(n,IR). The result is (see Exercise B.2) 


(Lin, Lem] — — (6.6 кт + Окт. — бт Се — бет). (В.52) 


As mentioned in Chapter 1 it is usually more convenient in quantum me- 
chanics to use the generators 


Lyn = —iL jp. (B.53) 


This corresponds to writing A = e'” instead of (B.48) and makes the generators 
L,, antihermitian (Li, = —Г,,) rather than antisymmetric. Then A is a 
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unitary matrix. Of course this does not change the fact that so(n) is a real Lie 
algebra (see Chapter 1). 
The defining commutation relations are now expressed as 


(Lik, Lem) = t(bjeLam + бете — bjmLee — SkeL jm). (B.54) 


If all indices 7, К, € amd т are unequal then [Ёук, Len] = 0. Otherwise, from 
(B.51), we can assume that ¢ = 7 to obtain (no sum over }) 


(Lip, Lim] = t(Lim — бт; — 54; Lim). 


Also if k = m then these commutators are zero so all nonzero commutators 
can be obtained from 


(Lik, Ст] =tLem, К-т, (no sum on 7) (B.55) 


and the antisymmetry property Dj, = —LD,;. 

We have used п х п transformation matrices to obtain the defining repre- 
sentation and commutation relations of so(n). Other realizations are possible. 
In particular the orbital angular momentum realization in terms of position 
and momentum coordinates given by 


Гук = т;рь — ЕР; (В.56) 


is important in quantum mechanics and is discussed in Chapter 4 (compare 
(B.54) and (4.109)). Since р = —2V, (B.56) corresponds to the original anti- 
symmetric generators 


_ д 

=f 1 Ox, — Oa,” 
which satisfy the commutation relations (B.52). Another important realization, 
in case п = 4, defined in terms of the orbital angular momentum vector Ё and 
the scaled Laplace-Runge-Lenz vector A, is used in Chapter 5 and Chapter 6. 


Lp (В.57) 


B.7.1 Special case: so(3) 


The general results correspond to the familiar angular momentum case if we 


define 
Dy = L423, [2 = Ds, D3 = [12 (В.58) 


to obtain the defining commutation relations (1.14). The Casimir operator for 
so(3) is given by 


1 3 
O=5 Ук = Do Lin Lin 


р < 
М+М = 174+ 124+ 12 = L’. (B.59) 
In fact it can easily be shown that (see Exercise B.3) 
1 п 
Я =- So Lj Lip (B.60) 
2 1,К=1 


is one of the Casimir operators for so(n) for any п ([С1,Ёж] =0). 
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B.7.2 Special case: so(4) 


In this case there are (4)(3)/2 = 6 independent generators for the Lie algebra 
so(4). If we define 


Ly = 13, Ly2=L3, L3 = lia, 
Ay = Dna, Ag — Lv, Аз — [4, (B.61) 
then these six generators satisfy the defining commutation relations (5.129) to 


(5.131) (see Exercise B.4). The correspondence (B.61) can also be conveniently 
displayed as 


0 [3 -Ly A 

| 0 | A 
Lik — од. |? (B.62) 

0 


extended to the lower half using antisymmetry. 
For so(4) there are two independent Casimir operators given by (B.60) and 


1 4 
С. == у. €jkemLjk Lem, (B.63) 


6 т=1 


where €;k¢m is the 4-index Levi-Civita symbol defined so that Ежи = 1 if 
(jk€m) is an even permutation of (1234), and €;rem = —1 if (ykém) is an odd 
permutation of (1234). In terms of the correspondence (B.62) and the vector 
notation Ё = (Ly, £2, [3) and А = (Aj, А», Аз) they can be expressed as (see 
Exercise B.5) 


C,=L-L+A-A=1?+4 А?, (B.64) 
C,=1(L-A+A-L). (B.65) 


B.8 SO(p,q) and its Lie Algebra so(p,q) 


If n = p+q then the real Lie group SO(p,q) can be defined as the transformation 
group of п Х п matrices with unit determinant which preserve the quadratic 
form! 


(т) = 3 2: — > z= 2'Ga, (B.66) 


where т and 2? are defined in the preceding section and G is the diagonal 
metric matrix 


Ga(* © | diag(1,...,1,-1,...,-1), (B.67) 
0 Г 


1Some authors use the opposite signs in (B.66) which reverses all the signs in С. 
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defined in terms of the р x p and q X q identity matrices [, and ЦП. 
If A € SO(p,q) then the invariance of Q can be expressed as 
Q(Az) = (Ar)'G(Az) = 2" (AGA)z, (B.68) 
so we define (compare with (B.46) and (B.47)) 


O(p,q) = {АЕ GL(n,R): A7GA = G}, (B.69) 
SO(p,q) = {A € O(p,q): det A = 1}. (B.70) 


We note that the matrices in O(p,qg) and SO(p,q) are indeed subgroups of 
GL(n,R) (see Exercise B.6). 
As in the preceding section we can write А = ей to obtain (using С? = I, 


and G-! = С) 


АТ = & = GAG =Ge“G = Ge*Gr) 


— е-626—" — е- 666. 
Therefore СТ = —GLG and we can define the real Lie algebra so(p,q) by 
so(p,q) = {С € gl(n,R): (7 = —GLG}. (B.71) 


To obtain generators for so(p,q) write С in the block form 


AC 
(08) 
where А is a p X p matrix and В is a q X q matrix. Then the condition 
СТ = —GCLG implies that 
А С 
L = ( СТ В ) (В.72) 


where A and В are antisymmetric matrices and C is an arbitrary рх 4 matrix. 
It then follows that there are n(n — 1)/2 independent generators for so(p,q) 
which can be expressed in terms of the elementary matrices Ej, by (see Exer- 


cise B.7) 


Ев; — Ejr, pt+tl<j<k<n, . (В.73) 


Ел — Exj, l<j<k<p, 
Ск = 
Ext En, 1<]<рр+1<Ё<т 


As in (B.51) we also define С»; = —L;, so that £;, is defined for all index pairs 
(jk). All cases can be conveniently expressed in terms of the matrix elements 
9;к of the diagonal metric matrix G by 


Lik = 958 — ды kn;. (B.74) 
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We can now obtain the defining so(p,q) commutation relations (see Exer- 


cise B.8) 


[Суь, Lem) = —(9jeL em + 9тСи — 9тбы — grel jm), (B.75) 


so the metric matrix elements g;, play the same role for so(p,q) as the identity 
matrix elements 6,, do for so(n). Also, from (B.53), the alternate form is given 


by 
[Гук Lem) = Ид кт + GkmLje — Чт Сы — GxeL jm). (B.76) 


The nonzero commutators can be expressed in the simple form (compare with 


(B.55)) 
(Lik, Ст] = %9;;Lkm, J #k #m, (no sum on 7). (B.77) 


It can also be shown that the second order Casimir operator for so(p,q) is given 


by (see Exercise B.9) 

Qo = iLL”, (B.78) 
where L” is related to La, by 

17° = gacGsaLcay (B.79) 


and summation is implied over all indices in (B.78) and (B.79). We now con- 
sider three important cases 


B.8.1 Special case: so(2,1) 


If we define 
Ty = Lo3, Т2 = D3, T3 = Ly, 


and use (B.77) and Г»; = —L;, then the standard so(2,1) commutation rela- 
tions (4.1) are obtained. There is only one Casimir operator for so(2,1) given 


by (B.78) (compare with (4.2)) 


3 
Q2 — У даа дъь Гаь Lap 


a<b 
= 911922L el 12 + giigs3sLishiz + 922933L23L03 
= Lh, — Li, — Lg = T3 — Ty - Ty. 
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B.8.2 Special case: so(4,1) 


Here there are 5(4)/2 = 10 generators. In Chapter 6 the scaled hydrogenic re- 
alization of these ten generators is derived using the operator set {Z, A, B, T,} 
satisfying the commutation relations (6.3) to (6.11). The correspondence with 
the generators L;, can be conveniently displayed as 


0 L3 —Ly Ay B, 
0 LL, А, By 
— 0 As Bs |, (B.80) 
0 7; 
0 


extended to the lower half using antisymmetry. This notation makes it clear 
that so(4) is a subalgebra (compare with (B.62)). 

The Lie algebra so(4,1) has two independent Casimir operators. The second 
order one is given by (B.78) and there is also a fourth order one given by the 
more complicated expression [BO66], [ST65] 


5 
()4 = у. GjkW; Wk, (B.81) 
,К=1 
where 
] 5 
№; = с У. Е;авсааь са. (В.82) 
a,b,c,d=1 


Under the correspondence (B.80) (©). and Q4 reduce to the expressions @ and 
W defined in (6.13) and (6.14) In fact (see Exercise B.10) 


и; = (ToL —-AX B),, 9 = 1,2,3, 
и=-Ё.В, ws=L-A. (B.83) 


B.8.3 Special case: so(4,2) 


Here there are 6(5)/2 = 15 generators. In Chapter 6 the scaled hydrogenic real- 
ization of these 15 generators is derived using the operator set {Ё, A, В, Г, Ту, 
То, Тз} satisfying the commutation relations (6.25) to (6.37). As in the so(4,1) 
case the correspondence with the generators Гук is 


0 [4 -L, А B, Ty 

0 [1 Ag B, Г. 

0 Аз Вь Г 
отт |’ 

о т 


Гук <—> (В.84) 
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extended to the lower half using antisymmetry. The subalgebra structure 
so(4,2) > so(4,1) > so(4) D so(3) is clearly evident. 

Again the second order Casimir operator is given by (B.78) for n = 6 and 
metric matrix G = diag(1,1,1,1,-1,—1). There are two additional indepen- 
dent Casimir operators, a third order one and a fourth order one defined by 
[BA71a,b] 


Qs — Е бабедеу LL“ LS, (B.85) 
4 — Lah Leah, (B.86) 


where €gbcdef 1$ fully antisymmetric in all indices with е12з456 = 1, summation 
over all indices is implied and L® is related to [ль using (B.79). 


B.9 Exercises 


<> Exercise B.1 Show that the Lie algebra so(n) has n(n —1)/2 independent 
generators given in terms of the п x п elementary matrices Ej, (see (1.5) and 


(1.6)) by Lik = Lik — Еву, 1<у< {< м. 


& Exercise B.2 Derive the defining commutation relations (B.52) for зо(п) 
using the commutation relations (1.6) for the elementary matrices Ех. 


$ Exercise B.3 Show that (B.60) is one of the Casimir operators of so(n). 


@ Exercise B.4 In case п = 4 show that the definitions (B.61) give the 
commutation relations (5.129) to (5.131). 


Exercise B.5 In case п = 4 show that the operator С. defined by (B.63) 
is a Casimir operator. 


< Exercise B.6 Show that O(n), SO(n), O(p,q) and SO(p,q) satisfy the 
group properties (a) to (d) of Section B.1. 


$ Exercise B.7 Show that the matrices (B.73) form а basis for the Lie al- 
gebra so(p,q). 


<> Exercise B.8 Derive the defining commutation relations (B.75), ог equiv- 
alently (B.76), for so(p,q) using the commutation relations (1.6) for the ele- 
mentary matrices Ё;к and the definition (B.74). 


< Exercise B.9 Show that Q, defined by (B.78) is a Casimir operator for 
s0(p,q). 


<> Exercise B.10 Show that the fourth order so(4,1) Casimir operator Q4 
defined by (B.80) and (B.81) reduces to (6.14) under the correspondence (B.79). 


Appendix С 


The Tilting Transformation 


C.1 Transformation of Functions 


The scaling transformation 


1 
r= 7h, Pr = — Pp, (C.1) 
7 
ог more generally, in vector form 
1 
r=7R, p= WP (C.2) 


is used in Chapter 4 to convert a conventional hamiltonian eigenvalue problem 
into a T3 eigenvalue problem. It is also used in Chapter 5 to obtain the scaled 
Laplace-Runge-Lenz (LRL) vector from the modified LRL vector. This simple 
approach from the passive viewpoint uses two coordinate systems and has the 
advantage of being simpler to introduce and apply than the so called “tilting 
transformation” commonly used in the literature [AD82], [AD88b], [ВА71а], 
[WY74]. The tilting transformation is just an active approach to scaling in 
operator form. 
An operator T's is a scaling transformation if 


Ts f(r) = cf(e*r), (C.3) 


where ¥ = e® is the scaling parameter and с is some proportionality constant. 
Since (see Exercise C.1) 


f(er) = ea f(r), (C.4) 
we can choose T's to be the exponential operator 
Ts = ce" ar, (C.5) 


Using the realization (4.53) to (4.55) of the so(2,1) generators with {r, p,} 
rather than {R, Pr} we can express Т5 in terms of the unitary operator е'°° 72. 
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In D-dimensional space p, is defined by (4.105) and 


= —-r— -iG, (C.6) 


using the definition (4.136). Therefore, as an operator acting on functions of 
Г, 


Ts = eiaole — с‘ отт, (С.Т) 
and 
f(r) = Ts f(r) = еб f (er). (С.8) 


C.2 Transformation of Operators 


The scaling transformation of an operator X can now be defined as 
Хх — ео Те y -зааТо (С.9) 


We need the scaled versions of the operators г, р, and Тз in order to apply the 
scaling transformation to the general radial equation (4.199). It is shown in 
Exercise C.2 that 


я = ео Т» „р-—ааТ» — er, (C.10) 
Dy — eel eter — ep, (C.11) 
= Ta pe 19912 — обр, (C.12) 
р — ео? ne 12072 — е бр, (C.13) 
Тз = е" 2 Tre 14°12 — Ts cosh аа — T; sinhaa. (C.14) 


The first four transformations are the active versions of (C.1) and (C.2). 


C.3 Transformation of the Radial Equation 


C.3.1 General case 


Now consider the radial equation (4.202) 


Tyan? _ ere) f(r) =0. (C.15) 


2r? 


1 
[Ре + 


2a? 


Multiply by 2r?~* to obtain 


1 
ых +—-o- der" f(r) =0. 
a га 
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From the realization (4.53) to (4.55) the first two terms are just T, + T3 and 
in the last term r* = T; — Т,. Therefore 


[(1 — 2=)1з + (1 + 2=)Т, — 20] f(r) = 0. (C.16) 


From the identity cosh? x — sinh? д = 1 it follows that 


cosh aa = 


— 2Е 
= — ; C.17 
V —8€ me —8Е } 


Therefore, from (C.14) with a replaced Бу —a, (C.16) can be expressed as 


1 —2e 1+ 2e 20 
| =z Is + =z т f(r) = 0, 


mrt _ = | f(r) — 0, 


20 1aa 
Hs ° ° (г) — 0, 


which is just a 73 eigenvalue problem of the form (13 — q)f(r) = 0 with 


e teeta 1 — (С. 18) 


20 o 
= = C.19 
7 V —8€ —2Е } 
From (C.17) and the definition 7 = e® of the scaling parameter, 
477 = e** = (coshaa + sinhaa)* = = (C.20) 


These results are identical to (4.201) so the active tilting transformation is 
equivalent to the simpler passive approach. 


C.3.2 Special case of hydrogenic atom 


In the special case of the hydrogenic atom, а = 1, о = Z and Е = E,, (see 
Table 4.1) we have for the principal quantum number, 4 = п = Z7, and for the 
energy levels, Е, = —y~?/2, and for the scaling parameter, y = e%. Therefore 


el r( H _ E,)e*°? — е°Т2(Н _ Ее" 
— etl уе‘ Т2 eta Н _ E,)e"'*” 
= 7(H — E,) 

ei rp —Z-—e rE, 

= e* (Srp —п+ +r) 


=e “(1з — п), (C.21) 


which shows that the original eigenvalue problem is transformed into a 73 
eigenvalue problem by the tilting transformation. 
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C.4 Tilted Laplace-Runge-Lenz Vector 


The tilting transformation (C.9) can be used to show how the scaled LRL 
vector A defined in (5.128) is related to the LRL vector U defined in (5.107) 
and the modified LRL vector defined in (5.103). 

From the commutation relations [T2,A] = 7B and [Т1о, В] = 1A (see 
Section 6.2) and the exponential operator identity (2.6) it follows that (see 
Exercise C.2) 


et Ae’ — Acosha+ Bsinha. (C.22) 


Using the definitions (6.39) and (6.40) of A and В, the identity г = В- А, 
and Е, = e-2*/2, 


eet А tole “(А+ В)- 1 те “(В - А) 


afl a 


(rp — р(г. ‚у г 
"(И —тН) — зе “т, from (5.107) 
“ +4 e720 r) _ те бт 


ыы = у. see (5.113). 


1 
2 
е 


ей 


Therefore 
eV eon = A, (C.23) 


which shows that A is really the scaled LRL vector. 


C.5 Exercises 
< Exercise C.1 Derive the scaling transformation (C.4). 


< Exercise C.2 Derive the scaling transformations (C.10) to (C.14) and 
(C.22) for г, p,, T3 and A using the operator identity 


е 8 Ae? = А+ [А, В] + ГА, BI, В] +... = Ум, By” 


n=0 П 


derived in Chapter 2. 


Appendix О 


Perturbation Matrix Elements 


In our applications to hydrogenic perturbation theory we need matrix elements 
of В, R?, R°, in the D-dimensional case, and matrix elements of Z, Z?, RZ and 
R(R? — Z*) in the 3-dimensional case. They are conveniently collected together 
here in tables derived using the Maple computer algebra system [CH91a,b,c]. 


D.1 Basic Formulas for Matrix Elements 


D.1.1 3-dimensional case 


All of these matrix elements can be obtained from the matrix elements of R 
and Z by matrix multiplication. The matrix elements of R and Z have been 
calculated in Chapter 6 (see (6.85) to (6.90)). The results are given in the 
first two rows of Table D.1 and in Table D.2 where we have used the compact 
notation 


Rete’ — (пи, бт Е пт), (0.1) 

о — пр, + ттт). (0.2) 

Only two of the three kinds of matrix elements of R, и = —1,0,1, are 
given in Table D.1 and only three of the six kinds of matrix elements of Z, 


и = —1,0,1, и = —1,1, are given in Table D.2. The other matrix elements are 
obtained from the symmetry properties 


Вии = ‚6 VAs ety _ — grt 


= RY, 6, nlm пи, +, т? (0.3) 


which follow from the hermiticity of В and Z and the fact that their matrix 
elements are real. 
Higher powers of А are obtained by matrix multiplication. For example, 


’ ' 6 
(Rr = ‘ бр — = Rete Re Ree ’ (D.4) 


where |p| < 2, |u’| < 1 and т | <1, and 
(ЗЕ = io а — = DoF ие ", (0.5) 


266 Appendix D. Perturbation Matrix Elements 


where |u| < 3, |u’| < 2, | — p’| < 1. The results are given in Table D.2. 
Similarly matrix elements of Z? are obtained from 


‚в ‚в 64 
(2?) "= = (27) ит — > arin ть tv ’ (D.6) 


n+p', nlm 
ply! 


where || < 2, v € {—2,0, 2}, || <1, [v'|=1, р-н <1, |и-и| = 1. They 
are given in Table D.3. 

The matrix elements of RZ, needed for the Stark perturbation, are obtained 
from 


пи __ n _ n+pl+v onrtp' l+v 
(RZ) ы = (RZ) лит — УВ быв, ы (2.7) 
p! 
where |p| < 2, |v| = 1, | <1, |u — p’| < 1. They are given in Table D.4. 


Finally the matrix elements of U = R(R? — Z*), needed for the Zeeman 
perturbation, are obtained from 


Ut UM esa = (PYRE yg (Вии, (D.8) 


(RZ*)" mth = De Fae 22) + нии, (0.9) 


where |p| < 3, v € {-2,0,2}, |и'| < 2, и- p’| < 1. They are given in Tables 
D.5 and D.6. 


D.1.2 D-dimensional case 


Since В = T, — T_ we can use so(2,1) to do perturbation theory based on the 
D-dimensional hydrogenic atom in case the perturbation is central. Denote 
the matrix elements of R by 


Rite = (q+ и, k|R\qk), (D.10) 


where we have used the notation |gk) rather than |kg) (as in Chapter 4) for 
the basis vectors. From Section 4.8 in the D-dimensional hydrogenic case we 
have 


k= f+ = (2.11) 


g= kt Ltn тым, = 0,1,2,...) (0.12) 


and the matrix elements of the first three powers of В are given in Table D.7 
using the symmetry property analogous to (D.3). It is clear that this is just 
Table D.1 but with п and @ generalized to 4 and k as given in (D.11) and 
(D.12). 
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D.2 Symbolic Calculation of Tables 


The following Maple program, rzmatriz, was used to calculate the matrix ele- 
ments for Tables D.1 to D.6. 

In lines 9 to 19 the matrix elements of К and Z are defined as expressions 
in terms of п and @ from the results obtained for the so(2,1) and so(4,2) Lie 
algebras. The notation r1/mu/ is used for the matrix elements of В in (D.1) 
and 21[ти, пу] is used for the matrix elements of Z in (D.2) as functions of 
п and 6. The Maple subs function is used in several places to substitute new 
values of п and 6 into the expressions for the matrix elements of R and Z 
according to the symmetry properties given in (D.1) and (D.2). 

In lines 23 to 31 (D.4) is used to derive formulas for the matrix elements 
of R? using matrix multiplication. The factor and simplify functions are also 
used to simplify the expressions involving square roots. Similarly the formulas 
for matrix elements of АЗ, Z?, RZ and U are obtained from (D.5) to (D.9). 

It is convenient to use loops involving in to loop over only the specified 


elements of the lists [-1,1] or /-2,0,2/. 


01 # rzmatriz 


02 

03 # matrix elements of r from so(2,1) Lie algebra 

04 

05 rift] := —(1/2)*((n—£L)*(n+€4+1))° (1/2): 

06  г1[0] := п: 

07 г1[-1 := subs(n=n—1, r1/1)): 

08 

09 # matrix elements of z from so(4,2) Lie algebra 

10 

11 210,1] := —((2*0+1)* (2*€4+3))° (—1/2) 

12 * ((C—m+1)* (€+m+1)* (n—l— 1)*(n+€4+1))* (1/2): 
13 211,-1] := (1/2)* ((2*€—1)* (24£+1))° (—1/2) 

14 * (((—т)*(Е+т/* (п-6+1)* (n—£))° (1/3): 

15 211,1] := (1/8)*((9*6+1)* (9жё +3) )^ (- 1/2) 

16 * ((—т-+1)* (-+т-+ 1) (ntl +1)*(n+£4+2))° (1/2): 


17 210,-1] := subs(@=€—1, 21[0,1]): 
18 21-11] := 8468 (п=п- 1, 6=6+41, z1[1,—1]): 
19 2#1[-1,-—1]:= subs(n=n—1, €=€—1, #1[1,1]): 


20 

21 # Matriz element formulas for r°2 from those of r 

22 

23 for mu from—2 to 2 do 

24 $ := 0; 

25 for mul from —1 to 1 do 

26 if abs(mu—mu1) <= 1 then 

27 $ := $ + subs(n=n+mu1, г[ти—ти1])*т1 [ти]; 
28 fi; 


29 od; 
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30 r2[mu] := factor(simplify(s)); 
91 od: 


33 # Matriz element formulas for r°3 from those of r°2 


85 for mu from —3 to 3 do 

36 8 := 0; 

37 for mul from —2 to 2 do 

38 if abs(mu—mu1) <= 1 then 

39 $ := 8s + subs(n=n4+mu1, r1/mu—mu1])*r2/mu1] 
40 В; 

41 od; 

42 r3[mu] := factor(simplify(s)); 

49 od: 


45 # Matrix element formulas for z°2 from those of z 


47 for mu from —2 to 2 do 
48 for nu in [-2,0,2] do 


49 s := 0; 

50 for mul from —1 to 1 do 

51 for nul in [- 1,1] do 

02 if abs(mu—mu1)<=1 and abs(nu—nul)=1 then 
59 $ := s + subs(n=n+mul, C=l+nu1, 

54 z1/mu—mu1, nu—nul]) * 21[ти1,пи]]; 
55 fi; 

56 od; 

57 od; 

58 z2/mu, пи] := factor(simplify(s)); 

59 od; 

60 od: 

61 

62 # Matriz element formulas for rz 

63 


64 for mu from —2 to 2 do 
65 for nu in [-1,1] do 


66 s := 0; 

67 for mul from —1 to 1 do 

68 if abs(mu—mul1) <= 1 then 

69 $: 8s + subs(n=n+mul, €=£+nu, r1f/mu—mu1)) 
70 «z1/mu1,nu/; 

71 fi; 

72 od; 

73 г2[ти, пи] := factor(simplify(s)); 

74 od; 

75 od; 
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77 
78 


# Matrix element formulas for и := r°3 — rez°2 


for mu from —3 to 3 do 
for nu in /—2,0,2] do 
s := 0; 
for mul from —2 to 2 do 
if abs(mu—mu1) <= 1 then 
$ := $ + subs(n=n+mul, = пи, г[ти—ти1]) 
* 22 [ти1, пи]; 
fi; 
od; 
if nu = 0 then 
u/mu,nu] := factor(simplify(r3[mu] — s)); 
else 
и [ти пи] := factor(simplify(—s)); 
od; 
od: 


save rl, r2, r3, 21, z2, rz, и, rzdata ; 
save rl, r2, r3, 21, 22, rz, и, rzdata.m ; 
quit; 


Using the save statement the program creates two files for use in other 


programs. The first, rzdata, contains all the tables of matrix elements in a 
“human readable” form and the second, with the m suffix, indicates that the 
file should be stored in Maple’s internal format so that it can be loaded more 
quickly using the read statement 


read ‘rzdata.m ; 


The file rzdata contains the following tables 


rl := table(/ 
(0) =n, 
(-1) = -—1/2%(n—1-£)* (1/2)*(n+£)° (1/2), 
, (1) = —1/2(n—-£)* (1/2)*(n+£4+1)° (1/2) 


r2 := table(/ 
(0) = 3/2«n° 2—1/2xl—1/2xl 2, 
(-1) = -—1/2%(n—1-£)* (1/2)s (n+£)° (1/2 )* (2en— 1), 
(1) = —1/2«(n+£+1)° (1/2)*(n—£)° (1/2)* (24n+1), 
(-2) = 1/4%(n—2-£)° (1/2)* (n+€—1)* (1/2) *(n—1-£)° (1/2) 
«(n+£)° (1/2), 


(2) = 1/4%(n—£41)* (1/2)* (nt+l4+2)* (1/2) (n—£)° (172) 
*(n+£41)° (1/2) 
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1; 


r3 := table(/ 
(0) = 1/ тж (5жп`2+1-9ж6- Sxl °2), 
(-1) = —3/8«(n—1-€)° (1/2) (n+£)° (1/2) 
* (5#n° 2—5+n—lL42-L° 2), 
(1) = —8/8*(n+£41)° (1/2) (n—£)° (1/2) 
* (Sen 2—L—£L°24-54n+2), 
(-2) = 3/4*(n—2-L£)° (1/2)* (n+l— 1) (1/2)* (n— 1-£)° (1/2) 
* (ntl) ° (1/2) (n—1), 
(2) = 3/4x(n—€4+1) (1/2) (n +042)" (1/2) (n+l4+1)° (1/2) 
+(n—£)*(1/2)*(n+1), 
(-3) = —1/8(n—3—L)* (1/2)* (n—2+£)* (1/2)* (n—2-£)° (1/2) 
* (n+—1)* (1/2)*(n—1-£)° (1/2)*(n+£)° (1/2), 
(3) = —1/8*(n+2—-L)° (1/2)*(n+3+£)° (1/2)*(n—L41)* (1/2) 
«(nt+£42)° (1/2)*(n—£)° (1/2)*(n4+l4+1)* (1/2) 
1; 


21 := table/(/ 
(1,1) = 1/8/(9*6+1)^`(1/3)/ (96 +3)^ (1/2)* (€—m+1)* (1/2) 
* (+т-+1)^(1/2)*(п-+ё-+1)^(1/2)ж (n+£4+2)° (1/2), 
(-1, 1) = 1/23/ (96 +1)^(1/2)/(9ж*6+3)^ (1/2)+ (C—m+1)° (1/2) 
* (L4+m+1)*(1/2)* (n—1-£)° (1/2)+ (n—2-£)° (1/2), 
(11-1) = 1/2/(2xt—1)° (1/2)/(2*€4+1)* (1/8 )*(#—=т)^ (1/2) 
* (€-+m)*(1/2)* (n—£4+1)° (1/2)* (n—£)° (1/2), 
(0,-1) = — 1/(9*#— 1)^(1/2)/ (9+6 +1)^ (1/2 )*(8—=т)^ (1/2) 
* (+т)^(1/2)ж(п-6)^ (1/2)* (п-+ё)^ (1/2), 
(0,1) =-1/(96+1)^(1/2)/(9%6+3)^ (1/2)* (C—m+1)* (1/2) 
* (€4+m+1)* (1/2)* (n—1—£)° (1/2)* (n4+£41)° (1/2), 
(-1,-1) = 1/2/(2*t—1)* (1/2)/(2*+1)° (1/2)*(l—m)° (1/2) 
) * (L4+m)*(1/2)* (n+€—1)* (1/2)* (n+£)* (1/2) 


22 := table/(/ 

(2,-2) = 1/4/(2et—3)° (1/2)/(2xt—1)+ (-1-т)^ (1/2) 
+ (€— 14m) * (1/2) (n+3—L£)° (1/2) (n+2-£)° (1/2) 
/ (2+6 +1)^ (1/2)x (C—m)* (1/2)*(l+m)° (1/2) 
+ (n—£+1)° (1/2)*(n—£)° (1/2), 

(1,-2) = -1/(9*6-3)^ (1/2)/(2*l— 1)* (C—1—m)* (1/2) 
+ (€—14+m)° (1/2) (n+2—-£)° (1/2)* (n—£41)* (1/2) 
/ (2x41) (1/2)* (l—m)* (1/2)* (l4+m)* (1/2) 
*«(n—L)* (1/2) (n+) ° (1/2), 

(1,2) =-1/(9ж(+3)/(9%6+5)` (1/2) (€+2—m)* (1/2) 


2.2. 
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*(€4+2+m)*(1/2)* (nt+l4+2)° (1/2) (n+3+£)* (1/2) 
/(9*ё+1)^ (1/2)% (C—m+1)* (1/2) (C+m+1)* (1/2) 
«(n—1-£)* (1/2)* (n+£+1)° (1/2), 

(-2, 0) = 1/4* (2x0 ° 2+2xl—1—2%m* 2)*x(n—1-£)* (1/2) 
« (n—2-L)° (1/2)* (n+l—1)° (1/2)* (n+l) ° (1/2) 
/ (2£4-3)/(2xl— 1), 

(2,2) = 1/4/(2x0+3)/ (96 +5)^ (1/2)*(L+2—m)* (1/2) 
* (L42+m)* (1/2) (n+34£)* (1/2)* (п+4-+6 )^ (1/2) 
/(9*ё+1)^ (1/2)% (€C—m+1)* (1/2)* (€4+m+1)° (1/2) 
* (n+£41)° (1/2)*(n4+£4+2)° (1/2), 

(0, 2) = 3/2/(2xL43)/ (2x45) (1/2)* (L+2—m)* (1/2) 
* (L4+24+m)* (1/2) (n+l41)° (1/2)* (nt+l4+2)° (1/2) 
/ (2041) ° (1/2) (C—m+1)* (1/2)* (l+m+1)° (1/2) 
« (n— 1—£)* (1/2)* (n—2-£)° (1/2), 

(2,0) = 1/4* (2x0 °242«l— 1—2«m* 2)*(n+£4+1)* (1/2) 
« (n+l42)° (1/2)* (n—L41)* (1/2)* (n—£)° (1/2) 
/ (2x£4+8)/(2xl— 1), 

(-1, 2) = -—1/(2xL+3)/(2xL+5)° (1/2)* (€+2—m)* (1/2) 
* (C4+2+m)*(1/2)* (n—3-L)° (1/2) (n+l4+1)° (1/2) 
/ (2xb+1)° (1/2)* (€—m+1)* (1/2)* (€+m+1)° (1/2) 
« (n—1—£)*(1/2)* (n—2-£)° (1/2), 

(-2, 2) = 1/4/(9*6+3)/(9*6+5)^ (1/2)% (L4+2—m)* (1/2) 
* (€4+2+m)° (1/2) (n—3-L£)° (1/2)*(n—4-£)° (1/2) 
/ (2xb+1)° (1/2)% (€C—m+1)° (1/2)* (€+m+1)° (1/2) 
« (n— 1—£)* (1/2)* (n—2-£)* (1/2), 

(0,-2) = 3/2/(2xl—3)* (1/2) /(2xl—1)* (€C-—1-—m)° (1/2) 
* (C—14+m)* (1/2)*(n—£41)* (1/2)* (n—£)° (1/2) 
/ (2041) * (1/2)* (C—m) * (1/2)* (+m) * (1/2) 
* (n+l—1)°(1/2)*(n+e)° (1/2), 

(-1,-2) = —1/(2«t—3)° (1/2)/(2xt— 1)* (¢—1-—m)° (1/2) 
* (#— 1+т)^ (1/2)*(n—£)° (1/2)* (п- 2+6 )^ (1/2) 
/ (2x£+1)° (1/3)ж(—т,)^ (1/2)*(€+m)* (1/2) 
« (n+l—1)* (1/2)* (n+£)° (1/2), 

(1,0) = —1/2 (2xl°242l— 1-Эжт `` )ж (2en4+1)*(n+£+1)* (1/2) 
«(n—L£)* (1/2)/(2xl+3)/(2xl—-1), 

(-1, 0) = —1/2« (20° 242«l— 1- Э*жт`8)* (2kn—1)* (n—1-£)° (1/2) 
« (n+l) ° (1/2) /(2xl4+3)/(2xl— 1), 

(0,0) = 1/9 (9ж6^9-+29%6—1-9жт^ 2)% (—L°2-£4-3%n° 2) 
/(2xl43)/(2xl- 1), 

(-2,—2) = 1/4/(2%-3)° (1/2) /(2xl— 1) (C-—1-—m)* (1/2) 
* (#— 1+т,)^ (1/2)ж(п- 8+6 )^(1/2)* (n— 2-6 )^ (1/2) 
/(2x£41)° (1/2)* (l—m)* (1/2) * (+m) * (1/2) 
« (n+l—1)* (1/2) (n+) ° (1/2) 


Di 
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rz := table(/ 

(1,1) = 1/2«(—m+1)°(1/2)*(€+m+1)° (1/2) 

*(ntl41)° (1/2)*(n+£+42)° (1/2)* (2en—L) 
/ (2x0 4+1)° (1/2)/(2*£4+3)° (1/2), 

(-2,—1) = —1/4(n—1-£)* (1/2)* (n—2+€)° (1/2) 

/ (2xl—1)° (1/2)/(2x£ +1) ° (1/2)* (L—m)* (1/2) 

* (C-+m)* (1/2)* (n+€—1)* (1/2) (n+£)* (1/2), 
(-1, 1) = 1/2 (€—m+1)°(1/2)*(€+m+1)* (1/2) 

* (n—1—£)° (1/2)* (n—2-£)° (1/2)* (2n+2) 

/ (2041) ° (1/2)/(2*£4+3)° (1/2), 

(1,-1) = 1/2«(e—m)*(1/2)*(€+m)* (1/2)*(n—£41)* (1/2) 
*(n—L)° (1/2)* (Qen4l+1)/(2*l—1)° (1/2) 
/(ael+1)* (1/2), 

(-2, 1) = —1/Jx(n—3-L) *(1/2) (n+l) (1/2) 

/(9*ё+1)^ (1/2)/(2%£4+3)° (1/2)* (C—m+1)° (1/2) 
* (L4+m+1)* (1/2)*(n—1-£)° (1/2)* (n—2-£)° (1/2), 

(0-1) =-3/9п/(9ж(- 1)^(1/2)/(9*ё+1)^ (1/2) 

* (C—m)* (1/2)* (+m) * (1/2)* (n—£)° (1/2) 
«(n+t)* (1/2), 

(2,1) = —1/4*(n—£)° (1/2)*(n+34£)° (1/2)/(2*£4+1)* (1/2) 
/ (2043) ° (1/2) (C—m+1)° (1/2)*(€+m+1)° (1/2) 
& (ntl41)* (1/2)*(n+£+2)° (1/2), 

(2,-1) = —1/4%(n+2-£)° (1/2)*(n4+£+1)° (1/2) /(2xt— 1)° (1/2) 
/(2x£41)* (1/2)* (C—m)* (1/2)* (+m) * (1/2) 

+ (n—£41)° (1/2)*(n—£)° (1/2), 

(0,1) =-3/9п/(9ж6+1)^(1/2)/(9ж6+8)^ (1/2) 
*(€—m+1)* (1/2)*(€+m+1)° (1/2)* (n—1-£)° (1/2) 
*(n+l+1)° (1/2), 

(—1,-1) = 1/2« (€—m)* (1/2)* (+m) * (1/2)*(n+€—-1)* (1/2) 
& (n+l) ° (1/2)* (2*en— 1-6) /(9ж6-— 1)^(1/2) 
/(2*£+1)° (1/2) 

); 


и := table(/ 

(2,-2) = —1/4*(n+3—-L)° (1/2)*(€-1-—m)* (1/2) 

* (C—1+m)* (1/2)*(n+2-£)° (1/2)* (n—£41)° (1/2) 

* (C—m)* (1/2)* (+m) * (1/2)* (n—£)° (1/2) 

+ (Sen4t2l +2)/(2Qel—3)° (1/2)/(2xl— 1) /(2*£+1)° (1/2), 
(1,-2) = 5/8*(n—£+1)° (1/2)*(€-1—m)* (1/2) 

* (C—14+m)* (1/2)*(n—£)° (1/2)* (€—m)* (1/2) 

* (€-+m)* (1/2) (n+2—£L)° (1/2)* (n+£)° (1/2) 

* (Sen tl 41) /(2xl—3)* (1/2)/(2xl—1)/(2%£+1)° (1/2), 
(1,2) = 5/8«(n+€41)* (1/2)* (€+2—m)° (1/2) 


0.2. Symbolic Calculation of Tables 


+ (C4+24+m)* (1/2)* (nt+34£)° (1/2)* (#—т-+1)^ (1/2) 
* (€+m+1)° (1/2)* (n—1-£)* (1/2) 

* (Ntl42)° (1/2)* (Sen—L)/ (QL 43)/(24£4+5)° (1/2) 
/ (9+6 +1)^ (1/2), 


(—3,-2) = 1/8*(п-1-6)^(1/2)* (п- 4-2 )^ (1/2) /(2ж6-3)^ (1/2) 


(-2, 0) 


(-3, 2) 


(2, 2) 


(0, 2) 


(2, 0) 
(3, 2) 


(3,—2) 


(-3, 0) 


(-1, 2) 


(-2, 2) 


/(2*+6- 1)* (#-1-т)^(1/2)*(#—1+т)^ (1/2) 
* (п 3+6 )^(1/2)* (п- 2-6 )^ (1/3)/(9ж6 +1)^ (1/2) 
* (—т)^(1/2)* (+т,)^(1/2)* (п-+ё-— 1)^ (1/2) 
* (n+l) ° (1/2), 
= 3/2« (n—2—-L)° (1/2)* (n+l— 1)* (1/2)* (n— 1—£)° (1/2) 
* (n+l) ° (1/2)x (0° 24£— 14m 2) (n—1)/(24L4+3)/(2*£— 1), 
= 1/8 (n—5—£)*(1/2)% (nt£)* (1/2) /(2+£+3) 
/ (2xL45)° (1/2)* (E+2—m)* (1/2) (04+2+m)°* (1/2) 
« (n—3—L)* (1/2)* (n—4-£)* (1/2) /(2*€ +1) * (1/2) 
* (€—m+1)* (1/2)* (Е +тч+1)^ (1/2)* (n—1-£)° (1/2) 
«(n—2—-£)* (1/2), 
= —1/4x(nt+44£)* (1/2) (C4+2—m)° (1/2) (€+2+m)* (1/2) 
* (п-+6 +2) ^(1/2)* (n4+3+£)° (1/2)* (C—m+1)° (1/2) 
*(€4+m+1)* (1/2) (n+l4+1)* (1/2) (9жп- 9ж6) 
/(9*6+3)/(2*6+5)^ (1/2) /(2жё+1)^ (1/2), 
= —5/2«n/(2l43)/(24L45)° (1/2) (C4+2—m)* (1/2) 
* (€42+m)* (1/2) (n+l4+1)° (1/2)* (n+l€+2)° (1/2) 
/ (2041) (1/2) (C—m+1)° (1/2) (l+m+1)° (1/2) 
« (n—1—£)* (1/2)* (n—2-£)° (1/2), 
= 3/2s (n—L41)° (1/2)*(n4+£+2)° (1/2)* (n4+£41)* (1/2) 


*(n—L)° (1/2)* (0° 240—14+m° 2)% (n+1)/(24L+3)/(2xl— 1), 


= 1/8«(n—£)* (1/2)*(nt+5+£)° (1/2) /(9=6 +3) 
J (2x£45)° (1/2)% (€+2—m)* (1/2)* (€+2+m)* (1/2) 
* (1+9) ^ (1/2)%(n+44+£)* (1/2)/(2x£+1)° (1/2) 
* (€C—m+1)* (1/2)* (€+m+4+1)* (1/2) 
* (ntl41)* (1/2)* (n+£+2)* (1/2), 
= 1/8*(n+4—L)° (1/2) (ntl +1) ° (1/2)/(2*l— 3) ° (1/2) 
/ (2xl—1)* (€—1—m) * (1/2) (C— 14+m)* (1/2) 
«(n+3—L)° (1/2)* (n+2-L)° (1/2)/(24£ 41) ° (1/2) 
+ (—т)^ (1/2)* (+m) * (1/2)* (n—£41)° (1/2) 
*(n—£)* (1/2), 
= —1/4*(n+l—1)° (1/2)* (n—3-£)° (1/2)* (n—1-£)° (1/2) 
‘(n+l)* (1/2) (n—2—-£)° (1/2)* (n—2+£)° (1/2) 
* (6^2-+6— 1+т` 2) /(9жё +8) /(9жё-— 1), 
= 5/8* (n+£+1)° (1/2)* (0+2—m)* (1/2)* (€-4+24+m)* (1/2) 
« (n—3—L)* (1/2) (C—m+1)° (1/2)* (€+m+1)° (1/2) 
+ (п 1—£)* (1/2)* (n—2-£)° (1/2)* (Зжп- ) 
/ (2L43)/ (2x45) (1/2)/(2x£+1)° (1/2), 
= —1/4%(€4+2—m)* (1/2) (C4+2+m)* (1/2)* (n—3-£)° (1/2) 


273 


274 Appendix D. Perturbation Matrix Elements 


# (n—4—L)* (1/2)% (€—m+1)° (1/2)* (Е +т-+1)^ (1/2) 
* (n—1—£)* (1/2)* (n—2-L)° (1/2) (Ben+2l)/(2%£4+3) 
/(9*6+5)^ (1/2)/ (2%€4+1)° (1/2), 
(0-2) = —5/2«n/(2xl—3)° (1/2)/(2*l—1)* (4—=1-т)^ (1/2) 
+ (€—14+m)* (1/2)*(n—€41)* (1/2)* (n—L)* (1/2) 
[ (2x41) ° (1/2)* (C—m)* (1/2)* (€4+m)* (1/2) 
* (n+l—1)° (1/2)* (n+£)° (1/2), 

(3,0) = —1/4%(n+2-£)* (1/2) (n+3+£)* (1/2)* (n—£41)* (1/2) 
& (ntl42)* (1/2)*(n—£)° (1/2)* (n+£4+1)° (1/2) 

* (0° 240—14+m* 2)/(24L+3)/(2xl- 1), 

(-—1,-2) = 5/8« (t—1—m)* (1/2)*(€—1+m)* (1/2)* (n—2+4£)* (1/2) 
* (n+l—1)° (1/2)* (l—m)* (1/2)* (€+m)* (1/2) 

« (n+£)° (1/2)* (n—L)* (1/2)* (3*п- 1-6) /(9*6—8)^ (1/2) 
/ (2xt—1)/ (2041) ° (1/2), 

(1,0) = —3/f*(n+l41)° (1/2)* (n—£)° (1/2)* (0° 24+l-—14+m°2) 
* (ban 2—-L-£° 24+54n+2)/(2%£4+3)/(2xl—- 1), 

(-—1, 0) = —3/4x(n+€)° (1/2)* (n— 1-£)° (1/2)* (€° 2+£—14+m° 2) 
+ (San ” 2— §an—L4+2—-L° 2)/(2l4+3)/(2xl—1), 

(0,0) = nxe(l°2+l-—14+m°2)« (d«en° 2+ 1- 3+6 — dl 2) 

/(2+6+3)/ (9*ё-— 1), 

(-2,-2) = -1/4*((=1-т)^(1/3)* (€— 14+m)* (1/2)* (п- 8-6 )^ (1/8) 
* (п 2+6 )^(1/2)* ((—=т)^(1/2)* (Е+т)^ (1/2) 
#(n+l—1)° (1/2)* (n+£)* (1/2)* (9*жп- 9- 9жё ) 

) / (2xb—3)° (1/2) / (2xl—1)/(2*£+1)° (1/2) 


D.3 Special Values of Matrix Elements 


Here we give the special values of the matrix elements of S = R and the scaled 
perturbation W = RZ for the ground state Stark effect in the hydrogen atom 
(see (7.53) to (7.55)). These results were used to do the “hand calculations” 
of the second order energy correction E'?) of Section 7.4.4. 


D.3.1 Matrix elements of А for n =1,...,5 


Using the general values in Table D.1 we can calculate specific values of the 
matrix elements of R for the 3-dimensional hydrogen atom. Since the R matrix 
is rather sparse and symmetric (at most 3 nonzero elements В" per row if the 
rows are labeled by né and the columns are labeled by n’é’) only the nonzero 


elements are listed for principal quantum number п = 1,...,5. 
Rig = 1 Rip = —У2/2 
RR=-Vv3/2 RB=2 RB =-Vo/2 


RB =2 RB = -1 
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8 --/? RY=3 №8 
Н=— №-=3 № =-У0р 
RE=3 = 

8-3 08-4 RQ = -V5 
в! =-У10/2 ee №332 
ва --У? 4-4 = RB =-УШ 
8-4 = 

8 --5 9-5 


Ril = —3\/2/2 ВЯ =5 
Ва =-У14/2 В =5 
8=- № = 


0.3.2 Matrix elements of W = RZ for n=1,...,5, m=0 


Using the general results in Table D.4 the matrix of the scaled Stark pertur- 
bation RZ is given here for п = 1,...,5, 6 =0,...,п — 1 and for the special 
case т = 0 (the subscript т is omitted). 


Wit = У? Wa? = —v3/2 

WP = -3 29 =4 we = 10/2 
И = V2 W3} = -3 Wii = V6 

War = 23 из =-v2/2 Wp =-У? 
И/30 = V6 W3° = -36 WX = 2/15 
WX = —/30/2 

Wig = —V2/2 Wy) = 4 Из = —3V6 
Wiz = —3V3 Wig = 4V2 Wa = 5V2 

Из = —V10/2 И =-У7 

W2? = 2/3 W3? = —3\/3 И’ 3? = 3\/30/5 
W2? = 6/30/5 W3? = —V/15/5 W2? = —3\/15/5 
We = —V2/2 We = 42 We = -6V5 
W2° = 4/10 

Wt = —V/10/2 Wa! = 2V/15 Ws! = 3\/30/5 
Wit = -6V5 Wal = —24\/5 /5 Wil = 10 

Wat = 7/70 /5 

WH = —У2 Из? = 52 W2? = —24\/5 [5 


W# = —18\/5/5 W2? = 11\/10/5 W2? = 18/10 /5 
И/ 43 = 6/30/5 Was = —18\/5 /5 W283 = 18/70/35 
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W = 20\/14/7 


WX = —\/10/2 И/50 = 10 И/50 = —15/2 
W3! = — 30/2 И/51 = —/15/5 W3! = 4/10 

W2! = 1110/5 И/51 = -15/2 

W2 = — 7 We? = 7\/70/5 И/52 = 18/70/35 
W2? = —18\/35/7 

И’53 = —3\/15/5 И/53 = 18/10/5 W233 = —18\/35/7 
W33 = —30\/7/7 

И/54 = 20V14/7 И/5* = -30V/7/7 


Table 0.1: 3-dimensional matrix elements of В“ in the scaled hydrogenic 
basis for d = 1,2,3. 


(Rte = (RM = (ntp,£,m|R*|nem) 


[012 || (1/2)[3n? — +1) 
(1/2) ee —£)(n+£+41)]/? 
—— 
0/3] (0/2)nfon?+1- 30+) 
BE 


|- 

| 

K 
1 [- Ee re ИС — t)(n +41)P” 
|213] (3/4)(®+1)(®-0®-(+1@+(+1(@®+(+2)? 


—(1/8) ЕЯ 


х[( оз 
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ante yxy = 2%, trum = (n+p, £+v,m|Z|ném) 


—[(2@ + 1)(26 + 3)]-1/7 
le m+1)(€+m+41)(n—£-1)(n+£41)]”? 
(1/2){(2@ — 1) (26+ 1)}? 

х [(# — т) (+ m)(n —£41)(n — OP? 

(1/2) [(26 + 1)(26 + 3)}-1/? 

х[( — т + 1)((+т+1)(п+6+1)(®+#+2)]? 


Table D.2: Matrix elements of Z in the scaled hydrogenic basis. 
: 
Table D.3: Matrix elements of Z? in the scaled hydrogenic basis. 
7 (Z*) nein oY = (2?) 6+, т = = (n+p, 6+, m|Z?|ném) 
ies — £6 + 1)|[2e(é +1) — 2m? - 1] 
x [(26 — 1)(26 + 3)]7? 
(3/2) (26 + 3)-*[(20 + 1)(26 + 57"? 
7 x[((€-m + 1)(€- m+ 2)(€+mt+1)(€+m 4 2)]}? 
x[(n — £— 2)(n —€-1)\(n+l41)(n4+ £4 2)}/ 
1 | —2 || —(2€ — 1)71[(2@ — 3) (26 + 17"? 
х[(( — т —1)(€— m)(€+m —1)(€+ т)? 
x[(n — O(n — £4 1)(n — £4 2)(n + OY”? 
В —(1/2)(2n + 1)[2e(€ + 1) — 2m? — 1][(2e — 1) (04+ 3)! 
x[(n — £)(n+ £41)? 
1] 2| -@e+3)Nee+ ees 5” 
iv х [(6 — т + 1)(ё — т + 2)( + т + 1)(+т + 2)? 
x[(n — 6 — 1)п+6+1)®+6+2)(® + 6+ 3)? 
(1/4) (26 — 1)-1 (26 — 3)(2€ + 17172 
х[(# — т — 1) (6 — т) (+ т — 1)(€+ m)]!? 
x[(n — (и -+0®-(+2)(®- +3) 
(1/4)[2€(€ + 1) — 2m? — 1 (26 — 1)(2€ +3) 
x[(n—£+1)(n—A)(ntl4+V(n+e 4 2))? 
(1/4)(2€ + 3)- (26+ 1)(20 + 5)" 
x[(2— m+ 1)(€- mt 2)(64+m+1)(l+ m+ 2)? 
х[(п tlt ln tlt 2intet 3(nte+4)p? 
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Table D.4: Matrix elements of RZ in the scaled hydrogenic basis. 


пи + _ nt 
et of RZ) (Аим = 


(3/2) Jnl (20 + 1)(26 +3)? 
x[(€-m+1)(€+m4+1)(n—l-1)(n+241)P? 
il 


(1/2)(2n + € + 1)[(26- 1)(2¢ + 1))-? 
x[(€— m)(£+ m)(n — £+1)(n — 6]? 


= (n+p, l+v,m|RZ|nem) 


(1/2)(2n — 6) (26+ 1)(22 + 3))-/” 
al mt) ((+т + 1)п+4+1)(п ++ 2)? 
oe 1)(2@ + 1) 717? 
сер 

о п-—(+1)п-— 4+2)? 
т [(26+1) ay 1/2 
х[ (4 —-т+1) Им 
х[(п — £)(n + l41)(n + £4 2)(n 4+ +3) 
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Table D.5: Matrix elements of И = R(R? — 2?) in the scaled hydrogenic 
basis. Continued in next table. 


nt+ultv _ тт 
ie — т #+ь, т 


= — =e 


_ aoe a ay cE 1/2 
x((€— т+1)((—-т+2)(4(+т+1)(+т +2) 
x[(n — £—2)(n — £-1)(n + €41)(n4 €4 2)}/ 


1 | —2 || (5/8)(3n + £4 1)(2 — 1)-{ (26 — 3)(2é 4 1)}-/? 
ia x[(€—m —1)(€-— m)(£+m—1)(€4+ m)}? 
x[(n — £)(n — £4 1)(n—£42)(n+ 0)? 
‘EE (3/4)[5n? + 5n — O(€ + 1) + 2Ife(C4+ 1) Ц 
х[(26 — 1)(2€ +3) Ч — O(n +24 1)? 
(5/8)(3n — 6)(26 + 3)- (26 + 1)(26 + 5)? 


х[(6 — т + 1) =-т+2)((+т+1(4(+т +2)? 
x[(n — £- inter Nn t et Nort e+ SPF 


x[(€-—m — 1)(é- ие + т — ye +m)}!2 
x[(n — £)(n — £4 1)(n — £4 2)(n — £4 3))/? 
(3/2)(n + 1)[€(€ + 1) + m? — 1][(2@ — 1)(2 + 3) * 
x[(n — £)(n —£41)(n+£41)(n +64 2)p/ 
—(1/4)(8n — 20 (26 + 3) (26 + 1)(2 + 5-17 
x[(2— т+ 1) —-т+2)((+т+1((+т+ 2)? 
х[(п+6+1)(п ++ 2)(п+#+3)(п+6+4)]72 
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Table D.6: Matrix elements of И = R(R? — 2?) in the scaled hydrogenic 


basis. Continuation of previous table. 


ven = Ur teu = (n+p, Ни m|U nem) 


x[(€ —m —1)(€— m)(€+m —1)(€4+ т)? 
x[(n — £)(n —€41)(n —£42)(n — £4 3)]}/ 
x[(n — £4 4)(n 4+ £41)? 
— (1/4) [66 + 1) + m? — 1][(2@ — 1)(22 + 3)]7? 
x[(n — £)(n — £4 1)(n — +2)? 
x[(n +4 1)(n+l42)(n +24 3)? 
(1/8)(2€ + 3)-1[(28 + 106+ 5-1? 
x[(€—m+1)(€—m42)(€4+m41)(€4+ m +2) 
х [(п —L)(n + £4 1)(n+l4 2)(n+ £4 3)}/? 
x[(n +64 4)(n4+€45)}? 


Table D.7: D-Dimensional Matrix elements of R? in the scaled hydrogenic 
basis for d = 1,2, 3. 


(Ве = (RYN = (atu, ЕК) 


1] 14 (4/2) [а — bq +k +12? 
0] 2] a /2)8¢? - ke + DI 
[1] 2 | -(/2)2¢+ Dig- Bq +k+ UP" 

|2 |2] (1/4) [(9 —k)\(q—k+1)(qtk+l(qtk+ 2) 1/2 


0} 3 || (1/2)q[5q? +1 — 3k(k + 1)] 
[2 


| 
3 | — (3/8) 54? + 5q+2—k(k +1) (а - К (а+е+ 1)? 
| 


[3 
В 
2/31 (3/4) 4+ Diq—-H(q— e+ DqtktDq+k+2))? 
—(1/8)[(q— Bq — B+ Dg — B+ 2H? 
x(q tk+1(qtk+2)(q+k+3)]¥? 
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Tables of Stark Effect Energy 
Corrections 


E.1 Ground State Energy to Order 100 


In Tables E.1 to E.4 the energy corrections for the ground state 3-D Stark effect 
have been converted to the integer values F,, = —2-4"E‘™) corresponding to 
the series expansion (see [PR80] where the notation e, = F, is used). 


со 1 > d 2n 
Е = у. Е") )2n — 52. Ен (2) . 


n=0 


The floating point values of the energy corrections expressed in the Maple 
internal floating point format are also given to 60 digit accuracy in Tables E.5 


and E.6. 
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Table E.1: Ground state energy corrections for the 3-D Stark effect. Here we 
tabulate the integer values Е, = —2 - 4"Е®). 


Е 


|) 


2 © 


8 
0 
2 
4 
6 
28 | 57241 05464 55691 41365 46941 33867 32846 22148 68878 81417 


г 


bo] BS  ) | = = | bo 
on => 
= 
< 
> 
< 
or 
GO 
Ww 
= 
<> 
— 
& 
< 
> 
— 
< 
Ww 
or 
oo 
©.) 
SG 
ны 
= 
< 


<> 
bo 


> 


0 | 18211 11253 10624 49232 76209 20096 53334 49090 14425 46230 
43964 80 

32 | 65925 27588 32296 74570 62262 21917 56355 63242 67012 87268 

10186 76796 0 

26947 26486 73995 50582 96768 16055 51000 07195 53389 44246 

68952 43008 79086 4 

12352 40423 69012 45810 26672 76706 71432 88085 72311 89953 

21803 92759 15016 40411 2 

63110 30314 27680 83045 49968 87772 16626 97298 76694 44742 

93238 40413 12540 34323 16192 

35740 84638 66117 71953 59113 56622 33172 59515 24579 12136 

20800 62511 96906 54022 58918 08848 

22324 29795 93542 85016 26676 61045 88010 22143 26511 40042 

38412 64762 25239 12709 39966 55523 60672 

15309 81220 32730 54470 17106 01743 34292 68506 07339 98583 

51372 02768 99492 77389 25611 82350 78639 46016 

11480 05899 93885 20042 50776 07467 89277 29330 31360 26935 

68975 66637 36384 10325 28126 44586 14010 95493 89120 


34 


Go 


6 


ee) 


8 


40 


42 


> 


4 


46 


Е.1. Ground State Energy to Order 100 


Table E.2: Continuation of preceding table. 


48 | 93768 01674 83758 14085 09435 06469 70029 24719 33708 35712 
92571 77202 93399 62524 29022 80748 73913 63438 23611 0064 
0 | 83135 93557 89076 14698 77582 53759 36931 23123 62048 04313 
48354 08091 93160 80630 12546 19412 50445 88736 67928 39333 
0464 
52 | 79753 72759 68089 97488 10249 10852 39499 32544 94278 82030 
11808 10931 64755 69006 12491 80140 00201 36156 20174 21477 
12226 7936 
54 | 82537 35433 13629 36480 22396 95419 18717 96243 89788 48184 
19483 03232 86727 12592 16118 46114 75129 66231 56901 80266 
05456 80224 6720 
56 | 91894 58675 43993 33133 62818 81438 34886 77157 76432 36079 
52110 53869 02494 19830 38131 88440 62489 36420 18814 05183 
23281 96649 61499 6192 
58 | 10978 80843 20851 30785 46995 44251 32244 72886 73186 53472 
97930 93689 48683 32614 59791 85071 24614 78905 63125 73180 
42124 13612 13348 13310 04736 
14041 30952 00907 14418 45392 84290 54567 64561 57383 94062 
25441 16479 83989 46184 09099 13153 92058 25744 64643 77641 
67765 12258 60683 35227 60203 92384 
62 | 19181 22027 05143 75394 42975 47892 93645 61062 89479 15172 
91460 43409 13034 04905 17389 80770 07169 17869 12092 42729 
86152 59857 07451 48911 04841 55529 77280 
64 | 27928 75642 63507 95120 11948 86806 55924 86908 18531 04483 
77423 41582 95530 79873 44765 05845 90495 67855 36225 46780 
68907 35329 46342 35202 01704 19813 03718 15000 
43259 35685 01308 90426 18783 92546 06623 13634 91877 87307 
67288 54935 46996 38180 09340 27471 31976 26083 66669 68754 
73242 12711 06250 77185 34312 50969 05626 05985 57264 
71147 36360 23451 76605 24792 61509 97116 42663 80707 42998 
32018 62988 58185 36422 81951 29027 83596 50693 42147 02317 
38395 67655 19121 74249 25601 24202 33135 61628 05304 91152 
12403 13622 25458 51300 32211 20415 53288 11393 23420 71990 
50944 21219 19357 05311 48056 41543 14923 55895 41076 76436 
33235 80408 97350 40086 48403 41789 52907 77467 86579 90355 
691552 


or 


70 
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Table E.3: Continuation of preceding table. 


22881 49355 96989 68529 07381 50402 80185 13383 25326 91989 
76865 00077 68060 76691 60774 91423 61120 10219 25293 21596 
23819 83291 05928 85808 17620 92907 95429 53570 11945 84032 
12624 22286 4 
44600 80042 13290 30386 45574 85209 07582 30337 77201 53960 
53519 99933 23326 35359 30941 29657 96414 36553 90378 80696 
62748 22154 10259 67005 68734 79423 27589 66691 75049 20003 
37464 74258 02249 6 
91720 74966 80787 24718 78290 82483 40739 90135 83300 73536 
85071 53919 94183 29936 37675 65048 69703 61914 71737 97131 
39631 19093 34909 02615 13444 36039 81590 17812 44464 45037 
42349 98751 24425 43632 0 
19872 54978 61803 82575 49561 64758 07351 39430 95284 27525 
14985 39531 58728 54358 88148 90202 43376 65663 24182 32213 
47937 09751 18081 75116 20607 21281 64422 79661 80788 32693 
40867 37771 53493 41321 46688 64 
45302 86795 36405 77156 25915 88915 23902 49126 53102 09554 
48249 00045 11437 93720 36168 56469 41089 66958 84858 31222 
09911 96936 77962 06225 10880 69350 06655 55863 54915 67001 
94993 89320 43617 30342 66100 48292 64 
10852 68863 87199 57224 26772 61822 39032 11455 93519 45109 
14457 76442 38442 77188 39458 52427 83932 31450 92803 66209 
19246 67665 68788 85648 89835 87685 13326 01021 96297 32825 
46885 20905 56705 67524 08276 78581 09516 896 
27287 78699 36353 92392 82653 65767 25762 91419 78517 98683 
89421 45924 48412 61048 66330 88118 12420 05755 90081 72453 
11938 52822 00420 94163 80759 30720 77084 32787 81829 78282 
37208 47975 07315 57839 88777 16514 54266 55950 688 
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Table E.4: Continuation of preceding table. 


n 
71932 12396 53445 91476 36945 69720 44271 12346 71578 10525 
01710 51402 95993 46140 83214 56622 61770 64221 65194 73990 
00384 06605 01405 31472 58983 82825 50968 66537 23319 22075 
86943 36888 62584 17297 92398 41331 52044 27799 11371 968 
19857 66210 38107 26840 55360 90579 64725 47508 76782 86246 
13493 18042 02975 45345 37114 14158 81954 45664 87337 59003 
91231 14973 33908 98331 87659 12198 50500 78547 38350 52400 
90848 31540 72185 89332 47283 79738 96341 40547 05298 92759 
7344 
57349 85843 75241 29293 20582 19341 38279 59622 62126 68568 
20666 37237 28637 29644 56146 03248 96271 97107 07750 95358 
21402 88301 92449 92748 72153 84615 28877 94337 47064 20849 
62711 65086 88782 38371 90918 78494 50517 38286 05814 04886 
90511 5328 
17310 26785 10684 93693 74896 38670 63995 41984 84860 78100 
44922 98171 08295 49427 51517 52884 00255 36422 49870 61497 
80138 46762 61077 39460 40415 46272 02167 77314 86293 95545 
95531 75254 05115 21140 50582 62642 68500 31030 93035 54986 
94202 39204 96704 
54554 32902 07416 67663 04974 28565 67513 74470 68513 86327 
36459 39780 08948 63508 13739 64554 05780 97124 66909 91604 
66813 46927 47513 71177 10717 08397 95100 77145 80880 33443 
82276 71901 23184 58491 37737 70362 34630 98663 84822 98484 
82996 75843 08416 47744 
17935 47339 99645 71245 90017 87760 61931 26460 57370 77963 
61315 41904 09838 82265 16651 31197 28262 91945 86961 45270 
85378 94618 54772 99389 38735 90943 09797 86783 40398 36131 
60154 28610 37848 09641 98617 53448 28555 64576 13903 64192 
84388 75093 25423 38928 78872 0 
61457 54442 71795 55370 87585 51753 38350 71978 40042 53190 
34963 80839 66680 10760 47564 83964 39423 20400 19303 25942 
08278 87516 35754 34313 81993 95033 60639 61702 49498 32048 
08651 20486 75430 58910 98668 66597 82632 51043 19083 12161 
94120 80651 22306 33024 25555 43299 2 
21930 68433 86128 24973 77765 60580 92394 89560 24935 95981 
31812 62531 42832 62245 08263 02020 07704 01657 54884 10992 
67675 46707 09117 11950 13052 81537 45269 02205 67891 56924 
29727 56171 44068 10604 30481 51023 47594 42558 85576 46427 
10402 41858 85992 62051 44825 13746 09430 08 
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Table E.5: The Maple internal floating point format for the energy coefficients 
for the ground state 3-D Stark effect. Е“) is defined in terms of the integer [, 
and exponent e, by E( = I, x 10%. 


-5000000000 0000000000 0000000000 0000000000 0000000000 0000000000 
-2250000000 0000000000 0000000000 0000000000 0000000000 0000000000 
-5554687500 0000000000 0000000000 0000000000 0000000000 0000000000 
-4907771484 3750000000 0000000000 0000000000 0000000000 0000000000 
-7942369264 5263671875 0000000000 0000000000 0000000000 0000000000 
-1945319604 6649932861 3281250000 0000000000 0000000000 0000000000 
-6626303652 3689170360 5651855468 7500000000 0000000000 0000000000 
-2992494398 8411939487 6360893249 5117187500 0000000000 0000000000 
-1734697049 5631198205 9038383886 2180709838 8671875000 0000000000 
-1259075329 8631655215 1860222384 5664411783 2183837890 6250000000 
-1121058367 5917076266 7669864918 2639928767 4576044082 6416015625 
-1203359420 4124757797 8013850934 0838655498 3735550194 9787139893 
-1534075883 5841529805 4341719651 0349001045 0030922584 1192528605 
-2292706634 1729705191 2966748412 4990076606 5810262972 4908183562 
-3971896051 3336025012 6743721995 7038162346 7191152128 3416135475 
-7897811107 8223603231 3595973793 9997033504 9641019478 8220182627 
-1786908183 3575961324 6987038926 2641298324 9878506610 7626435128 
-4565044236 2151408299 0205672800 4256393836 7998640605 2368392001 
-1307861670 8073711215 4932493260 9915675918 6325001499 1309561328 
-4176289536 9633736412 0944368115 3400928926 1935056418 1433451636 
-1478206760 3620595653 0500241913 0241240410 4469996937 7087291070 
-5770695769 0109322494 3006487883 5651995268 5460163732 6873063381 
-2473433561 7920358291 4832992736 3203001979 6840117049 4955858855 
-1159189725 9837761194 2801018166 8986354494 1581146822 6601608809 
-5917593805 8322192520 5720135650 1462619662 1720540892 8448165089 
-3279134469 8586391529 7775656651 7516174545 5061243789 5696612690 
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Table E.6: Continuation of preceding table. 


-1966081179 5865230060 9666295202 2837006366 1478286390 6855738573 
-1271689297 8981712041 0017719527 7619241616 6061142592 4012710159 
-8849126817 8694164054 3761390392 5622508968 1966245200 7529742013 
-6607629972 8261974955 0921082377 1153580638 5771204449 8154521014 
-5281753606 0844287040 7974980454 9083735917 1454314879 6256997379 
-4509483213 9735195371 9437569640 0629637446 7389950541 9736742411 
-4103761925 5833772880 2473268564 7178010178 6605148282 8966777314 
-3972744499 8073661872 7166555876 5288648210 4298850986 1764455738 
-4083658397 9714838947 4312123108 1362453587 1248383100 7989846224 
-4449406909 8150435775 4601818199 8384380713 2243925606 0515269640 
-5130208285 8662970589 7553246546 4370538946 3259281339 6742743651 
-6249903313 8066024472 8597067499 7857194172 4702620255 8537106260 
-8033009103 5374807518 5145594001 7345080828 1057832524 8040379244 
-1087788027 2497282009 1044812104 8046536023 3013786500 3807210533 
-1549874006 1754518762 2767272417 6853642909 0753510039 3437479903 
-2320534656 2551369506 5129437772 7677725484 2326261437 7243015452 
-3646691704 6550743274 0863830921 9231477303 9968112751 9696436995 
-6008051326 7671911167 0791238491 5791651430 2257467568 9704127329 
-1036618330 0000089298 3169448933 6255164269 9004019993 1061316528 
-1871126437 5072954077 5236325524 0852267982 2436316534 0732386023 
-3529836504 7133893636 2493848255 3934504007 9273804984 2836331268 
-6952804822 4161557660 1878270145 9647168765 3099939156 3130469286 
-1428642879 7907410214 9214947541 9476999890 6142985515 4998185253 
-3059609903 2813459345 5945128095 7589539713 8950797223 9138231690 
-6823749184 6568838875 0680577243 8227015898 1304226549 6445791039 
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E.2 Symbolic Energy Corrections for Parabolic States 


The corrections f) for the perturbed separation constant to order 12 for the 
parabolic Stark states are given here (see Chapter 8 for details). 


9 =4, 
41 Го =64° — 27, 
4? f2) — 36 та- 684 — 104, 
43 [(3) = 44 т? — 10327 4? — 120т + 1500 4* + 66097, 


44 Га) = 35640 т 4? — 3636 т24 + 12960 та — 42756 q° 
— 37900 4° — 22104, 


45 |) = 229200 т24? — 3680т3 + 33712 т2 — 13641607 4* 
— 1029600т 4? — 542407 + 1400784 4 + 2093280 4* 
+ 381264 42, 


46 f(8) = 552912 т3а — 13182480 т243 — 5881416 т24 
+ 55719216т 4° + 72439200т 43 + 12051720 та 
— 50118384 4' — 113822520 4? — 43002592 4? 
— 1656500 д, 


47 } (7) — 450696 т* — 53877984 т34? — 8886688 т3 
+ 728298480 т24* + 657768432 т24? + 46142240 т? 
— 2379352416 т 4° — 4778464320 т 4* — 1663495776 т а’ 
— 60441600 7 + 1905807816 4° + 6142374000 а° 
+ 3997074984 4* + 484419360 9g’, 


48 | (8) — 4336206000 т343 — 98489844 r4q + 2155524912 т34 
— 39436837272 т24° — 60110940120 r2q° 
— 12837436200 т?4 + 104928884208 т q’ 
+ 302909140800 7 g° + 182925628704 т q° 
+ 20998605600 та — 75783847700 q? — 330097271640 q’ 
— 331953386940 4’ — 83943936120 4 — 2564063050 а, 


4° f(9) = 12987661680 т*4? — 66513664 r° + 2306958208 r4 
— 313746377280 r°q* — 313679336640 тд? 
— 25354142720 т3 + 2112491924256 774° 
+ 4891069777440 r7q* + 2121721190976 774’ 
+ 104008003840 7? — 4741154003520 т ¢° 
— 18689372876160 т g® — 17545111106880т 4* 
— 4217580898560т 42 — 123998092800 т 
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410 ао) — 


41 fo — 


412 f02) — 


+ 3118465869552 41° + 17695955613600 4* 
+ 25598194895280 4° + 11206248868800 q* 
+ 1078065703680 q?, 


19093706352 т5а — 1343525553360 r4q° 

— 717606581400 r4q + 21237767907552 13а? 

+ 35612199123840 т34? + 8691108323328 т34 

— 112468417051680 т24' — 369115567782192 т24? 
— 271104353086320 т24° — 40501147719024 т24 
+ 218322729416880 т 4° + 1130767102209600 т q’ 
+ 1534645588890960 т 4’ + 640629497858400 т q° 
+ 59428632961080 та-— 131843747886864 а" 

— 947164090664440 4 — 1872704078101248 q’ 

— 1272588709670760 q° — 255756162331848 q° 

— 6733922487500 4, 


3732772967040000 4? + 45031376367043200 q* 

+ 129263525627735520 4° + 131709507058831680 q° 
+ 50643440002927200 4:° + 5697798643729920 4? 

— 15838816064578560 т 4? + 357193017113600 т? 

— 405806442240000т — 81594277462425600 т а* 

+ 8983518025596288 т24? — 97686597736960 7° 

— 125575991694955200 7 4° + 29575190336065920 т*4* 
— 1711445923076736 т34? + 26427662667881664 774° 
+ 11417794129664 т* — 3480389242659840 r°q4 

— 67406243137200000 т 4° + 128865105585120 т“? 
— 595447803776 т? + 10969945664 7° 

+ 5966527397878080 т248 — 3175284764352 та? 

— 1374410347836288 r°q° + 120261151140480 т“ 4" 

— 10206901413838272 т 41°, 


—26875761111700500 4 — 250747728583221744 4° 

— 1134082523226988520 4° — 6549523588743151632 q° 

— 12095258403199910400 q’ 8983957949831891752 q° 

— 2705874556442300880 q'! + 249994688604883200 та 

+ 3096679286588838192 т 4? — 180718837654280280 724 
+ 9189094783235653440 т а’ — 1490737259341598928 r7q° 
+ 43829365101036576 r°q — 2895797539380382560 r7q° 

+ 254115671424258336 т34? + 9768565563606096192 т q’ 
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— 4675835826310488 т*4 + 226108678695744 r°q 

— 17531168259583440 r*q° + 307555450162285248 r°q° 

— 1820100070436354784 rq’ + 3971540557994232960 т q° 
+ 86145644160151488 7°’ — 3902280325872 7°q 

— 9780498479694096 7*q° + 483131045629997856 та"! 

+ 401388127465248 т?4? — 315868918931969040 774”. 


The energy corrections to order 12 for the 2-D and 3-D parabolic stark 
states are given here (see Chapter 8 for details). 


BO == nQ, 

Е) = те”? — 30? — 9т? + 19), 
3 

Е) = ap Q(23 п? — Q? + 11m? + 39), 


1 
E® = — тра” (5487 п* + 1806 п20? — 3402 п? т? + 35182 п? 


24 
+ 147 0* — 1134 О?т? + 5754 О? — 549 m4 — 8622 m? 
+ 16211), 

Е) = т” (10568 n‘ + 98 n?Q? + 772 п?т? + 90708 п? 
— 21 Q* + 220 О?т? + 7800? + 725 m* + 830 т? 
+ 59293), 

1 
E® = 8105” (547262 n® + 685152 n4Q? — 429903 n4m? 


+ 9630693 n* + 390n?Q* — 25470 n?Q?m? 

+ 7787370 n?Q? — 16200n?m* — 4786200 n?m? 

+ 22691096 п? — 372 08 + 765 Q*m? + 1185 Q* 

— 36450 Q?m* — 62100 Q?m? + 7028718 Q? — 6951 m® 
— 16845 m* — 4591617 m? + 7335413), 


EM = 


затея” 2 (7071885 пб + 1502283 n4Q? — 1530561 n4m? 


+ 152685291 n* + 1947 п20* + 21410 n?Q?m? 

+ 22015690 n?Q? + 94915 n?m4 — 22686230 n?m? 

+ 458448411 п? + 957 08 — 6321 Q*m? + 5691 Q* 

+ 66115 Q?m* + 64330 О?т? + 25667355 О? + 55937 m® 
+ 155435 m* — 26168905 т? + 196899293), 


1 
(8) — _ 22 84] 10764 n®Q? 
Е 4194304" (4857120235 n° + 12678910764 n°@ 
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E®) = 


FO) — _ 


— 4746228804 n°m? + 172582164844 пб 

+ 645075018 n4Q* — 1085792148 n*Q*m? 

+ 331102439388 n*Q? + 435500730 n*m* 

— 124137275220 n*m? + 1093789661706 n* 

— 747012 n2Q® — 2470860 n?Q*m? 

+ 11959413060 n?Q* — 79477020 n?Q?m* 

— 19867808520 n?Q?m? + 1231898249988 n?Q? 
— 19492116 n?m® + 8195443620 n?m4 

— 486334179660 n?m? + 1632167936956 п 

— 181341 08 + 1876644 Обт? — 496524 Q® 

— 22063230 Q4m4 — 21564900 Q*m? + 17547948306 О* 
— 67197564 Q?m® — 141703380 Q?m* 

— 29221748388 Q*m? + 680368729332 Q? 

— 6806349 m® — 32695740 m® + 11889823554 m4 
— 298412555292 т? + 427874233827), 


°Q(2211 8 672 
поза” @ (22112129285 n® + 12598683740 пб) 


— 10200847744 n°m? + 917951097984 пб 

+ 172454814 n*Q* — 358952160 п*О?т? 

+ 392428448160 n*Q? + 201412890 n*m* 

— 317353315860 п*т? + 6969252790122 п 

+ 24732 n?Q® — 119616 n?Q*m? + 3957836736 n?Q* 
+ 38622220 n?Q?m'4 — 8334034520 n?Q?m? 

+ 1761026240876 п?О? + 40353752 п?тё 

+ 4253151560 п?т^ — 1441775177880 п2т? 

+ 12831312300408 п? — 50331 Q® + 209568 Q®m? 
— 508128 08 + 2646714 Q4m* + 6187692 Q*m? 

+ 7185767946 Q* + 46791608 Q?m® 

+ 77010920 Q?m* — 15084116856 Q?m? 

+ 1195710089688 О? + 18392649 m® 

+ 69937420 m® + 7808504806 т“ 

— 1006368923668 т? + 4299243990233), 


28 10 > = 
33554432 (800100584625 n™ + 3531718242237 n° 


— 941836887252 пт? + 48684095967932 n° 
+ 644591038770 n°Q* — 840709724400 n°Q?m? 
+ 169577068424400 n°Q? + 198333399150 n°m* 
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— 45469881503100 n°m? + 626373227457246 n° 

+ 2438877042 n*Q°® — 6824616120 n4Q*m? 

+ 23675323671720 п*О* + 5577327090 n*Q?m* 

— 30829420751940 n4Q?m? + 1513833667407234 n*Q? 
— 2450385324 n*m® + 7249898088540 n4m4 

— 422072703577332 пл те + 2434676258004036 n4 
+ 5843997 n2Q® — 12056688 n2Q*m? 

+ 68188173648 n2Q® — 948879630 n2Q*m4 

— 188824283460 n?Q*m? + 125792774343042 п?О* 
— 3137863752 п? От? + 184465739880 n2Q?m*4 

— 164600057856888 n2Q?m? + 3350330445600600 n?Q? 
— 377909847 n?m® — 60176387700 п? те 

+ 39374394170022 n?m* — 1007444117562516 n?m? 
+ 2783302471314105 п? + 2495697 0 

— 21126420 От? + 18039420 Q® 

+ 63646830 Q®m* — 111650940 От? 

+ 151641012702 Q® — 1689714540 О*тё 

— 2317040100 Q*m* — 420070516020 Q*m? 

+ 102128404605060 О* — 1838749815 О?т8 

— 5617811700 Q?m® + 404337671910 Q*m* 

— 135353468181780 О?т? + 1392459218433945 О* 
— 115264584 m!° — 665542440 т8 

— 133529057424 те + 33692289582960 m* 

— 474748699290408 т? + 63357328597 1896), 


п310 (9410960157921 n!° + 10154131800085 п? 


— 6493212136390 пт? + 649021962183490 n® 

+ 695462790498 n°Q* — 1262468040680 n°Q?m? 

+ 558884535692280 n°Q? + 568087787270 n°m* 

— 357772658536540 n°m? + 96303624241 70230 n® 

+ 716237298 n*Q® — 2229000228 n*Q*m? 

+ 29823023026188 n*Q* + 3317640090 n4Q?m* 

— 54076838581380 n*Q*m? + 5775505963918890 п*О* 
+ 731007048 n4m® + 24279201135960 n*m*4 

— 3758931959930184 n4m? + 4406149989061 1496 n* 
— 4743235 п? ОВ + 24369240 п?Обт? + 24150939960 n?2Q° 
+ 436268490 n2Q4m* — 75851230980 п? От? 
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+ 185113905610074 n?Q* + 4583691280 n*Q?m® 

+ 71564015600 n2Q?m! — 335912796015440 n?7Q?m? 
+ 15007785638154960 п?О? + 2099386065 n?m® 

— 21946605380 n?m® + 150866783243190 пт 

— 10094094111129700 п?т? + 60831413232503585 п? 
— 863751 ОР + 10888570 От? — 4089470 Q® 

— 67596330 Q°m* + 17289060 Q°m? 

+ 64899758022 Q® + 1219104264 Q4*m® 

+ 1582347480 Q4m* — 203621159112 Q*m? 

+ 176378121030888 Q* + 3433637865 Q?m® 

+ 8599490620 Q?m® + 196331078790 Q?m4 

— 321193872086500 Q?m? + 7469657365300025 О? 
+ 782236742 т? + 3742954950 m® 

— 58219729428 m® + 144795330370780 m* 

— 5299150706401266 m? + 17262327593960222), 


1 
= ——_____n*4(1172209604185207 n” 


2147483648 
+ 7814178947623482 п О? — 1618417506860712 п! бт? 


+ 110253302535625272 n° + 3057731201792421 п*О* 
— 3285523200438072 n°Q?m? 

+ 606444058246839912 n°Q? 

+ 524011843775475 пёт- — 126356130666034830 пт»? 
+ 2458387854870199659 n® + 85017525243420 n®Q® 

— 199376946006480 n°Q*m? + 191449663106346480 п? О“ 
+ 142330294848060 n°Q?m* 

— 205665845342051160 n°Q?m? 

+ 10249548385777427100 n°Q? 

— 28224654085320 n°m® + 32811579865596840 n°m* 

— 2200725198030524088 n°m? 

+ 19188558330629529688 n® 

+ 24153553809 n*Q® — 95965741872 n4Q*m? 

+ 4219395027159312 n4Q® + 15338342250 n*Q4*m* 

— 9886399011179460 n4Q*m? 

+ 2262766922034353658 п* О“ 

— 595383138504 n*Q?m® + 7051691283353640 n*Q*m* 
— 2450321942933003832 п*О? т? 

+ 54225467781645721176 n4Q? 
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— 44184143619 n*m® — 1390539507679476 n*m® 

+ 398964842675433342 n*m* 

— 12309651548594189460 n4m? 

+ 558682706471 12321805 n* + 79265802 п? О 

— 1724845320 п? От? + 940267615320 п2 08 

— 16712457300 n?Q°m* — 3699329772600 n2Q°m? 

+ 30292357570709388 n?Q° — 712326023640 n?Q*m® 

+ 6301875195000 n?Q*m* — 70969127411868840 n?Q*m? 
+ 67851060005647 10280 n?Q* — 866409410790 n?Q?m® 
— 4596493948200 n?Q?m° + 50640361843676220 n*Q?m* 
— 7472149976219524200 n?Q?m? 

+ 88307644547272913466 п? О? 

— 61913144304 п? т: + 851172212880 п? т8 

— 9988169953482336 п?те + 1266807825334175520 n?m*4 
— 21925672124703719856 п? т? 

+ 53648726696829439056 п? 

— 74017293 07? + 424789992 От? — 884311032 08 

+ 794402235 От” + 5955363810 От? 

+ 2994519906675 Q® — 81973356696 Q®m® 

— 130611345480 Q°m* — 11813784249960 Обт? 

+ 33448395539267016 Q° — 684276346215 О*т? 

— 1443370656420 Q*m® + 19872563543910 Q4m* 

— 78453204574502340 Q*m? + 3945565377319013481 Q* 
— 390780230544 От — 1568986586640 О?тё 

— 14323678538400 Q?m® + 56158517508841440 Q?m* 

— 4466784769149844944 Q*m? 

+ 30397897915288281648 Q? 

— 16641313287 пи? — 111740151534 т 0 

+ 2808831981615 m® 

— 11161741759419108 те + 806397825646029639 m* 

— 8671768874861084622 т? + 11023418359867957297). 


Appendix Е 


Tables of Zeeman Effect Energy 
Corrections 


F.1 Ground State Energy to Order 60 


In Tables F.1 to F.15 the energy corrections E™) for the ground state Zeeman 
effect are given in rational form for the series expansion 


со В? п со 
E=jYeRM (=) = (п) yn 
[5] Lew 
where Л = B?/8 [see Chapter 9]. 

The floating point values of the energy corrections expressed in the Maple 
internal floating point format are also given to 60 digit accuracy in Tables F.16 
and Е.17Т. 
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Table F.1: Ground state energy corrections for the Zeeman effect. The de- 
nominators are expressed in prime power factorized form. 


—53/31 
5581/32 
21577 397/223351 


2 
13 


aN 


— = | = ел eo] >| — 
~] 


0 | —61278 73544 61355 17930 91647 10303 3033/2739577° 
1| 28609 06791 68905 46438 86413 58759 27117 89049 


~] 


[2731058761 11 

12 | —63212 27877 04554 40411 16164 55430 55820 82898 40606 3 
[2931159717112 

13| 64835 92275 41411 97801 86181 30859 58043 04268 60226 27637 
303/29310510781 14131 


— 


4 | —33967 36985 02105 32149 38088 95247 87472 32823 19874 96282 

47631 26549 93/21031451179115132 

5| 22642 64109 48230 76310 60000 64185 83018 78713 80340 89132 

24993 14720 83059 77287 /211 3165127101161 33 

16 | —89127 61119 40023 29289 60050 53253 58500 66987 97584 11133 

18399 38484 02093 66528 89910 9141/214318513711117135 

18468 26604 84720 46640 87127 27486 80026 80909 70598 29685 

38931 48804 60028 54928 79026 36512 35117 089 

[2158320514711 118136171 

18 | —41991 33085 85042 79804 15379 96924 73414 65130 44350 22887 
57572 55915 00636 32969 28160 21516 22760 08867 58735 263 
[2173225157131 19137172 

15180 92578 28852 74377 32059 80213 74793 06225 37970 33057 

65542 18413 60394 98457 58935 56663 36217 49551 65225 11207 

33809 553/219324516714 1110138173 

—21933 69107 02035 76695 08037 47959 30904 26045 55587 88464 

32000 68180 13697 66912 67832 11746 12627 29358 70916 86383 

72014 34323 04444 67723/27!3765!7715 1111139174192 


г 
> 


= 
<> 
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Ground State Energy to Order 60 


Table F.2: Continuation of preceding table 


18374 84722 42289 94281 19801 48074 87931 74932 83660 03432 
05332 90206 02286 00478 89070 24859 82415 14628 04311 50873 
31845 20456 96140 75298 40680 73054 7 
[273328518716] 1121310175193 
—41002 86553 65006 60534 29462 19548 51763 10062 41419 49085 
62116 29573 74232 58085 67597 81138 01733 16647 41402 26824 
42316 82149 03106 09199 20597 52967 01396 88493 73 
/225330519716 1134311177194 
66259 67212 89497 94112 91491 19217 17364 69058 31681 28256 
22974 38880 19549 27238 06122 16182 79410 11948 77747 91364 
97868 91008 83900 07192 42927 50147 20643 41512 23833 81047 
32517/2273325207181 114131217819°23! 
—23781 87389 44044 70514 28075 57639 55564 75813 93075 56448 
02366 96805 77420 16901 51183 61756 57133 57132 12543 37224 
07042 73316 03168 08339 09439 92652 52267 63000 16804 37725 
43283 72736 56413 57/27939452 7181 1151313179 19°23? 
94716 57846 65443 49982 08998 54645 13940 25091 35681 70963 
04256 58557 36727 61699 81025 29039 08940 82338 56283 60048 
20799 54155 40505 98371 72428 70316 91823 84137 56047 21298 
43967 11945 65862 83213 03073 4077 
[231336522719 1 116131317191 98933 
— 25394 70309 09411 40128 82757 19156 56982 85136 57649 03462 
49870 13190 14444 93318 54199 37784 30740 73441 80518 39767 
29011 61280 79815 21882 66878 76911 14583 57556 98275 33828 
37892 84113 18987 85904 06240 87516 65049 32283 1729 
[233338523721 1 11713151711 199234 
80659 91190 24121 44482 18660 67961 62153 04020 97309 53558 
69263 68531 34380 83412 51408 84550 30563 68742 90553 67754 
42660 09939 49045 04733 95120 78277 48047 14923 63244 06028 
50566 92828 93270 51502 45871 56882 45861 37635 66798 89015 
83926 3/2353405247221118131617121910235 
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Table F.3: Continuation of preceding table 


—21188 07040 40060 98218 21172 11378 65213 07920 74402 39955 
87222 66057 24760 62131 58896 85576 83208 77997 87304 73529 
65435 73473 58800 17896 80413 43400 60230 67473 64759 50929 
41811 76826 94916 84048 05650 53696 39942 62947 71652 94120 
04822 76796 76930 597 
[2373425257231 119 131677131911 938 
29253 45427 46036 35759 73391 43115 58174 62663 21391 54681 
65790 42748 03407 91760 49003 17085 70235 11698 73117 11879 
08298 28761 15150 33983 25672 80015 81145 88737 22959 37574 
61092 48573 59795 28441 68555 06456 71199 10803 39280 69512 
87596 17020 42022 88232 11212 13502 643 
[2393445267241 12013181 714191293799! 

—33240 32019 38449 47630 70508 51141 91257 86259 68827 57578 
82084 66450 07620 04528 41493 69876 12045 21266 92080 02797 
13443 72873 60523 28431 20354 57165 57638 63995 79399 82954 
03406 51567 83451 31523 47347 51801 50300 63802 06793 65345 
22100 48937 00615 75411 87286 75995 78045 63021 70612 09 
[2413465277251 12113191715 1913938992 
28749 67249 82691 48695 45002 14141 97974 53616 36323 03474 
74469 00906 01366 03390 08440 41893 47865 65923 04039 53434 
72362 30227 28274 12653 67941 62908 86454 62424 98331 24504 
73628 92849 84591 00234 58133 00160 36116 49595 34001 36152 
79389 33887 08716 97662 99038 75796 91152 16144 59451 84911 
86968 39250 6771 
[243348528726 | 122 32017161 91423102933] 1 

—10470 67573 63227 25076 84731 51673 67917 44990 90143 51426 
83835 50481 61382 60183 26848 29685 17844 91166 81391 37213 
45546 72602 46217 53888 88450 00504 36008 23136 87158 80179 
04292 38672 64469 60954 86471 20199 44180 25280 49834 20482 
09847 99150 42249 43560 15390 33538 16924 40813 82975 40784 
91612 41116 86456 14607 49611 1733 
[2415350529727 11221321171719152311294312 
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Table F.4: Continuation of preceding table 


49063 16597 51363 76528 53839 43350 05539 37923 23456 62027 
91250 34189 23251 91598 79591 77394 39850 32772 09578 01387 
72345 99264 06648 85258 50912 09073 69385 30275 29130 73084 
30454 19844 11490 77566 83740 98778 30079 72601 12365 74333 
01189 12940 73157 30715 20503 96307 46038 19645 46260 76176 
64003 70718 36013 19174 71371 84220 47669 30839 04539 
[247352530728 | 124132217181 9169312999313 
—22182 28172 49909 44424 50422 28292 94067 45008 29517 99899 
35744 60721 66871 18239 36348 83574 99168 63214 22173 05384 
16147 27242 94051 85840 04698 15876 00026 32917 84741 54690 
21411 48598 16501 51119 35595 85661 47757 96782 26969 32529 
07663 49406 54709 07479 16130 30890 25674 13834 54446 86050 
37131 25555 94408 24485 36183 59234 00556 17193 42983 93653 
29184 35396 7/24935453!779 112° 13731719 1917231329314 
10626 09274 83380 25097 07735 66545 01209 41429 72417 89881 
91744 09182 30530 05301 42219 33844 20680 41110 64400 55433 
53371 74135 43453 86877 09603 64723 64144 10743 16931 23757 
76823 32971 51218 05550 62140 19627 37040 37608 29559 34494 
12010 74331 64684 48443 90922 41785 19226 44999 02358 88467 
70114 89594 14306 00448 66293 08543 99947 60362 90946 54697 
93289 63177 05970 89827 12328 51 
[251356532730 | 26 1 3241720] 9189314997315 
—10988 98508 82393 51315 17324 51439 83757 24881 85158 46209 
55843 02717 94335 81351 26125 70983 31281 70014 06697 55773 
85457 51228 85081 14670 71330 57111 85640 00972 78855 89379 
94302 66095 76944 19603 44888 92646 10746 02014 05252 20736 
51577 13807 31750 12406 46201 72559 39405 78111 35959 71534 
47126 60971 44781 91511 93427 13104 99341 94351 94941 06996 
16674 72220 96508 77186 23102 28445 42224 63124 7 
[253358533729 1 127132517211 9199315998316 
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Table F.5: Continuation of preceding table 


10663 07224 61502 18258 93023 93559 78882 63078 27489 27865 
08577 94293 01810 41293 89920 74895 15918 72361 58150 49502 
40441 99223 26273 42861 96732 10198 21970 74503 47610 02360 
92077 09812 07837 04151 63505 96829 91822 02838 61398 80407 
41146 25208 71321 90552 45136 68835 60263 31304 81097 10734 
86179 57937 62657 51691 23444 99189 89181 93652 81251 16398 
12039 61465 58139 37460 89547 94228 01274 02650 77106 81922 
02393 09683 /25°3°°534737 11231376 1722 1920231 29931737} 
—22270 36950 35027 96776 21918 65661 08052 46952 91425 40016 
34190 43430 13885 94668 95547 22543 43974 14521 74973 16999 
54506 44267 60224 99574 80205 30960 43594 85528 44211 82019 
88572 45512 82025 37506 60942 05564 56406 88553 65955 96749 
73545 55603 66024 81412 43869 38320 55336 16509 84728 75918 
95788 40859 45898 88938 48015 47275 59591 58341 63664 93732 
13545 70190 86109 21987 17799 00623 16264 04258 70181 46146 
99044 34067 51995 38294 29295 13 
[2573625357331 129 13271723192123172910318372 
24494 06687 16453 16973 31796 81355 33155 59545 74433 96078 
24279 95376 73967 25890 75759 81302 81111 17183 90634 31631 
85642 45514 35774 63570 10906 35932 25954 70697 88443 24879 
13588 99212 81329 49055 65186 05013 15609 33532 44644 27446 
80831 22917 34058 82896 95053 09945 15216 58062 01270 50300 
26213 67018 62895 72374 64428 74526 55030 96463 38126 86070 
96918 03791 75581 84683 80893 46514 54714 67119 54415 07690 
83885 61494 39236 46288 35602 13139 17025 81697 3859 
[2583645367341 130 1328 17241 922231829113 19373 
—65740 47936 86723 67556 27355 41037 05877 24248 07763 14093 
98454 92480 45879 04785 18372 75470 58287 94385 62022 23338 
43183 72904 83449 51240 82589 49660 82492 82708 66172 94492 
88089 59010 07316 83529 53832 48600 65847 96102 25218 92139 
04588 08367 56817 25389 99404 33498 15723 15585 57112 60531 
39587 69675 53897 77615 73411 55626 13402 46727 18420 87048 
01288 82892 22748 32515 86954 18683 19297 94511 22224 12302 
88122 58492 50944 98100 35908 11536 90951 78020 17956 84292 
24002 14322 659/262366537735 1131 13291725 1923931999133 1 10374 


F.1. 


Ground State Energy to Order 60 


Table F.6: Continuation of preceding table 


18718 59062 22923 46785 26932 22038 01287 37172 57409 23294 
79370 06832 40437 96260 82291 44075 78938 67583 35815 87839 
59430 33952 28856 92062 34538 10142 79685 07347 86380 19408 
56845 24989 40914 56466 66360 05846 20282 98797 84822 60379 
80878 91917 27874 75248 45958 39222 04836 77115 77322 59539 
44602 41591 43621 64495 31096 26599 59552 30120 41743 85460 
45686 33149 52333 24233 90102 07156 18895 62040 76170 99202 
93706 83377 86585 88212 19032 37329 20941 97286 79878 51212 
95425 88949 80944 31247 76954 44348 49 
[285368538735 | 132 1 3301726 1 9249320991431 113754]1 
—27403 48882 36457 35642 75904 49368 85181 44997 61622 38872 
19940 55558 26392 15417 23725 88111 21162 15436 63958 76109 
44000 96962 99372 69152 88543 91118 99435 04388 58123 07923 
21872 13378 23921 64409 98240 60523 77718 38669 31392 48244 
24665 39341 79557 96132 03596 35998 44434 05979 09176 03519 
07084 38833 14322 14280 28322 75392 54693 38737 54401 68211 
20129 53236 28153 89377 15222 60678 13729 71150 32723 82498 
10044 56803 14998 99203 20131 14121 05558 15640 27872 71427 
82075 30298 93127 11793 57589 27355 07732 36012 65006 15209 
81/2883 70599 737] 133] 331 1727 1925932199153) 12376442 
55798 82553 42843 84841 30998 13291 38982 31417 83139 21204 
35883 79222 20379 86717 61131 06856 61692 23438 28911 85296 
10707 09974 76737 80133 84897 15348 07552 85773 84072 28221 
30724 25797 08553 81175 19223 92422 28507 68806 50267 00377 
62894 66747 25571 78674 88284 02019 41059 47613 09846 68321 
09860 56019 43479 28882 39736 43766 82552 13081 17010 85666 
70556 64823 12702 83204 16020 08092 77894 96462 96930 71815 
22774 24326 54071 59106 13235 74520 79905 52352 36230 14047 
33141 14480 74748 28656 03927 65876 15755 66263 12913 01751 
62909 91549 31509 92814 9 
[2713725397371 134 1 3321728 1 9262322991631 14377412431 
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Table F.7: Continuation of preceding table 


—56441 29358 08652 79099 86046 58530 70004 93864 91815 51501 
66952 59305 08767 64421 61422 11027 00557 93196 23594 44866 
80541 93554 73906 57095 99455 42264 93580 34840 95076 29150 
08030 06410 53687 44279 42803 71041 87953 26867 49256 68721 
00734 98572 80434 11687 48387 65939 42128 43204 33071 94660 
07034 00229 54406 06713 21067 55046 87923 44357 68195 04359 
67271 80068 96700 88260 23943 39993 53035 01515 80788 66324 
99887 87685 94557 72754 17529 38380 55789 41213 77321 19784 
30603 04471 59693 91178 98873 03399 84559 61346 54882 58186 
66779 92114 45844 50966 25066 75456 09001 48304 15937 

[2143745427381 13° 13331729 1927232399173 11537841443? 

20389 42282 93495 84444 67662 78956 56393 72884 37486 24945 

10332 86323 15307 01035 69062 71880 73659 71360 49704 74629 

37664 30845 49827 76584 79847 75544 82200 28430 23109 22503 

53883 47662 09579 65289 47085 63128 15294 07747 38340 48984 

45283 20488 49574 88569 04571 41059 46735 79720 75060 22309 

31450 73962 75394 59161 82116 24305 92223 88561 35062 60658 

69529 35687 49843 56801 55703 75263 08676 99342 88140 65190 

44239 70633 58382 37531 39869 95312 95862 66992 23685 72312 

20156 72557 83827 51690 31751 28154 84751 57323 98002 05996 

97141 43348 88697 56010 63769 29665 80169 27495 81784 39679 

82778 91009 73367 719 

[2773765447401 136 1354 1 79° 1 928937499183 116379415433 

—35466 46292 74461 39036 75595 92680 36974 73001 99087 83209 
40609 50780 43922 54795 43053 83127 96459 75554 90748 05823 
49537 39141 01107 44543 54143 70674 27845 89170 39894 75644 
99849 73266 78247 52547 63553 30111 35572 18578 99845 67676 
85520 70341 04522 86089 90870 20707 35410 87918 73983 70115 
29936 75347 53881 43145 69098 31020 86336 63673 11745 77521 
48375 87193 68868 57488 04992 46427 26278 65794 06133 35607 
88500 27384 45406 57640 90403 64138 57137 18997 44391 61218 
78737 61722 63425 30939 80527 69080 08159 49994 60408 90010 
13185 43015 77993 86726 44290 13588 53313 98523 88274 64602 
65877 23549 93825 68734 72212 01058 08502 489 

[230378546741 113” 1335173! 1979232599193 1 1697104146434 
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Table F.8: Continuation of preceding table 


29087 59965 72866 13224 08072 28259 69523 31634 44098 65659 
06431 66534 81918 17397 68794 09306 84336 95857 41273 32927 
20327 22882 22705 63952 30801 33422 18687 50937 58520 11645 
56007 53539 30818 41843 88689 48975 69395 10234 65587 52616 
78094 67208 49780 18655 23963 19680 80435 16445 85068 05228 
37564 44053 67410 85684 77057 80522 64047 54921 21453 70964 
46071 82149 63892 63592 33788 71338 55864 38362 86661 92219 
63923 92791 75882 67618 34363 45474 00874 88585 58388 24617 
31951 22407 23457 69314 71331 53435 75868 94214 13561 91369 
43397 34006 76252 83635 22588 39906 96755 51768 20965 89357 
19853 75712 10197 17996 46774 41801 82783 64066 20143 50086 
82696 60287 753 
[2933805487142 1138133617321930232629203118371141743?47' 
—80260 20475 42879 34832 53137 37967 18637 44767 37572 30228 
44864 74885 84034 13367 18116 75842 95145 11905 69395 35235 
96180 62899 69259 61190 50212 55169 48394 84748 29748 30660 
94186 64628 29395 56089 61780 87305 28160 74144 27716 75404 
34878 74677 25878 42969 80805 42811 25176 23090 47049 07441 
50315 42634 30828 89327 39822 49311 16259 07164 53084 22533 
82288 53082 71957 08497 13741 07885 15822 47937 25934 71447 
91090 41165 35155 08450 41274 97685 13612 22019 82663 19405 
95416 04273 96901 13600 30204 95179 02437 00522 68623 37436 
53489 68831 86983 44755 97594 91539 61424 77195 21854 67618 
43815 27573 31328 23949 77283 45768 20678 51599 99454 61530 
15062 53334 54776 87193 45349 66313 470151 
[2863825507431 139 133717331 9312327292131193712418436472 
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Table F.9: Continuation of preceding table 


12145 83712 03590 10410 55906 53361 11103 23544 99070 07083 
94169 02762 77161 73075 13291 85460 34607 59613 86812 69492 
01165 68911 86066 50450 50837 65558 17472 39516 47667 49794 
06220 00726 56334 98304 97287 73923 60569 55384 42274 71898 
11838 35482 52466 40405 10213 20838 09517 86921 12068 10252 
89760 02183 35034 38554 78761 62486 44216 32324 96697 39694 
40726 63756 41689 16706 50505 76967 15715 48974 94030 07083 
31726 86482 31766 37875 54807 49044 61865 01607 11586 75907 
58277 95996 34013 16960 43565 84779 23203 20162 20503 87443 
17657 38404 72850 86978 31173 27625 43757 03729 28277 49232 
76367 56005 82327 16509 73804 53468 59884 84933 26144 86551 
70491 35501 09962 10819 51673 88520 48083 53198 82089 37087 
76124 9843 
[2893845527441 140 133817341 93! 232829223 120371341943"473 
—69085 94789 96590 45952 08551 56010 43342 96712 64419 19248 
57734 89133 05931 83925 14720 09744 18726 74053 55409 45247 
91103 72914 60504 02527 10062 13333 67140 14035 07112 17573 
96242 91128 58059 86071 31323 71749 47945 59630 88909 16862 
27545 77992 15239 08897 00000 81231 36045 32561 08902 10848 
90109 26640 60524 31379 82549 57650 15190 71604 92879 03249 
43209 03992 49240 04473 53282 89622 95124 43065 92359 76489 
37366 34395 61089 94421 18200 02435 40030 80585 69262 34484 
08989 68802 50471 37067 03144 23931 95521 14707 30210 48602 
62539 73483 79410 24458 60855 98226 10248 75522 85193 32868 
66491 50369 77657 23832 44489 95870 71150 15452 26571 80035 
04968 14930 59549 28125 90664 84162 98873 87536 30810 45420 
65032 76148 43230 33459 90943 67162 439 
[2923865547 45 1 141 13391735 1933232999233] 21 37144119438474 


F.1. Ground State Energy to Order 60 305 


Table F.10: Continuation of preceding table 


11324 69087 40114 98870 41817 88539 50255 73707 03788 83869 
01115 83220 57139 29387 82897 54462 98692 78171 99334 45895 
68926 62020 31364 10294 15338 02779 32050 55990 28742 75900 
55960 89398 38844 94016 33684 99139 48577 20471 98800 13155 
91448 65689 76166 44460 50853 31766 44954 51935 62871 02180 
66700 47753 87732 79000 87735 78727 23798 51045 72321 30922 
86490 28735 53183 77262 73754 50492 94745 13586 95701 47054 
59759 85423 61790 35224 06122 77205 97687 32590 51635 74985 
29817 71032 58709 28232 57883 19654 27538 92687 46953 22766 
90945 56457 13717 50424 59027 83915 80952 45952 89416 94936 
94617 22215 77556 43231 22491 14595 58838 94126 60008 51006 
50490 46633 69935 81246 36384 32136 66571 26607 95116 82545 
82225 90697 18812 89512 98694 77572 92239 53667 09362 13336 
66302 7 
[2953885567461 142 1 3401736 1. 933933099243 1 223715 4111439479 
—62869 02501 74877 43540 48546 34695 86189 51266 92243 38153 
69457 26947 09243 48925 49143 36418 81516 08009 48486 70278 
01775 78359 76742 81890 31457 10545 43940 67683 85919 30242 
17486 25202 85857 18476 02798 70372 00401 04338 27170 65772 
03047 91631 69138 05550 04127 37860 30000 76676 59992 88696 
60025 36273 66676 48172 24257 64941 17264 80527 78006 17495 
36863 43027 85517 05687 44502 87597 66472 45668 31261 09368 
03323 59406 91997 31426 94169 36857 54601 65254 36760 32155 
43526 87747 77525 28355 87723 13555 53497 12139 06315 64840 
97018 60216 34527 48572 55339 18344 09271 89927 62719 90876 
25202 82959 78330 60948 78049 57330 46084 36548 45725 51486 
48927 64546 39084 44323 77744 19672 59889 55303 22205 43833 
57234 37254 46932 11259 79553 66043 95424 15280 08225 15763 
11633 69605 43447 07798 07040 68747 
[298399558747] 143.1341 17371 93° 933129253 1 23371741 114310478 
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Table F.11: Continuation of preceding table 


50996 33459 97235 50996 20590 13986 68297 92731 91117 01217 
28275 24932 29058 59112 91950 99142 57618 63041 30870 39269 
91670 04384 02340 46319 68381 69846 10854 93423 21804 52805 
53999 64036 79623 61592 98570 33293 82250 62269 46880 98946 
07484 28832 44613 26573 29864 48688 30451 58627 51160 71968 
53831 13545 45772 38841 61076 49286 30918 27452 74161 21366 
39903 99477 28701 39924 60974 09271 91427 46583 41540 57397 
97901 31348 38145 06476 62553 82200 00910 09045 83498 87430 
83690 16863 15338 87384 13272 31284 99141 73139 10759 17983 
18189 70613 67518 95704 29916 33662 13097 84971 34791 65651 
73960 60260 97432 14253 59131 33509 58430 87238 32283 45564 
59526 98882 92547 62020 40665 83940 95872 42839 06563 32208 
51748 62336 01544 60234 14239 17156 80070 91129 06336 05306 
78024 26514 34912 41074 69597 52159 41929 35847 38049 89301 
7098580748144] 48217971996998299%691497%841 84511477 
—85021 15388 44975 25988 44865 55855 20641 47062 55212 53984 
36054 34063 60755 42219 65879 99131 53213 33601 81765 77587 
17159 82971 89869 60888 03029 58372 18360 76536 02268 31053 
13154 98374 64007 95175 31428 40926 60675 36421 55187 51216 
20928 12039 87524 56902 13517 72404 07891 27567 60098 79706 
00647 27709 65299 31518 05441 17874 45683 78306 46945 65119 
94092 39625 80502 60347 41935 68280 53124 68638 67225 51786 
70784 77999 81222 77325 79356 06739 71141 56787 23695 40768 
59403 20993 49797 81746 66815 89353 47643 04523 26305 78869 
92703 04384 72395 79488 50960 00365 86361 17930 80928 00743 
22608 68020 87791 46621 74159 23772 41777 97657 22229 14146 
63572 11851 06221 51897 64352 11240 31083 79466 74805 92254 
33867 36298 84936 18314 49960 16483 00925 05564 77287 27571 
97615 30048 90777 60934 31860 16339 03222 68496 59082 18228 
98223 11806 25015 61723 43285 67556 27 
[2104394562749 1 145 1 343 1739 1937933399273 1 25371941 144312478532 
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Table F.12: Continuation of preceding table 


23313 91553 19077 77446 48612 14066 81409 45288 67099 26310 
51311 49115 75003 64752 60902 28468 72664 52434 21289 77944 
07485 93505 87424 90574 08222 88555 05157 93815 92047 84139 
50717 31641 46373 94296 70856 02503 17719 97179 18960 82742 
98207 14798 28444 84527 92153 34969 94910 31304 29017 22653 
71288 45817 78204 47036 65214 08208 42307 40517 95759 24184 
60854 96432 26987 65731 41104 24757 98573 36191 42464 89564 
40900 20934 82291 75239 28512 13820 24547 51239 86002 73208 
96187 26660 62761 76742 15998 39214 13167 15849 95125 81486 
63339 29758 23326 96128 49225 96201 78915 71779 87244 32839 
91448 10050 19394 06052 45975 19190 40630 19016 41955 44467 
62778 38962 13873 40113 46075 27418 54829 93522 44221 66182 
71848 14083 65587 22069 47543 43958 40422 57283 35384 02024 
12838 41188 93620 07730 26115 86623 05900 56991 33505 71147 
93861 87473 97805 96207 70609 09191 82217 85863 47874 91266 
13929 11 
[2107396 564749 1 1 46 1 3441740 1 938233429283 1 2637204 1154313479533 
—32474 02861 45657 24231 78273 79795 08188 44195 31316 30180 
12429 91348 52391 11475 98226 63088 06363 05531 52951 70630 
74378 83068 48392 79595 15441 53761 58978 14943 87690 00938 
87937 87020 48661 45248 95141 15571 33963 87069 17827 43573 
32530 28946 10626 72640 27813 84109 41295 08560 53702 31317 
13215 84723 62945 19852 50079 06472 24947 35162 40508 34570 
10554 15834 20774 13072 90223 10847 13449 03789 58824 29888 
49209 52242 02271 50451 39547 58805 15132 69342 92493 69156 
69811 52492 59668 51489 87344 92764 51086 16542 30171 73562 
07516 86579 76873 44453 73956 52767 41058 73444 75324 90147 
98372 46190 54352 54667 88626 42805 74510 64755 03641 09990 
35363 93492 45675 66656 69315 50040 39003 74081 02770 25042 
53315 70337 77976 42986 63603 48700 42434 82027 33001 68826 
80260 84865 50763 24471 07482 77608 45688 07473 06815 49204 
16113 40363 00648 29365 53349 67791 25789 09795 08139 55979 
77542 76428 09522 16324 82874 67692 627 
2110398566751 1 147] 3451741 19392335 9929 3 273721 4116491447105 34 
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Table F.13: Continuation of preceding table 


66945 20244 01943 23164 10427 52279 01802 60089 21831 43219 
79078 09298 10670 90883 46187 13813 93888 71648 98007 12077 
01798 99148 18210 37128 50996 03512 09887 11643 49673 59290 
68175 90596 93873 89786 96133 10737 88098 08972 22299 66455 
68030 71722 24886 42856 84581 04472 91648 35413 32314 67853 
84249 95167 12735 19993 49672 94315 61983 19516 19088 13598 
50776 99515 96593 58851 18081 10951 76423 61683 96962 20845 
19642 31272 91698 58869 93764 07772 16974 34946 09714 66581 
81429 45592 20491 12993 12555 05364 65047 67950 45823 93723 
30111 58104 28082 50334 17121 22518 22537 84015 66028 76590 
56297 36473 62938 22750 01025 29999 53141 00349 85572 91544 
67060 53681 40100 57417 58790 28974 24874 11110 75497 50575 
22828 52260 42666 96080 77866 32973 85812 77749 87652 69930 
43430 03208 97248 33334 97504 53545 64245 18824 37041 96945 
57709 07161 72762 05628 66529 06728 55049 73429 80035 46707 
63557 36021 58729 96889 97109 40706 57099 93379 29850 29005 
30897 377 
[1133100568752 4 1 481 346 1742 1940933629303 12837224 1 1743154711535 
—58584 17287 18191 01555 72570 13066 65191 92535 36065 02435 
27269 16210 44382 21271 18525 61962 20360 79048 10180 00571 
35009 83776 36103 13737 27396 37936 14156 34876 40289 75820 
65306 56346 53206 07592 47881 87501 87244 22873 31699 98409 
62038 47472 87421 64047 74127 08091 74580 67229 66930 01831 
17854 60044 93385 75420 07101 43110 51617 94662 64261 21023 
32517 19827 14975 12634 96416 99095 52902 35042 71753 85367 
45251 62085 63840 11727 99790 88517 59110 93559 96476 50992 
94250 74173 70760 57417 54483 89600 51084 78733 01392 00872 
29662 43293 22165 37635 09583 89475 72812 19823 96876 40376 
97085 29303 26120 42504 03162 48596 66658 78647 85935 12790 
69768 14615 72294 83318 05889 76181 68566 36553 19943 92052 
31311 14934 58504 43292 75418 37919 81572 97024 10736 04267 
01686 86560 76888 09696 88491 49572 15425 71694 22386 58142 
46141 29205 23066 28984 08931 09626 43087 41774 11546 70689 
33669 92995 53383 69356 20746 75130 95184 89927 50582 80461 
94110 72380 36723 14174 60990 27747 34707 
[231631025 70753 4 149 1 3471743 19419337293! 3129372341 1943154712538 
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Table F.14: Continuation of preceding table 


76338 81394 98121 44858 50174 93885 40036 74246 62978 52383 
08471 14801 91111 05943 10076 89998 05671 11779 01422 39125 
95213 38016 07710 10926 72708 47825 30548 85145 81711 82627 
86179 58648 67389 89704 29020 26272 53557 71135 01530 06179 
75838 83119 52052 05871 05299 36895 57656 51233 53270 39777 
12678 99195 09784 35769 78090 79375 38400 29080 62942 79936 
95312 50056 53606 94125 29603 46021 24842 99627 93604 63847 
36018 65074 96321 58970 22523 85720 16024 64881 63430 87609 
30825 20579 25460 32384 68523 42966 00418 07971 15996 93722 
02880 77186 42174 03100 25776 74283 52565 79147 01895 61330 
07594 64227 64182 10295 06902 01182 05820 68154 90004 45218 
36648 85974 75993 14216 33281 33576 44169 41817 26258 44358 
83636 87695 07780 75097 75200 84263 40977 23034 13832 44300 
74230 80781 01494 68068 11044 27166 51963 98172 33116 75961 
82071 70618 35149 70110 48818 58261 68788 42861 04758 75628 
12035 36238 77628 97140 54684 49862 14476 20548 75570 06971 
21171 03996 28613 68084 34714 07802 30411 87142 90043 92130 
99764 25879 63 

[231931045 72754 J 1501348 1744 194223382932 3 13937244 1243174713537 
591 
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Table F.15: Continuation of preceding table 


—44088 04922 99867 83117 08435 27901 22925 38056 10260 29327 
72194 10665 37648 47689 24461 07805 71264 80225 52745 98888 
03578 33430 61216 94624 52808 08358 85201 49235 12173 38915 
88968 23208 64914 37955 85979 14345 97958 52214 46835 72099 
65460 09336 46227 45463 85156 83337 29546 50619 36686 75563 
83554 11117 10306 92574 96771 48065 12769 56148 60189 43115 
78647 93639 51939 80690 07485 27915 71194 04013 66976 05869 
14494 78274 11737 49132 62062 09392 11947 23406 39411 55022 
69936 03589 68923 02275 31784 10176 91039 05417 87933 67822 
31525 48886 67086 56527 24266 41039 07949 84099 84486 41620 
70145 84979 60369 16509 76084 61211 11447 41786 60199 50473 
80765 53591 34125 42259 20894 93864 28078 77471 40206 56950 
13469 48631 89502 52716 27443 01189 67288 77537 23455 40196 
51459 16812 80915 75051 06393 74941 41707 17822 57034 92508 
06802 70408 83375 84645 89093 54906 57343 65490 18404 18663 
11605 07151 74765 15609 14543 12427 74986 80884 01167 29010 
72211 08532 60678 20076 19641 29470 29914 57115 99713 94886 
82917 08323 67014 95811 00156 41316 64947 3743 
[21223107 574754 | 151 1 349 1745 1 943933999333 13137254121 431847145 38 
59? 
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Table F.16: The Maple internal floating point format for the energy coeffi- 
cients for the ground state Zeeman effect. E') is defined in terms of the integer 
I, and exponent e, by Е®) = I, x 10%. 


= 


-5000000000 0000000000 0000000000 0000000000 0000000000 0000000000 
2 
-1766666666 6666666666 6666666666 6666666666 6666666666 6666666667 
6201111111 1111111111 1111111111 1111111111 1111111111 1111111111 
-3995814259 2592592592 5925925925 9259259259 2592592592 5925925926 
3862135590 4938271604 9382716049 3827160493 8271604938 2716049383 
-5136115985 5040740740 7407407407 4074074074 0740740740 7407407407 
8965034762 8758956294 6166120769 2953724699 7564457881 9181993785 
-1991346961 3544537849 3446632033 1777625806 3484064995 7807932109 
5499249533 0792716107 6206863097 0393439049 3317415056 1281780613 
-1852372402 3975863794 1196219223 6516526578 5663436619 3426232996 
7487558558 8547621547 1517816245 4941743061 8023409979 8827072277 
-3580931342 8750349215 7378053830 8441425966 7348265423 7529028080 
2001403853 2254331208 6266785635 7932102879 0331013368 0118874766 
-1293188575 0382786774 2787517332 3541302533 9558292939 3381848582 
9568644832 6709905344 8074764448 4241539222 7953298572 0252856100 
-8039993326 4373818481 8033780773 0557456163 6178344134 8191793930 
7614512001 9600987415 0789313830 5200157221 5094721418 7393166173 
-8074619171 2170910018 1742159442 2753952005 1551528659 6940503913 
9530269072 3243963162 9373697027 9655763195 5652635532 7197244133 
-1245248197 4957420572 3534506065 8630579730 8342093664 4348776005 
1792498626 0739848589 5635515468 5659032159 4063080352 8082177897 
-2830018778 6212248801 1445556152 6617977510 4014761967 5525335153 
4880781995 1230166177 0465611115 7109706799 3958182881 6029075699 
-9161093134 5707478244 7545618093 3840890456 7314253016 7126353861 
1865005161 6444779042 0360264123 5340167564 2233438356 8082826690 
-4105053704 2402042683 5600378862 7448915393 7262453064 9452101976 
9740842157 5797999581 0154097891 5716885600 7058991426 2533657830 
-2485058297 5605700291 3763541261 8096703970 6524470462 9504740083 
6798984299 0703764440 3387479601 9571829432 0343696844 9896664535 
-1990201928 1150123689 7932666674 6449095899 6924783577 6421544806 


mo manna &—& WwW NH = © 
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Table F.17: Continuation of preceding table. 


6219283829 9816922506 9479060701 4818984573 3548179144 9875581760 
-2070514318 3334960441 4929070312 4585390293 8944197422 6736202011 
7329422874 6512868992 8211785264 3183945793 6704888798 5765984188 
-2753745459 9318819840 2008423601 7401323779 4244431326 3141978775 
1096211987 6999938867 3386413339 8135344394 3550857377 0836416423 
-4616129417 5377410308 9936190094 9658982836 7982327385 1190917889 
2053091509 9108954448 5961186368 6526478792 9223902269 5283324976 
-9630637171 9794421713 0616512265 9963774732 1734026328 5239618314 
4757952880 1743069948 8279249294 0745985070 8322076717 4763490657 
-2472496913 6842035019 9782443792 4357935430 5445887353 9731168262 
1349776519 0915370593 7427542508 0190173594 3902076147 8364085158 
-7731866220 2931370692 9135801032 1316750249 1798483028 5604633095 
4642084843 6490799889 1213617958 0274524487 0670195245 4725835179 
-2917967460 8571408595 1654472437 2219030638 0284733616 3827724407 
1918402399 6649939938 4206251594 3072792969 5070462932 9166276287 
-1317843017 9776984298 9159136408 3433804881 4195434278 6112388621 
9450253642 3348306543 1060114949 0821914242 1602935754 3137474500 
-7067849889 2061040008 8754037952 7855904830 9923535160 1902139551 
5508325306 7068766761 7892368807 8565646047 3458588489 0176785292 
-4469713850 2783094169 4335584596 1073531596 4049023594 9075760835 
3773300819 6609090538 0931355590 9325285524 2526733901 5110224935 
-3311401215 7414233983 9314473236 6946714806 2303173818 2473805936 
3018773842 9514569308 7676432354 8518364241 4505978258 9555812316 
-2856731499 6317204852 8900076067 5547444842 9271384014 0971233146 
2804344030 7020295699 2357882105 2877622192 5870778154 1738105631 
-2853841207 8578464607 7284231346 9356938342 0102692676 6858166169 
3008767977 6126641341 1972210677 7779132374 5269727837 9575183772 
-3284288415 2433289891 2683406185 4439355375 4332897262 7639680663 
3709624795 1582067325 2868535164 5991341371 8805831554 4389091089 
-4333171096 2876629344 9808003210 8866012594 9217901117 2712556102 
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Tables of Charmonium Energy 
Corrections 


G.1 Ground State Energy to Order 100 


In Tables G.1 to G.8 the 3-dimensional ground state energy corrections Е) for 
the charmonium potential are given to order 100 in rational form. They were 
obtained using program charmgs in Section 10.2.3 with jmaz := 50 followed 
by program symcharmgs with jmin := 51 and jmar := 100. They can also be 
obtained more efficiently using the HVHF method and procedure hvhfpower 
given in Section 10.6. 

The floating point values of the energy corrections expressed in the Maple 
internal floating point format are also given to 60 digit accuracy in Tables G.9 


to G.12. 
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Table G.1: Ground state energy corrections for charmonium. The denomina- 
tors are expressed in prime power factorized form. 


Ce И 


ИО 
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ПЕТЕР ОИ 
а МЕР 25507 30885 23240 ОО 
3 | 16466 91999 91300 58563-08473 24061 13674 65/2 © 


—10191 23767 47703 85166 93063 18939 18148 60247 81496 14517 
3/238 
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Ground State Energy to Order 100 


Table G.2: Continuation of preceding table. 


39397 14315 35400 47451 31647 15095 59778 32349 88125 75560 
677 /241 


32 | —62795 58720 86429 50809 41925 08928 37709 54137 27233 252799 
81419 /246 


33| 32212 98492 64104 00209 70512 78358 34183 23095 53464 85239 
6920 9943/246 


34 | —68017 64040 13854 72581 89732 77163 94950 58015 15592 49022 
97811 40715/248 


35 | 73836 52219 87245 34130 17649 58242 51494 50111 74824 10759 
67909 46017 57/249 


36 | —16470 92090 81133 64195 09639 34908 78078 95671 33393 50452 
м ры 

37| 47155 86910 10064 26907 64383 93203 18660 89014 32318 68688 
OT] ore 6606572" 

38 | —27704 74856 40196 16686 94802 68806 05415 91219 87925 80550 
as ase 072 
26704 63971 58277 91106 90959 86306 96338 27333 24004 72794 


57374 75689 62512 07282 5/2°4 
—13189 24400 32708 61668 35303 02756 23982 80266 31766 65798 


70289 70392 70665 66071 7945 /257 
83395 49529 88750 00538 03862 36818 02239 66643 55613 92165 


99565 39239 17633 35659 48685 /257 
42 | —21590 61542 93637 41968 75604 99298 63165 79717 40615 80777 
ЕЕ ЕЕ 
43 | 28593 55351 68017 44125 25621 38260 64240 38783 18560 62841 
ЕЕ 
44 | —77444 90137 02124 37101 30414 44641 71056 49997 22450 26809 
м 45787 18940 22956 05832 91493 85840 75/262 
45 | 13399 21709 30086 97604 44748 79172 87020 43134 93131 47524 
В 19341 22772 71689 61468 65363 07789 2935/2650 
46 | —37893 69373 38660 54864 24451 22306 25054 23029 34534 53766 
В 52728 31298 83961 32047 41169 83135 99009 5/26? 
47 | 21886 31844 63989 29818 41291 09235 82802 69016 28710 39292 
a 82456 02708 77833 28314 32515 13874 11286 5935/2°° 


48 | —25805 47292 97824 09857 12426 47428 55539 67983 78519 68446 
29139 72972 59112 59448 11915 60066 35319 07040 95/2°° 


315 


316 


—59513 64091 27320 03474 29461 16803 57728 34209 56095 19673 


—29656 53777 91613 70314 37245 28227 17837 51175 74345 95356 


—99501 92742 43808 14956 58319 73007 22287 60779 25289 19740 


—91823 85651 86631 73442 22309 52822 24760 04455 12385 36532 


—28380 99547 61603 43034 90141 84130 35832 33493 31564 31590 


—18759 62060 57115 80458 73523 61411 12013 55926 32950 09795 
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Table G.3: Continuation of preceding table. 


19402 45457 59184 93097 76498 59776 37221 80944 67127 69218 
44486 55865 80740 46553 27619 47096 45572 85967 6075/2°° 


37889 83844 26721 33928 68213 98707 25318 52250 24501 9 
[271 
93054 44935 85362 03894 91141 73604 60147 52029 47400 05532 
77338 94026 83550 09322 71500 27826 46099 73503 57951 489 

[272 


95841 67164 84461 14096 82120 36766 41943 59482 98465 33204 
1/274 
12036 33226 15183 84029 33061 48529 31333 17994 59923 74153 
59977 79864 87451 43943 20043 56739 36239 51125 25798 40118 
351/273 


03883 71651 34208 78073 69089 23091 85455 31201 43177 60375 
4215 /273 
13399 26031 23811 62861 61029 25856 57197 47900 97512 50056 
84224 80284 00041 09864 09995 44181 66606 99699 05386 50549 
01019 797/277 


08345 06186 06599 03178 09519 95484 10144 20397 85104 74502 
87530 01083/280 
80031 99519 20983 99615 22236 83241 01618 63297 61900 10670 
02624 33351 96141 52024 88218 72297 34781 57445 81748 06992 
76903 19168 23/280 


09220 26044 60115 50251 79431 36511 48331 56119 44601 37947 
55718 61366 21889/282 
51172 21164 98130 52594 63911 74953 03853 70278 76656 70772 
93168 17090 98421 35849 45752 46283 99509 66230 11903 17402 
59507 17653 34509 85/283 


73977 06796 77340 51933 04085 54241 36070 62173 90490 66230 
59257 23451 68613 90641 /285 
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Table G.4: Continuation of preceding table. 


21842 47250 00237 91624 89549 66551 03597 57336 34289 44648 
38403 08976 07701 07466 57733 58159 52235 83681 10157 84998 
43248 83695 30458 94020 1/2°? 
—16538 09894 18507 95318 56406 08732 84209 42529 40054 43301 
84127 71321 37173 47193 83034 32569 19666 04711 08117 34014 
23488 03312 97044 24286 5333/25 
12720 00048 77765 35799 57842 34177 52768 72342 52221 99086 
19749 15943 16259 62600 67730 54952 62687 91541 83351 85010 
75459 02342 53720 75643 50236 93/288 
—79486 14199 49385 11035 82145 75486 39356 30051 42576 26031 
33564 43490 51322 57634 26922 61791 12758 43169 54689 30111 
48476 35380 83057 32769 54618 35275/2%4 
78800 08286 42822 39256 44887 95056 05857 45160 53773 85197 
40404 73557 57205 36247 42614 44637 55258 23812 06558 82493 
03619 99491 77144 43052 33336 49387 75/294 
—31720 06511 77613 29037 90796 27027 69670 60938 49390 13545 
82269 61827 06433 04640 05926 48280 73072 92971 80069 68285 
02793 58715 06671 23906 73693 71185 45475/2% 
64792 94589 02045 11830 95650 45271 71384 10860 32235 33715 
75346 25482 14415 64925 48541 97450 16833 06919 35160 34729 
20086 20067 28535 50052 58886 48569 70141 25/297 
—26858 05215 29342 31021 34422 74147 13148 73968 18191 63963 
24083 22660 97359 13844 06437 28180 42479 18034 47522 83134 
71883 79686 06301 45991 38233 54793 98464 56525/299 
69 | 14117 70106 89713 46950 48332 16194 57851 29178 65608 22089 
04699 52084 81938 00197 41814 79771 53765 12093 27093 79713 
59117 46104 32589 49183 21430 97606 32279 40971 25/298 
—15053 17786 79570 47450 91240 75425 88470 37251 26192 46929 
69678 85974 05313 16028 75847 88383 83433 42795 69956 96552 
20925 63718 12640 77886 63786 75534 75887 64964 6325/2°° 
26041 83899 38118 85872 51107 55876 75560 36335 14236 81371 
04870 19490 22791 78574 96907 67227 95312 48794 94650 57579 
17514 21475 44282 12166 12117 19424 00971 05814 58968 25 
[2102 
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Table G.5: Continuation of preceding table. 


—22838 16602 62648 75201 28872 56747 66060 75639 90837 71204 
05301 03253 07069 05743 12699 85287 66535 07030 60817 87443 
75301 58134 97202 11367 36514 54687 27412 35395 48358 87325 
[2105 
25377 92026 09157 51790 17463 76827 51614 73345 22923 45188 
65202 73387 88295 14733 40518 77875 42462 58961 97870 25724 
09124 07156 10019 07700 03585 65579 66237 81405 65431 00282 
25/2105 

—11432 13351 88435 32143 74836 96689 00117 79692 00095 99780 
32655 33073 22247 96265 40063 64315 02679 02490 42160 87262 
07401 03880 17920 80837 61881 85351 98180 27656 34969 75222 
60875 /2107 
26092 05827 69736 33676 31731 90605 26649 46599 95552 25530 
92827 06973 00781 48040 53055 93661 53358 86227 48222 06720 
13923 96915 48892 37036 23082 58504 05189 92564 72004 19305 
14121 35/2108 

—12066 58807 56132 07861 59446 94061 62172 33323 03360 04036 
68046 76516 48984 39880 45695 35690 32661 11979 54462 90721 
24778 70562 54078 52698 90746 66562 48689 01899 27402 86430 
52598 95895 /2110 
35329 13280 74033 56750 47046 74379 12109 27632 37440 90165 
99235 93352 28619 94398 94178 11584 80285 71062 86107 80289 
08790 40722 90336 89900 53830 82178 26523 92725 32308 29706 
27488 38170 5/2) 

—16761 88443 80752 04309 88858 82833 55130 74996 63077 37176 
46355 57488 71896 58914 07062 56639 27952 64511 22850 75315 
10084 46706 44539 50439 73606 71595 76010 35854 98459 82548 
96607 79462 2115/2110 
16106 26846 23270 84768 69719 75304 63064 09750 56016 41055 
92926 41389 39870 01507 54073 33282 35862 15202 55242 09949 
55540 19038 88170 42446 56489 00460 47034 45448 05408 11357 
83951 96680 84176 75/2113 

—31338 75923 88565 28641 49499 32767 15411 33902 32883 15615 
78458 09210 58327 75157 35235 48505 59519 00809 74954 82347 
50948 22167 33526 54609 82249 03181 03096 12590 34830 10084 
09657 90740 41730 99765/2117 
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Table G.6: Continuation of preceding table. 


38580 48181 65035 38125 23068 50277 90764 07361 53210 90855 
43563 17821 17115 34567 54192 62348 11181 72176 68076 92015 
12899 17399 12042 58193 18590 19999 08119 18245 05921 14089 
92715 76160 42313 03219 45/2117 
—19229 51059 06984 84096 46064 75621 79105 53606 40053 72639 
31426 11252 66907 79773 61052 48549 66971 24571 01981 96196 
54332 73373 58571 97017 95267 56181 12503 87913 24010 82142 
60672 56279 20523 79444 98705/2'!9 
48498 78606 00665 31595 74077 89050 14222 42955 66434 03002 
44971 13404 85332 23521 75617 90644 07062 43437 79014 47423 
89872 52538 91031 80975 92235 73746 70483 32074 07929 91854 
66183 83223 05087 44670 21071 95/2120 
—24754 50974 19675 06048 80159 73624 33664 39168 75741 91270 
36497 30912 50935 44933 98313 14285 67934 69899 17111 30776 
73952 68302 56236 69134 81344 47528 26447 28973 95666 79991 
70433 78692 51242 31629 78306 81475/2!? 
15979 33997 03185 02450 25552 20305 12241 10896 30696 67241 
89692 32226 27806 37465 56368 56419 28270 21369 23302 03760 
44678 14522 44616 38178 59937 80526 83571 71034 58928 64159 
53504 65077 22793 75928 58924 26321 45/2121 
—20869 20719 66904 62215 28005 62621 61187 25221 63728 62109 
42481 01183 96961 99266 95600 04178 34698 25997 36860 90464 
01560 52830 74872 79556 07454 82431 10862 96449 87731 31211 
93997 64711 24050 49487 92094 66414 3085/2121 
44109 13751 98339 05640 31107 72420 60538 94599 01777 20900 
90097 78023 52655 30012 52324 88885 70801 98353 92429 41662 
91947 33424 99232 42211 91169 28025 56826 92288 72018 44327 
33489 54697 22548 57292 52550 46743 13865 35/2125 
—47143 39923 88112 00634 16721 23236 41101 16447 14950 08310 
44305 07495 86623 71800 71843 74020 93282 88808 75413 94902 
25332 09456 84122 29770 22139 86184 55369 75761 93970 34625 
65888 09398 31176 93373 33293 17436 81029 65285 /2128 
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—34799 06822 58607 26119 27125 06874 16728 33458 91238 66793 


—53666 55315 68039 61014 19731 09787 84798 04776 21004 29957 


—10797 04155 21226 36785 44147 57074 59520 99085 47471 70898 
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Table G.7: Continuation of preceding table. 


63689 57838 70763 92540 75584 36408 81423 76377 83211 36926 
79523 18993 63074 97391 52841 95705 10789 46791 17584 15995 
73912 15161 67012 29410 71247 95213 86007 96123 52592 63718 
05017 77650 83075 17941 22838 33151 03711 70396 25/2128 


93611 86536 00596 98503 17817 07049 60598 59849 14106 19537 
74802 20748 99667 12473 29549 73020 57819 18875 13516 28636 
79811 95840 91313 79497 16029 69780 74010 52648 96775 

[2130 
96111 73629 33108 40559 42528 63912 21145 83708 57612 40562 
58045 59944 33122 54766 82908 65084 02514 04562 01732 52450 
40157 04637 00193 21819 95893 73132 78070 19008 98201 10769 
38982 01379 56791 59660 15835 32937 12509 77219 18647 75 
[2131 


97431 28513 05709 09927 79405 31400 16626 36805 30371 03875 
20597 17113 19517 89198 52226 41351 26360 41400 96199 35239 
43483 52623 42716 83223 83848 64457 17152 41005 24293 59375 
/2133 
47324 87631 55665 37753 70447 23806 87533 06507 72201 81984 
19172 19869 10482 57098 42602 31494 39053 80730 16122 86007 
64779 60736 95107 93380 07941 53273 67064 22938 07891 09857 
01301 66993 33812 23607 84728 52438 38904 80660 31515 94642 
5/2129 


06157 36308 01350 56414 08029 67814 22397 48550 32222 48923 
76610 73448 72486 34910 42850 42809 97859 00428 03939 99672 
77792 64497 60430 70205 75146 15620 91703 61951 06781 85422 
65875 /2133 
12446 05378 63922 41560 55298 26676 53846 83144 96345 82994 
66840 10330 66728 78753 18502 27384 77875 81893 15858 46750 
90205 24635 99242 20744 89715 57797 50343 29205 43475 56935 
41407 87391 22969 86404 86123 41461 31877 65287 07983 49972 
49782 675/216 
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—57984 67695 87909 92950 31176 44002 99093 55644 91384 04518 
24930 01546 04716 78429 27458 07656 65378 39242 44999 52681 
04872 74518 71854 29120 65900 27647 27017 80377 12086 37778 

92360 19271 22504 45185 58818 75816 35187 50645 39714 15079 

50778 60497 5/2141 

85289 10016 50645 14317 03912 51112 31341 75710 55426 61392 

97462 06033 40671 54290 10176 45908 22370 24736 57258 89366 

91850 71475 24077 67432 04935 93966 71701 49050 93131 82388 

72312 64390 68568 40680 90566 34360 69489 76275 21616 67004 

44700 25136 875/214! 

—50691 77143 41739 49840 75493 14578 14096 08827 65181 10196 
94879 28995 73522 73774 89595 18669 49281 97178 71448 07609 
55864 89596 40623 73780 48569 08958 66431 92441 43838 66081 
68728 93717 20720 06502 21650 09454 41559 16989 27300 60721 

58070 89949 55657 5/2143 

15216 36498 57861 83578 21918 30174 14440 31050 10879 95863 

68394 05137 40904 66194 98251 97963 88651 75283 19499 14731 

52721 15996 11289 48552 23528 23637 89383 11165 44711 32035 

74336 86179 75104 36328 90627 92815 15796 34023 19116 32990 

49894 97714 78048 9625 /2144 

—92263 64344 17864 93050 55310 50997 65287 02660 00815 11380 
49999 95933 63777 68500 17625 86815 41626 91466 89526 09257 

39482 43762 44175 49506 82120 15842 43974 46631 67778 65721 

35440 11737 66735 94449 90282 35603 50775 71622 66035 78680 

61382 20345 83640 72826 5/2146 
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Table G.9: The Maple internal floating point format for the energy coefficients 
for the ground state of charmonium. E™) is defined in terms of the integer Г, 
and exponent e, by E = I, x 10%. 


= 


-5000000000 0000000000 0000000000 0000000000 0000000000 0000000000 
1500000000 0000000000 0000000000 0000000000 0000000000 0000000000 
-1500000000 0000000000 0000000000 0000000000 0000000000 0000000000 
6750000000 0000000000 0000000000 0000000000 0000000000 0000000000 
-4968750000 0000000000 0000000000 0000000000 0000000000 0000000000 
4803750000 0000000000 0000000000 0000000000 0000000000 0000000000 
-5583 
7455733593 7500000000 0000000000 0000000000 0000000000 0000000000 
-1114319334 9609375000 0000000000 0000000000 0000000000 0000000000 
1832917144 0429687500 0000000000 0000000000 0000000000 0000000000 
-3280515873 7133789062 5000000000 0000000000 0000000000 0000000000 
6336704550 1431884765 6250000000 0000000000 0000000000 0000000000 
-1312946013 8199819946 2890625000 0000000000 0000000000 0000000000 
2904079328 1595887451 1718750000 0000000000 0000000000 0000000000 
-6830453429 0447669219 9707031250 0000000000 0000000000 0000000000 
1702688286 3079607592 2012329101 5625000000 0000000000 0000000000 
-4485554638 2703048412 3218059539 7949218750 0000000000 0000000000 
1245600127 5322037518 0089354515 0756835937 5000000000 0000000000 
-3637570700 8456444254 6386441588 4017944335 9375000000 0000000000 
1114769573 0233622074 3983378186 8219375610 3515625000 0000000000 
-3577983429 3171174003 7247069731 7272424697 8759765625 0000000000 
1200518576 3841344463 8039124687 7536177635 1928710937 5000000000 
-4203658005 6790863369 6136702983 8852584362 0300292968 7500000000 
1533601432 9576914723 1101361067 1616592444 4794654846 1914062500 
-5820594068 9064518834 7842489824 9693669786 2111032009 1247558594 
2294964130 4778303126 6743250407 6241508345 9345623850 8224487305 


© о эмо оь WOW wo = о 
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Table G.10: Continuation of preceding table. 


-9387727732 6598621665 1723463535 5127772051 7507987096 9057083130 
3979042940 7708259659 3212562900 5999547785 3266202146 1874246597 
-1745503215 4888277253 1493982016 4434024080 8850856046 7744246125 
7916026392 5932321098 2147667136 9560673758 6500012548 6403703690 
-3707550667 8849288316 7441755864 9346975463 4678300198 3567373827 
1791574648 1567133492 4065702168 9902572847 9870201936 4450279681 
-8923789665 7782230831 5422374290 0187167687 8072499448 5089766272 
4577740487 3221030654 9534491236 8719751463 4798502072 0615515160 
-2416472014 5373576294 6086139338 3018145902 6519252483 5591264575 
1311600112 0523274559 9460912132 3639557863 2717191204 8468795223 
-7314558251 5869397056 0026253607 9582778786 6848936691 2728655426 
4188282529 7717853370 1552958848 4122748516 7564620284 2722269437 
-2460675979 7780256959 2747045140 5608989876 4760964189 7618595746 
1482405293 8415705541 9799490396 0840977393 3983806678 8677936986 
-9151876481 1441150527 5783023345 9689641311 5689929142 9297554850 
5786724939 4268766389 5642511414 9340037830 4185893822 6945460209 
-3745374744 6104353831 1658984867 4493241418 8004288175 3524830086 
2480095427 3597589192 3421355351 8829420751 3279353677 4051664504 
-1679318606 2701988682 6310665247 1795484943 3653293554 1608686550 
1162196822 5475948214 8138704353 5847237939 6456038439 8289098380 
-8216885013 9515845939 1949301036 5457835002 7450103096 6030066949 
5932298501 8238224843 5615743726 0606766247 2780625286 2477149877 
-4371617158 2009318411 8077987500 7261602129 4332465621 2203173941 
3286903656 6815854435 6256668662 6488340770 8015103879 6055549564 
-2520500733 2072748893 6720711746 0221308707 1321397593 7436880117 
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Table G.11: Continuation of preceding table. 


1970504612 3821739603 7478745061 4222804254 0746551679 3963378127 
-1570004037 5275973936 7340422495 4199376832 1165794606 5430970041 
1274396248 7007418617 8559489608 8668287399 0209173515 0088660610 
-1053517635 5469596903 1135001591 1832065859 5018904713 9486164241 
8866886682 3623385989 5309834303 3230446238 1696728677 6230354749 
-7595491388 2089127098 0423857040 4441009353 4311830663 7483496972 
6620091480 6840919974 3461405188 4473450226 3831030197 0706899916 
-5869052305 7087549751 1415393743 0274487466 6780908199 3295297906 
5291082672 2731924696 9318727053 1149125748 4072862393 2714024720 
-4849248269 9671578701 2196759027 4877189890 7644269256 9817134427 
4516917445 5605854377 4309354475 2261926537 0951818210 6026931342 
-4274998379 1195999027 8175143521 4342690416 5280622187 2359277232 
4110053826 2319553500 2087173355 1989516222 4431752274 2584215927 
-4013024635 3057967988 8543864394 9945660059 5201212592 4507949060 
3978387500 7877393930 0464786959 4458143200 4384088302 3174454580 
-4003635085 1946627933 2814088894 2801001791 0564943885 4806443389 
4089009755 7506214229 7520742461 3093695236 1944478177 4216776709 
-4237453466 7673684970 2780785568 5712967986 4809963608 5414617334 
4454760977 9633531103 7748438766 3192350357 3982643751 0732497682 
-4749945407 7477987884 1430677435 7005164395 9548970574 1296217213 
5135847170 5695718853 5242986100 0576801447 1633752271 9234570342 
-5630042601 5834586021 1196378441 0424430892 7213520256 8408291756 
6256140359 2664550188 7887835794 6504401976 5269656077 6571677253 
-7045596247 0956092101 7302771311 1829539224 3211697257 7666030117 
8040236215 4112555584 9224055356 4718919390 1687938991 8707591434 
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Table G.12: Continuation of preceding table. 


-9295761320 5637714837 9046721318 5244355326 7230667074 0092122148 
1088662956 5281858645 1597416096 8827662387 1160649116 2348473598 
-1291288606 5458980929 4144242810 3197896510 8830489613 4421579383 
1550977236 1967746542 9090346997 2650273766 5361248324 8239191641 
-1886132963 6892477499 4135519863 0272027979 7093199984 5172582796 
2321978287 4778569764 0161847694 1234290979 0752508823 0162599745 
-2893335176 7607573698 6089338689 9498900904 0253316979 9231324073 
3648643138 2622025243 9876968030 4204379429 7845033366 9898230464 
-4655805817 4492936593 0677981479 3617399666 1159033371 6818858536 
6010759636 7930172716 5278337564 9612750835 9012288868 7719407824 
-7850123253 0718289318 4000388602 5093280393 9288405785 0272135287 
1037000839 4841632357 6906644008 6482240601 9348932519 8496082660 
-1385419987 0945573834 8593170465 8211927675 5521912257 8737705240 
1871668490 0065389286 3822970985 1805620010 6153192806 3095574817 
-2556631757 0861654081 9861497262 4894862982 8154620101 3006613596 
3530587595 6408848748 2906893321 5507142448 4717682849 9015804631 
-4928494536 2443012879 9916163286 0925397280 1495031309 8700737291 
6953765595 2889920986 2464866021 9658879142 9234603552 1987906016 
-9915516679 7762987810 3003059046 5678679194 7556369004 8755985616 
1428736905 8529708388 9868631694 8766195146 0570226734 5743322023 
-2080098272 6841452197 5090857810 2382826492 3081922527 9834782570 
3059596418 1747303954 1017016070 0236006023 4491279882 8571075415 
-4546195293 7352054872 2217594963 0613373953 9694585613 8381032081 
6823254043 9001907153 1841001648 1457042154 4311369688 6192317020 
-1034311214 9439031403 4559361339 4228204111 0856715671 6152813772 
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G.2 Symbolic Energy Corrections to Order 14 


The symbolic energy corrections E) for a general charmonium state have been 
given in (10.49) to (10.52) to order 4 as functions of 4 and т = k(k +1). Here 
we give more extensive results to order 14 obtained using program charm in 
Section 10.2.3 with jmaz := 14 or more efficiently using procedure hvhfpower 
in Section 10.6 with птах := 14. 


1 
EY = 5(3 gq’? —7), 
1 
EO) =-59 (74 +56 - 37"), 
1 
ES = = 4°(33¢° +154 -Т@т’ — 107°), 


1 
EY = <7 9° (465 4 + 2275 g® — 99 qtr? + 440 4* — 90 42т3 
— 180 q’r? — 847%), 


] 
Е) = са (1995 gi? + 17340 48 — 465 g°r? + 11409 4° — 364 4*т3 
— 2093 4*т* — 264 q?r* — 880 q’r* — 198 7°), 


1 
E®) = —5129 (77027 а"? + 1060290 4'° — 19950 48т? + 1551179 48 


— 14484 бт? — 166158 g°r? + 170000 4° — 9105 q*r* 
— 84180 q*r* — 72000 4*т* — 6188 q?r° 
— 27300 42т* — 40047°), 


EM = aaa? (1608201 4“ + 32473350 4:2 — 462162 q!°r? 


+ 86560293 q’° — 320628 g®r° — 6201426 g°r? 

+ 32051580 4° — 180975 q°r* — 3333740 дет? 

— 7640204 g°r? — 110772 g*r® — 1301112 q*r* 

— 2040000 q*r® — 73440 q?r® — 391680 q?r° — 424327"), 


E®) = — aaj 1'*(T1016319 4 + 19914488504" — 22514814 4'2т? 


+ 8591965515 q'? — 15151500 4'0т? — 447051150 4'°т* 
+ 7050577300 °° — 7789065 q°r* — 246750900 4°т° 

— 1088468652 48т? + 552000000 48 — 4284588 g®r> 

— 98779296 g°r* — 409572240 4573 — 243936000 q°r? 
— 2702560 4*т° — 36729280 4*т° — 82992000 q*r* 

— 1767456 qr" — 10852800 q*r° — 930240 r°), 


E®) — 1910627640400 g®r? — 2208000000 g°r3 
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— 16082366580 q'°r? — 6947028400 g°r° — 1930127616 g°r* 
— 367234560 4*т° — 3936138390 q!*r? — 2203128900 ат 3 
— 862113200 g°r* — 325867680 дет? — 124621728 gtr 

— 36917760 4?т' — 142032638 on — 93518620 4'2т?3 

— 44035677 дот“ — 21521500 48т° — 12592040 g°r® 

— 8330784 4*т' — 5383840 42т8 + 38680920720 q?° 

+ 147358364100 4'? + 98578433415 q! + 15278638650 q'® 
+ 408787995 q'® — 2615008 7°), 


1 
09) = —1711 — 10_2 
сЕ5ЗС9 (—171158400000 4°т 12909079502 9 


— 353939772960 g®r° — 54381600000 4°т 

— 848740435785 4:2т? — 394268963616 eS 3 

— 120184396164 4т* — 31260911760 g°r 

— 6027840000 g*7® — 136316254536 ат? 

— 76930929900 4'2т3 — 28779222420 q'°r* 

— 10234167804 Чт — 4068838800 q°r® — 1661100480 gtr’ 
— 497296800 q?r® — 3679091955 q!°r? — 2382986628 а" тз 
— 1029106287 q!?7* — 436790808 4'0т° — 229878621 g®r° 
— 149584500 q®°r’ — 103980240 g*r® — 66306240 q?r? 

+ 375747200000 q’° + 6001318017552 4? 

+ 10366146572430 q'* + 4277082221727 4 

+ 469170488020 q'® + 9724330239 42° — 29995680 r’°), 


1 
EOD = 731070! 42° (—21242958605200 qr? — 3757472000000 48т3 


— 46800062306316 on — 17527262965120 q'°r° 

— 3924933903600 48т* — 561254400000 ат? 

— 20724382333305 (т? — 10061341111668 q!?7° 

— 3115304609108 q'°r* — 860427312048 дет? 

— 232920137520 g°7® — 47230560000 gtr” 

— 2330306306536 q!°r? — 1322057550660 q'47° 

— 466365925410 ат * — 147118542268 q'°r° 

— 54452926480 4:т8 — 24693351984 q°r” — 10982462400 4*т* 
— 3329664000 4?т? — 48621651195 4'8т2 — 31092267128 418т3 
— 12296689965 4т* — 4356111144 4 2т° — 1936042225 q'°r® 
— 1220651760 q°r” + 70944835098000 q'? 

+ 340059597157140 q'* + 323290864183560 q’® 

+ 8943517401349 q'® + 7207006604490 q”° 
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+ 118718351829 422 — 174807360 7"? — 903773052 дет? 
— 656432400 4*т? — 412045920 q*r"°), 


10,2 
504988! gq’? (—357086822400000 4'°т 


— 3055365649115640 on — 846612727356000 4073 

— 108379729920000 48т* — 3317253417917868 ат? 

— 1370579839225800 а'2т? — 348932369371344 7 4 

— 71596479595520 ат? — 10455441920000 q°7 

— 955928238854589 gl®r? — 477892176202584 41“ тз 

— 144713724843450 or — 37852735615464 7 ® 

— 10845939908672 g°r° — 3297497018112 q°r 

— 717704064000 g*r® — 78863789709936 4'8т? 

— 44900905120500 4'8т3 — 14778743760924 q'*r4 

— 3851941955820 ат > — 1139443161780 ат 

— 523326578368 48т' + 768283264000000 q’? 

+ 14396272069572120 q"* + 31423206236610474 q’® 

+ 18444919983958930 4'8 + 3579041207992635 42° 

+ 221499986176800 42? + 2961221054113 q”* 

— 2064391680 7’? — 295568760960 дет? 

— 144816731136 4*т? — 44429299200 42т10 

— 1305901870119 42072 — 826565878908 q'8r° 

— 298320278685 q'°r* — 8210565334449 т? 

— 25625460525 7 6 _ 15223046916 qr? — 13109573136 48т8 
— 11129476160 g®r° — 8373214080 4*т1° — 5160979200 q*r""), 


q?*(—29171542767792400 4'2т* 


— 4609699584000000 4'2т3 — 82703432580590172 q'*r? 
— 28034546881847920 on — 5419404704448000 q'°r* 
— 637908163200000 48т° — 52642756156602150 4'6т? 
— 23132372258482500 q'*r° — 6111561626233276 a ‘ 
— 1359263127247200 g!°r* — 289353866709600 q°7 

— 45553846272000 g°r’ — 10548280449383655 а'ёт? 

— 5384007590549280 g!°r? — 1557775923476955 ат“ 
— 350531381584448 q!*r* — 87056578286160 q'°r® 

— 30560235197184 4877 + 92128653733573200 q'4 

+ 520743951458472000 476 + 627359762166181275 48 
+ 245557751348605500 42° + 35062612485456150 47 
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+ 1702414880302500 q”* + 18796729543839 47° 

— 6162105600 т" — 11284182349440 q°r® 

— 2668289536000 g*r? — 661712059905300 4292 

— 377686349188500 q'®r* — 114876591510912 q/°r4 

— 21942218248860 ат? — 2803057502560 Чт 6 

— 985702662000 q'°r’ — 1097533982160 ат 

— 879795014912 g°r? — 477387123840 gtr’? 

— 147890534400 g?7!! — 8883663162339 4?2т? 

— 5575797250200 420т3 — 1826656925445 q/8r4 

— 335971943076 4'6т? — 11115420225 ет © + 479890296 4:2т' 
— 24513744150 q!°r® — 36023863260 g®r? — 34901093568 g°r 
— 26937204480 4*т'' — 16267958784 q’r'*), 


(14) — _ 


1 
—2076461517312000000 q!272 
53886087 (7 ° qd 


— 21417021159903130080 g'4r? — 5428456953667612800 q'?7° 
— 610487890521600000 q°°r* — 29803747114971172200 q'°r? 
— 11323328631874827840 т? — 2544588471820985616 ат“ 
— 442546902748662400 4'2т° — 53118266073600000 4°т 

— 12302994469639383900 4'2т? — 5637921035340508200 4'6т3 
— 1475411152317982200 4“ т“ — 309644535286756800 qT ® 

— 69402693007150048 g!°r® — 17170151820307200 дет 

+ 4407758978304000000 g'* + 93208276159511132080 q’® 

+ 240824245923347697000 q'® + 179444488725079785675 47° 
+ 49506187990711461100 q?? + 5377662367940787210 424 

+ 209404689389802900 42° + 1937950838975635 428 

— 297048701952 7!4 — 3031890301440000 48т8 

— 1798032935007476700 q7°r* — 932017200976204200 4'8т? 

— 253273301765925870 а'2т* — 42878329010695080 ат? 

— 5199153101054640 vn — 1636797762481024 Чт 7 

— 1206616155806880 g°7® — 603747140760192 дет 

— 156240788520960 4*т1° — 88220978961160500 q?*r? 

— 50445828472486200 4?2т? — 14039528191146900 4'8т* 

— 1464650040419280 q'°r° + 586303077017364 q'*r° 

+ 367574805160680 ат 7+ 82241476430880 4'0т8 

— 27816432789600 g°r? — 41924742837120 дет: 

— 252165136271364*т"' — 7866289699840 4?т'? 

— 977429936279628 q?4r? — 609189629139000 422т° 
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— 179844828679542 qg°°r* — 13647733187400 4'8т° 
+ 15354025821420 4'6т6 + 10078531669272 q'4r’ 
+ 3248591488155 q'*7° — 331052671352 q'°r° 

— 1635218970840 g°r'? — 1780907425440 q°r”™ 

— 1396944550144 4*т!? — 825135283200 42т13). 


Appendix Н 


Tables of Harmonium Energy 
Corrections 


H.1 Ground State Energy to Order 100 


In Tables H.1 to H.13 the 3-dimensional ground state energy corrections E‘”) 
for the harmonium potential are given to order 100 in rational form. They 
were obtained using program harmgs in Section 10.2.3 for jmaz := 50 followed 
by program symharmgs with jmin := 51 and jmaz : 100. They can also be 
obtained more efficiently using the HVHF method and procedure huhfpower 
given in Section 10.6 

The floating point values of the energy corrections expressed in the Maple 
internal floating point format are also given to 60 digit accuracy in Tables H.14 


to H.17. 
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Table H.1: Ground state energy corrections for harmonium. The denomina- 
tors are expressed in prime power factorized form. 


С И ЗО 


/2" 
2 
1 


1 
1 


СТРЕЛА ЕКО РОО 
{| 4B115 56652 92926 98500 01825 20727 
1 | 12219 97346 24610 27474 55824 80830 01260 6852" — 
6 | — 52880 82766 29813 92374 68652 94316 65083 04163 БТИ" — 


51305 73520 91621 88099 35175 96730 19830 16522 01013 575 
/2°° 


8 | —44911 26282 96955 80863 65180 17596 50521 25187 16922 12154 

55/233 

9| 54594 70299 82242 05973 71342 94342 27113 88533 01344 65500 
89445 /233 

—11735 92088 05026 04326 55427 84726 59291 65740 91785 44226 
26047 08745 /237 

1| 17345 07167 53224 06381 80015 10450 75743 10465 07067 60876 

29762 09505 145/237 

2 | —22463 49326 79124 27073 57217 28274 72618 19769 76120 75191 

23569 94726 37375 95/240 

39676 92840 43936 82606 56735 43770 92833 99865 26584 32314 

56603 75613 11696 15005 /240 

4 | —24380 02239 01287 37464 45285 78906 31378 97577 42032 00110 

28494 35943 62070 32685 41975 /245 

5| 50725 21317 15512 88653 52418 28278 15195 84061 63545 18438 

81011 86001 16465 74043 26701 499/245 


= 


we) к — — — | | | 55| 55| or GO} RO] — 
— qo} RO 


— 


= 
сл 


к к 
> 


NO 
eo 


к 
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Table H.2: Continuation of preceding table. 
О ОИ 


26 | —91204 16489 20577 78015 15109 10945 14035 64692 12251 20555 
27| 22079 59120 32579 29615 33037 27765 81972 87076 75196 82297 
МЕРЕ 
28 | —91878 63367 94021 70924 44565 68903 46301 40302 91133 00208 

В 77052 91786 30769 26926 14359 69881 66577 40411/252 


29| 25607 96635 20852 60850 20837 31637 35928 26282 28310 22387 
51612 48041 94123 93297 13102 55121 25728 03456 3155/25? 


—61049 65069 45130 07803 11150 11763 43252 16513 81618 87228 
94148 96477 55889 26898 71795 28869 46440 44196 75585 549 

/2°° 
19409 89730 45083 49772 43684 32140 86527 64423 61939 68492 
43455 07420 34850 47694 63802 43044 06424 72481 36816 95363 
39/255 
—84104 18904 74289 74010 54288 87388 00353 80176 71168 65067 
55119 54903 78616 38926 52982 30723 13343 16250 78728 96887 
06748 59/262 
30256 70624 75508 32422 74683 88672 64911 52339 03875 69697 
11606 98034 74604 83952 61378 70852 89352 94720 32088 78858 
29522 85095 1/2? 
—92375 90595 03539 91011 77211 36991 85296 67830 84346 18193 
20375 44906 47315 19412 95297 03227 50675 89086 61776 80549 
94139 14511 97095/2 
37335 02320 47217 75057 39034 19558 52908 02334 97958 85013 
58177 79490 20233 30901 31961 80140 72087 37678 33223 37507 
89833 52230 39297 6461/2865 
—25527 76806 57817 52433 21435 52919 87938 05023 41100 91468 
73989 47886 59751 26173 43214 73702 49094 60537 61132 89618 
75547 74357 12874 22690 9421 /263 
11517 37030 67320 65584 02534 16603 18035 87184 64255 47047 
43501 25681 37237 28158 90278 24873 41229 27739 04632 73681 
15579 26672 85722 66545 26841 357/269 
—43825 56315 68467 72567 30557 11728 54032 12228 22984 64156 
92020 86898 98897 50851 36265 30289 45091 23325 80494 29488 
91438 54460 42929 01896 77760 53187 99/272 
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Table H.3: Continuation of preceding table. 


21946 57535 32152 87785 56357 80223 80402 82434 29985 09876 
72001 81139 20555 08144 19621 42494 41056 61197 18985 32480 
82100 94547 04491 37656 66012 14602 65842 5/2” 

—36978 71141 60923 03156 43861 51623 27869 76173 21325 88390 
54195 44488 45119 90994 57386 95314 03522 21114 43211 01632 
52431 52011 48267 88375 43844 64523 80466 32724 5/2” 

20447 98484 86785 70034 72024 31453 52846 72560 84676 86291 
72123 58329 31099 33679 90159 82838 95707 56318 25276 95047 
79615 11124 48900 86296 69010 18051 67942 34570 70345/277 

—94884 69357 06008 13776 80893 61451 28125 50864 07801 22518 
65816 98582 07605 13332 00976 87410 11452 56693 11915 67996 
87962 02778 42881 35671 14772 34448 52913 38500 81892 1045 
/280 
57666 74936 65291 30625 53751 23595 08676 00160 60754 58472 
89323 20819 28531 79078 17889 52263 19214 86769 38841 91098 
38079 73504 23600 82352 46044 28444 86373 54756 94337 22550 
655/280 

—58693 10554 80086 03844 66116 34175 01320 38169 69276 62626 
37781 50203 30742 68678 12469 81027 53380 43072 56042 01905 
97520 33707 47653 05898 05570 88998 81424 65178 05636 37761 
03655 525/284 
39039 13569 69218 03218 31051 03566 50315 72098 75285 96450 
80555 12370 56817 97779 14241 61568 43741 10751 89819 59905 
29013 52846 35217 56247 82945 57444 19105 73593 81044 92232 
35354 13876 45/284 

—21699 66588 30321 26701 85909 17422 39514 92659 93055 16812 
97303 09151 30966 90205 09130 33075 20300 19150 34432 57607 
67104 03353 45310 16958 75850 98955 20621 82250 39211 47168 
15261 73890 53574 35/287 
15734 82417 57861 53171 08799 82628 74604 05974 89975 64835 
50450 78790 69402 70329 29090 84938 46137 87712 83133 09022 
85340 94947 99866 93644 96437 26415 40938 38410 24606 14331 
76038 93294 13337 05144 5/287 

—76139 44902 66330 91564 65254 72280 81678 09716 74704 23565 
71787 38909 30337 32284 94616 94465 61923 44146 72392 35049 
70804 09253 28500 87105 20431 28386 28552 48056 83098 01782 
88103 66902 62824 75647 23209 5/293 
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Table H.4: Continuation of preceding table. 


59974 33251 81342 18036 17029 71292 95628 19892 02361 69716 
61527 37337 81170 88672 17213 96401 28067 45239 92432 88601 
41732 64987 60178 88934 08121 95193 77197 94685 55005 13525 
32900 28650 27368 54773 52128 91675 /293 
—39340 74635 63968 76062 15866 59852 99996 06379 29498 85659 
36968 85133 63365 20302 76196 87135 23199 69345 19763 42920 
18979 98439 73093 31636 92576 58612 36453 63992 77593 39199 
92489 01378 80250 17008 76221 64546 79587 /296 
33552 03765 99628 90047 33181 71707 20197 87485 32792 56077 
55332 09899 53307 19581 25615 41032 49380 03355 62673 81953 
26507 53423 05987 55065 80013 83824 72364 09320 91356 15014 
51556 16261 12160 34192 59847 77333 21795 0897/29 
—47585 55136 55527 55586 98109 85977 33604 53124 32416 24466 
00216 78379 41202 22394 29554 83016 02775 40557 48330 42276 
92719 09259 67116 66446 03368 90367 82574 41082 74447 00565 
29164 66768 54908 22922 78710 57891 02034 82461 6829 /2100 
43808 10461 67047 36482 29974 53049 29321 86891 25493 79024 
13124 51767 04694 19941 65020 34015 17043 92309 00846 54638 
70206 29869 23697 96704 08713 27774 02433 53462 33332 33779 
28603 18862 40445 06934 33860 33401 19041 44054 14190 861 
[2100 
—33485 89381 56415 79000 65110 54525 02791 20918 92669 64327 
01730 03061 56506 67989 08752 56814 43802 62344 84550 12160 
10030 75887 46034 41522 54622 01919 25203 78466 51864 90564 
07860 38258 50008 19821 42481 24735 08667 86194 60200 28585 
895 /2103 
33183 59812 01538 18985 00056 41286 99714 83716 58504 27362 
34363 81703 04254 69441 71603 51642 15901 29421 18098 70577 
96378 85021 58873 12787 90477 68753 58027 95958 97396 02881 
65940 51414 62843 24971 86404 98553 54476 91821 72604 83759 
69251 69/2103 
—10906 75895 10631 24123 40630 83856 29300 63171 50053 61581 
95170 11761 74755 91805 13871 82554 55994 05336 12441 06045 
84886 26940 61833 94803 06688 15504 69608 85097 20711 73740 
50356 33922 75572 54157 88383 45390 21045 47182 15361 40908 
34893 67510 463 /2108 
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Table H.5: Continuation of preceding table. 


11603 93148 91838 89120 56830 83618 97135 68169 85213 85043 
96919 29823 55488 06659 24332 48605 75250 55487 54353 06323 
32718 47908 40123 94959 73403 44227 49410 26303 26441 82094 
90552 00263 37483 99941 27802 22082 40203 19237 60876 85323 
82062 09732 60012 51/218 
—10224 16138 78797 72558 16185 14575 87338 01436 28159 09547 

04843 77885 30113 78953 34610 59169 71420 78143 16105 07164 
85094 28355 38158 20186 03155 65062 92938 32837 68570 81633 
79962 04381 78625 20527 95788 66757 61906 95040 11465 06573 
53357 44017 09550 65502 87/212! 
11650 06236 06915 24088 22954 51746 46182 71058 48758 37661 
92926 61117 99708 11585 67243 33635 46105 67810 93623 14005 
87429 22684 54569 57516 04040 95074 71669 27884 33504 59860 
50467 00081 13746 86530 23279 07700 03263 76090 11892 89423 
72445 04788 13864 92753 66540 5/2111 
—21961 91389 70941 04755 25937 62059 40910 63558 79396 34236 

28610 05812 47953 37009 18309 29370 51367 09882 47114 88955 

45317 59410 67796 04412 12480 35619 47982 60768 77083 82127 
33451 08393 23693 55588 82292 99975 21728 61600 64899 42017 
70632 73647 59329 84893 91197 46397 9/2115 
26740 83855 43231 27368 59753 80752 99896 95537 34323 00794 
33304 61639 61260 20137 32107 52603 92224 90739 22659 88346 
80198 55232 98724 96791 82180 90335 40710 27332 95597 86853 
81700 93122 95015 51439 37159 98238 77633 06072 85896 56138 
01261 06138 61639 52480 91866 34800 74019/2115 
—26904 31375 84156 32010 50901 13176 04445 22268 45218 18308 

08451 66532 31452 13113 37071 65783 84135 30664 49339 57626 

46409 04098 87977 23177 23882 57043 80001 63920 91463 27835 

04732 60400 52964 98276 66952 03693 82724 53996 56744 40477 
56101 08959 62443 21213 43636 62211 48702 28749/2118 
34930 71068 51319 74482 30428 56024 76444 78135 95896 95515 
88166 22830 59400 86767 20411 80632 77439 24041 11849 22969 
30265 61653 25152 08731 48602 33953 20752 23399 39114 77649 
34486 16966 36578 49317 98933 62941 89309 04316 45409 52698 
28369 40738 84306 96777 27877 13345 01224 25170 3091/2118 
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42565 83220 51657 57443 29906 07604 73317 89736 73576 93836 
40016 11623 99431 21644 48663 75995 22731 55402 31464 06193 
14069 79354 74731 42837 14297 80477 43766 02589 01345 72563 
60918 24145 67884 40244 17537 06767 98663 12474 52710 17895 


16551 78640 51763 71874 15890 22978 30354 56279 33193 62638 
49620 15597 22168 22063 27673 36779 82876 50588 93039 21840 
98201 00062 47448 84673 74228 42571 64128 43652 77278 71642 
26613 34506 35962 01716 30470 39287 77801 09962 95942 47894 
42764 47467 48131 05724 59489 22056 51082 10034 76050 52780 
96135 /2126 

—18859 64700 67515 69118 78767 57747 02959 62008 33161 08830 
33590 31651 35085 34818 37390 67749 36874 78358 40868 47439 
97422 77016 52188 67429 02518 75461 44289 41509 67196 66181 
26744 83626 67201 48432 55254 60127 76925 45137 30674 52639 
32873 49269 16814 02845 73998 71021 39920 52689 50682 65215 
41126 02295 /2129 
27677 93569 23551 40410 63406 72294 23403 30374 67832 77924 
89798 69778 58960 93853 22947 29783 50119 05215 92335 47764 
73409 90206 73269 23239 76015 33247 53465 73801 08413 23814 
48199 46888 61690 14204 78696 23310 58171 00725 81211 18488 
74401 10190 54063 24416 23597 78814 93941 09748 00955 54629 
48035 12388 1885/2129 

—66936 60494 56063 37262 84493 15519 29630 54917 18298 77217 
95801 25564 21730 70483 35861 33443 54063 06422 87869 23223 
84045 64854 83663 36301 30633 83942 51268 24740 24536 72395 
82940 57414 83048 32701 75451 74031 17538 59957 98332 91255 
29981 46742 90117 73753 54102 89737 21892 31257 91092 36394 
47901 05305 54633 0325/2133 
10415 91764 98649 34396 28913 21727 52953 15536 84328 27764 
33623 56602 50180 72678 30653 31457 32467 15389 82149 16544 
48120 53665 10900 77667 52526 82429 65993 81950 97403 40654 
38842 10661 39244 37881 16816 48332 72208 29669 83398 04061 
05942 68866 71495 58449 23076 00465 72699 01421 50213 38373 
37943 09307 79550 38041 4165/2133 
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Table H.7: Continuation of preceding table. 


—13343 33972 99006 83732 94244 43131 03190 33122 85908 13032 
41546 36703 83439 43605 90202 03429 11511 58972 73478 47783 
45883 49670 40023 71826 72006 39715 48255 24048 94880 71323 
56856 88777 00533 37566 92990 36638 75557 45715 98157 36784 
72356 71464 09206 47200 05489 99742 84258 37653 60938 06447 
43646 24914 87210 79075 34082 5175/2136 
21979 06068 31578 57201 77402 10683 40090 35603 40350 22957 
33496 20259 89769 38322 82846 59017 74886 92866 43189 81731 
09493 03624 14245 33270 25094 24642 32588 03479 88016 58947 
57498 84096 44832 67472 29807 73040 21957 85712 15110 70509 
13946 29168 12549 33127 30275 38903 65532 63853 16585 43719 
37167 73754 16191 37314 15125 56209 425/216 

—11912 43496 34074 43668 36046 40799 11829 38635 32446 10450 

61504 75741 99754 70235 19982 44427 32540 90968 09291 63804 
98558 53908 75087 27128 21565 20204 19203 47252 82135 13521 
81673 43059 03357 21789 73780 80561 81540 66223 58867 76354 
29058 26135 19125 43590 62834 97753 11309 23569 95239 96905 
22804 45233 29512 07541 08776 69972 26256 3025/2'*! 
20738 28310 19480 00469 13165 29998 71186 50411 48888 14212 
54143 61820 32200 19199 04383 15920 25357 42923 67631 86074 
63763 28372 17081 36844 13374 33663 05188 66433 41905 30929 
26145 07372 12428 46674 36339 35624 07977 30383 14028 97763 
13412 54604 17407 00848 25571 70918 90387 95918 50533 36461 
35182 33482 47681 51324 05792 46152 52083 17520 925/214! 

—29675 92895 60158 16494 16017 43193 90621 67226 56860 11578 
00788 89911 81125 40086 57236 41457 61206 36979 81463 49181 
95956 15440 08569 13221 31288 29919 86492 51793 15343 35593 
51578 63803 06119 54409 94423 60729 24145 26219 24485 32050 
76309 75504 97387 70965 81602 00240 39344 62264 02231 85236 
83730 98393 74313 11452 93371 38684 52173 12499 31487 625 
/2144 
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54520 25941 26534 23784 12015 65456 21044 21353 04227 97723 
27369 60643 38134 76722 49285 89494 18801 46318 35982 52838 
07060 13064 09804 77569 91303 94674 20483 72515 05792 65396 
70729 28543 81595 03568 63997 77624 73030 46643 56694 04176 
64332 79156 98340 61274 47110 36649 12451 56029 69230 73221 
52006 07404 99162 15915 49470 12085 76907 21154 55401 30156 
75/2144 

— 16454 71848 76303 33254 26477 52884 80991 65623 16951 07222 
09429 06631 43871 32673 13046 17321 50581 79175 00169 45177 
92560 45223 84205 80425 73426 57062 91098 40661 74776 30479 
38497 34696 43688 69468 73119 34771 35955 47122 31088 99426 
94035 25324 80554 47257 16308 21619 53496 59344 76182 23489 
88193 15080 66825 63538 47356 33159 03425 96130 22406 48297 
40162 785 /2148 
31857 58738 52012 38723 61122 73154 44427 03397 25425 76851 
68379 02474 47409 31260 92824 45453 42358 34778 35323 32611 
02603 25506 21885 93516 90639 88240 57336 90244 48851 71669 
64373 16043 32529 16702 93221 00619 04310 12095 33108 31539 
15196 02329 59769 03374 02513 51986 26566 36266 63428 21227 
87895 61116 28146 43160 85517 96587 11982 07439 12980 91436 
93209 50808 25/2198 

—50627 89684 62219 77712 82196 24687 75530 01242 54349 87716 
03749 97647 96155 93073 95217 36397 23738 79663 77795 96742 
45329 49011 14135 55836 48114 71605 10088 10171 86510 40180 
34703 99739 89589 98514 00539 40878 49983 66659 97141 21467 
25542 42823 46465 91712 06468 91583 66721 25045 28639 48903 
62563 01753 38028 50132 67512 80712 35027 47233 28965 34030 
90234 35889 80716 95/211 
10315 72841 00456 01956 83455 51551 82145 52644 21141 94301 
59338 11021 67490 82439 59285 75086 18378 03358 70118 42771 
97324 14065 20876 77412 98634 81658 38403 62424 77824 13183 
79689 53872 15552 77777 52500 19220 21357 85964 93075 96790 
28284 03676 60837 20557 60631 57501 01088 87280 69897 88820 
55817 57569 69913 41157 71382 73589 80000 39959 75729 09756 
47400 91649 11799 38903 05/2121 


340 


—13793 51125 99659 52859 28753 91277 52501 21166 87289 02406 


—51864 99298 46727 82084 84662 42626 07380 13916 76207 36478 


—42960 56574 28750 05741 91290 92287 59606 99548 59917 99720 
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Table H.9: Continuation of preceding table. 


07398 48766 45861 33690 11988 24421 69350 99301 01608 42707 
81357 39298 10503 93210 27747 75159 07546 14366 15086 45586 
64598 59132 39588 25451 51607 83617 99116 61431 86312 84699 
98443 86702 74352 17884 05765 40200 30893 31564 66046 22503 
41665 88304 62870 94104 46347 84998 99226 04377 52267 89861 
94349 90873 34188 96486 81454 965/217 
29540 65388 98457 07683 91394 11279 04144 91646 76328 46657 
10662 90256 41780 72839 28344 16606 33262 75071 62144 86812 
27573 54380 96553 82763 80829 82038 63628 37830 15995 99633 
61479 97132 22077 05362 05581 90114 76325 22224 19498 18290 
22003 55070 56096 92196 38981 21373 37876 08784 85072 60983 
51684 04271 43173 72220 28349 05994 03876 78999 13860 42905 
72195 15589 31622 30588 15736 31354 65/2157 


59278 63657 58416 35873 88881 97131 38971 26927 39393 10963 
73821 91083 88748 32244 71752 31702 56405 52353 70966 86036 
43910 71693 69656 37236 23619 39805 94907 71030 84852 53729 
46067 12985 02406 64262 12574 00223 17492 48519 23309 85579 
08913 40158 44610 81632 58956 67964 29856 41358 17806 46773 
03291 01327 73900 97935 14350 99616 28412 65/2160 
11660 82660 52281 29780 88982 93438 15667 07957 53932 31447 
77136 00005 61819 88328 30078 96119 70525 56693 63351 76148 
20905 40722 22425 63547 79753 49484 76826 07256 99589 69546 
59183 65730 90075 53701 65581 17136 99545 77877 36322 91037 
66159 35011 91382 37626 55101 62617 64148 82164 29266 45511 
66483 69339 76861 40004 61723 67253 35583 27651 47487 73404 
40875 98753 48058 77794 45662 42377 70048 26378 35/2160 


75908 20013 12110 63169 60392 76991 59595 17705 16595 47980 
10654 05863 50568 07922 55671 32230 85610 44755 28652 00476 
62605 50078 99390 52300 00997 67456 56077 28175 90368 50201 
92713 52519 93588 72741 81348 27987 28462 19095 34779 63785 
99572 29749 22386 09612 66487 64923 67901 54684 91952 70177 
90601 21374 64706 65086 46882 68472 79378 60715 89635 75/2164 
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Table H.10: Continuation of preceding table. 


10128 24375 95352 78212 89486 27100 89544 56892 72948 66930 
31438 34830 47482 02936 17772 52630 18081 51631 21328 89266 
15019 25130 57854 90438 82628 74909 23013 42934 73046 05094 
30777 32254 59286 46639 33880 65151 88736 45651 24204 60847 
81141 98025 73777 24223 37259 30201 31009 58127 33043 89013 
92074 23412 20298 20376 97801 51062 54490 44625 55830 87752 
02281 93112 64668 90379 05338 54060 17140 35157 17230 38481 
35/2164 

—19552 95655 73904 51516 71064 11188 25257 52992 85650 91189 
43852 79380 27568 73355 04448 28097 57053 51853 72663 87492 
15583 88856 55514 08961 98948 35626 28044 74946 32281 83859 
47092 61384 95126 71030 11165 96024 00351 70710 29862 40681 
02779 70089 90280 30457 21229 33427 33043 56762 20346 79580 
37348 91897 67915 02233 19818 07524 98765 66300 80211 96210 
71860 37282 17097 84111 32407 76250 30048 18578 01158 46843 
33777 65/2167 
48284 56288 07660 45424 34572 88766 57368 84197 88310 86848 
30812 50215 31456 00210 52448 05299 93148 78553 92431 46281 
43902 61437 37722 33934 00602 01121 00711 44460 19533 48935 
08772 15004 51368 57211 26982 62053 15449 48533 46976 30104 
94816 21127 19161 86944 33764 85620 91944 42744 77277 28226 
75545 47332 37926 66552 38521 54436 98496 36528 54603 77775 
98648 51713 69169 46301 27238 07322 29316 63704 46391 89877 
49957 05683 5/2167 

—39034 42488 42696 07678 24708 49312 54581 60055 90941 14759 
68519 65675 39783 73068 59571 23767 42933 78516 70209 71365 
65175 49315 59443 03433 50578 53207 24949 02773 05253 37528 
21553 21366 56727 43710 46969 78884 29004 01048 62571 84841 
31436 08651 88756 80644 22089 94958 10374 06568 87944 86606 
83980 42714 21801 95642 52296 28916 26768 19400 23472 91560 
61815 01913 13734 18051 37689 55006 43374 06429 68228 67810 
50856 69445 78543 85/2172 
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Table H.11: Continuation of preceding table. 


10086 01369 57475 58104 76992 34930 65052 60287 61235 63724 
89144 73152 97483 04959 20954 00240 17955 47908 59975 25325 
01198 68597 78768 03860 11004 07006 57340 51187 08781 69261 
41355 31221 17621 88203 56288 20414 45844 39974 86778 35226 
84355 14072 57205 92947 70690 50028 41465 04724 08124 12469 
93189 40381 21032 99112 90964 82307 80687 15915 92630 92213 
56280 43092 26933 46873 75752 37290 91453 13973 49717 04175 
50116 09145 49911 22656 45/2!72 

—21318 40384 19282 60477 60698 39488 37647 14120 88751 17487 
88024 42032 35881 65431 23698 31940 39022 55962 77070 56828 
74834 07786 84585 92843 02029 12104 53398 66331 26020 15216 
56312 10984 03162 62152 30885 09100 14202 72978 99077 82825 
61568 91750 75331 99977 95188 71613 11415 10461 85398 30489 
68304 81704 15281 85745 43170 14521 73898 77817 58419 31148 
88795 43880 52147 52718 35001 30339 05814 83888 44022 00761 
08408 81431 12512 52327 86457 45/2175 
57579 34385 24577 05669 34256 53030 86104 03231 25292 50454 
12344 06403 22996 11027 36610 48579 04547 91794 05703 61424 
82943 39953 85115 12674 26394 13495 73713 80056 93612 60955 
03210 28653 79786 61655 70637 09877 12210 17966 32254 64077 
70456 30195 17741 54379 48467 69457 64894 14428 77145 85617 
33041 41987 09445 63156 73318 27683 58082 57689 59650 79189 
79879 14861 77889 66342 57661 88474 59737 52718 31522 26698 
22547 17080 18856 47479 73856 24035 5/2175 

—25430 88227 41373 19565 35379 53205 14097 01583 44167 85721 
66701 07582 65078 14868 58880 34513 29885 82788 57758 50868 
61598 90800 75058 51656 50856 72647 53748 32472 87044 72948 
51936 74946 45386 97877 99053 66114 20470 81768 04751 73259 
33433 10795 49823 18156 45623 30519 62443 27316 11727 55613 
59783 11356 79277 14565 25037 78645 43913 49867 48709 63453 
51552 72389 43342 20056 97513 85025 18096 33695 44598 41898 
91971 43561 13219 23547 26982 12233 89471 65/2179 
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Table H.12: Continuation of preceding table. 


71729 35653 33397 32384 72971 08909 31703 16734 39483 30136 
72019 88919 42581 46190 55371 49617 54336 91521 58186 45023 
68104 13148 22613 96091 49072 30975 02695 33711 44612 95363 
37110 88166 56217 58817 96080 63114 46744 87335 23681 58865 
61119 89262 62845 28433 99867 42614 23933 02636 58183 95965 
48368 91020 67241 95827 67780 03106 38707 99184 25957 99261 
93643 63352 38249 13416 45660 14212 69124 48237 91500 62555 
42545 17805 19590 33654 92184 55110 74683 82592 5/2!”9 

— 16534 20975 68606 10228 63701 97922 70556 45393 51895 29625 
31368 15223 10402 98160 49652 63218 41410 05375 02319 88268 
49433 17225 91674 89635 44697 52914 92302 62907 32068 88296 
87655 88914 63832 34595 26908 10759 37698 98291 30972 11711 
39117 16213 23307 01408 22277 47134 22488 53660 93142 35949 
66594 12646 86233 94789 63196 07615 98638 15387 93297 18075 
00093 79759 21940 88252 46786 25882 87493 94090 34066 36987 
91667 80909 07007 87484 53446 05238 09963 09456 40665 55 
[2182 
48656 77492 98365 44187 98348 64961 22797 57966 44234 00487 
87856 69079 05407 13789 63716 26539 71779 55884 22036 03529 
51465 17752 49860 64074 21676 27058 29116 74505 88790 29854 
16645 07503 44768 32324 52040 09728 14701 64969 50619 00494 
33688 80249 97094 98208 07227 70220 15891 92012 56305 98675 
86066 25308 25365 85363 62215 90617 23923 93360 75132 69781 
22469 96891 53512 66574 22267 72457 66406 21179 11422 01424 
55954 38532 72607 67558 97778 51697 58909 98697 44991 65872 
5/2182 

—18714 61517 29717 27843 40201 42077 87628 16946 12428 46936 
53768 81401 04207 96207 62939 79148 97708 43898 07807 85811 
17501 50725 54194 41875 56851 65988 51141 26584 08762 97159 
57964 19576 62868 68505 76525 46284 28800 81677 65437 02854 
71222 90629 09919 18279 97420 23671 12652 55084 81174 56459 
03543 02700 46531 89614 40222 57585 90650 59298 14483 84782 
45626 16843 41426 82806 73608 66523 97026 37590 73376 98957 
18725 03741 07103 40089 90229 92926 04461 16623 42821 01897 
69361 75/2189 


344 Appendix Н. Tables of Harmonium Energy Corrections 


Table H.13: Continuation of preceding table. 


57409 34631 22590 31485 58698 31898 65475 65046 84042 60610 
34059 19037 84514 64897 23572 33178 45651 79476 84994 61695 
63099 72341 65404 41117 35757 34511 32023 09318 53860 85597 
65713 18320 35962 76683 18978 84391 70648 51702 05580 94271 
44340 36214 80815 29343 63602 30978 97523 44022 42493 75346 
94381 29329 99773 86972 54775 74225 56339 99135 79654 11016 
01230 71947 92695 43726 96190 47207 26990 91448 16948 00832 
94987 23907 68980 52765 40487 36509 20552 40601 08193 90743 
27232 11716 75/2189 

—14379 92581 09655 73613 82646 99638 85304 74046 10664 91247 
08272 67702 66839 37982 16986 03315 85690 62007 83452 11515 
36319 98430 86916 51806 41719 77812 57388 13351 16865 55625 
70461 40064 94905 69315 63132 95108 57330 53953 95149 68057 
31753 12087 37680 25816 21680 29613 72845 60676 63625 25738 
94781 47453 01309 95066 85210 61743 44691 72657 42546 56795 
98003 68793 11262 92800 08582 75553 83056 85531 82619 12193 
83361 81675 03395 46833 64958 23803 17600 55718 86946 22005 
23864 33822 60168 475/219? 
45944 46310 74763 08307 88744 86696 82778 96752 83226 23480 
35229 64878 22444 61698 32307 22773 52090 87414 43657 83051 
17682 27239 50097 95498 50655 19888 52651 62140 62772 71781 
62500 55602 48732 90655 72159 35024 64856 43946 93394 80581 
80325 79594 98079 55607 77803 32272 04533 08806 61982 47756 
26501 62311 10972 52940 51985 84834 30595 24027 38451 09459 
47234 60595 23678 07074 05492 72356 53579 31538 87787 40102 
71611 67774 89495 82428 10731 55177 37801 99295 54099 92251 
32445 08920 54358 90716 25/2132 

—23962 60895 12166 25275 88439 93741 16644 60762 51638 64151 
94708 70569 96813 83740 22530 07780 63539 64010 36899 86722 
35147 03139 47656 19288 73972 32076 18355 45943 90618 52286 
11392 14761 78620 78247 02743 25530 50247 28823 94894 41946 
53948 98111 60824 96730 88541 48138 48258 56438 93919 73270 
29566 52326 10047 62987 72454 54423 30780 00875 35201 70604 
83425 00492 28017 17284 31558 16321 42321 94371 20824 92806 
78472 50630 88120 95419 74086 08312 91435 66475 47034 84956 
18597 06570 13421 58125 68860 185/2196 
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Table H.14: The Maple internal floating point format for the energy coef- 
ficients for the ground state of harmonium. E) is defined in terms of the 
integer [, and exponent e, by E™ = I, x 10%. 


a 


-5000000000 0000000000 0000000000 0000000000 0000000000 0000000000 
3 
-3225000000 0000000000 0000000000 0000000000 0000000000 0000000000 
1362750000 0000000000 0000000000 0000000000 0000000000 0000000000 
-1032808593 7500000000 0000000000 0000000000 0000000000 0000000000 
1147795785 9375000000 0000000000 0000000000 0000000000 0000000000 
-1719187608 1816406250 0000000000 0000000000 0000000000 0000000000 
3319536188 2617773437 5000000000 0000000000 0000000000 0000000000 
-8035022898 8401734558 1054687500 0000000000 0000000000 0000000000 
2388909278 0347831209 4116210937 5000000000 0000000000 0000000000 
-8580782592 4127750420 1033782958 9843750000 0000000000 0000000000 
3670926401 4658125687 3460791778 5644531250 0000000000 0000000000 
-1847051448 9690217488 3017003837 7285003662 1093750000 0000000000 
1080881388 2745193630 5774746228 9784908294 6777343750 0000000000 
-7283671773 9468976703 6333616554 8122337460 5178833007 8125000000 
5602072285 6537304710 4786545572 3180911466 4793014526 3671875000 
-4879136342 8282916894 8219431859 1159120354 5361291617 1550750732 
4778218940 7536935153 7448909813 7228765079 7610504087 0606899261 
-5228359115 9730661734 5332654188 9752407077 6640684523 7943343818 
6355659919 5841939623 5996734283 7144840197 8861616809 0310529806 
-8539006288 9947179985 4238522869 0757981828 3400849222 8201857833 
1262020063 2461933405 8662578500 4852740141 4108143127 1578337695 
-2043042811 0478194024 4467230763 5539091070 0964082199 0939907415 
3608595616 6419857806 0380481266 2277436052 3779643985 6229313239 
-6929219122 7898278681 4732943714 4713601746 3330972845 7247262962 
1441697269 5571328317 0792302677 8394041702 3232645999 2038163023 


oOo mn nna &., WwW KH KF OC 
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-3240222841 7559008027 7910555731 0189867583 0492322999 9665449384 
7844246569 0137657984 3456680996 7084875682 8148688304 0469822925 
-2040115491 6394530697 1536324015 1846411297 2564739092 1784494597 
5686110771 5822669317 8030800884 4910419648 5952616740 8801384888 
-1694468196 1592880038 1897404371 1100057195 0892270364 4808431944 
5387328723 2687332916 1723935989 5954365974 3781553163 1404040781 
-1823718889 6070812267 8179931650 4988806232 0837548112 0247983626 
6560877329 1700694469 5941457886 0101432314 0171138409 5152544248 
-2503853947 9172608289 5460272449 3190315719 0872433687 5952502776 
1011967831 7089017120 6453988551 2287772693 9882593304 0475408354 
-4324572124 3166655394 2315418809 6438044240 2529805892 4618857256 
1951118423 1060853250 4233101400 3665190879 1763811668 9267911379 
-9280423981 4558501414 4247757588 7964911467 7756519297 9800817789 
4647368100 8931331730 4253972037 4636697397 9444516118 6050624285 
-2447045852 8467895014 0918148510 7563995027 6263420824 1205475365 
1353134130 6083974775 4202042129 3009442391 1953826219 2120489658 
-7848677894 9635907813 8343167549 0827348470 6579069375 6759840911 
4770081706 4947486906 2239475069 9263473408 7212668818 9535966099 
-3034362437 4900790001 0560937147 7227003553 4512663074 2720560394 
2018276011 2075341341 0773334585 9421780201 2425256589 3215039152 
- 1402308040 4158242773 1914340685 9412051513 8910815759 7635703681 
1016839179 6985139835 6498102136 9274578145 1730365117 9509605915 
-7688119639 3188949513 0497704518 2894713528 4665078983 8966347345 
6055859998 7560094284 3863142009 0464943216 0708421204 2589020794 
-4965500285 2443938508 8631638913 4197798943 0790948049 5934061464 


Н.1. 


Ground State Energy to Order 100 


Table H.16: Continuation of preceding table. 


4234862528 0716486604 1990032304 2679687091 4795969795 9030422518 
-3753838112 5670901216 4030757846 3425446860 5541267886 6761366444 
3455850106 3950484832 2172885861 1250798567 7092701095 7357517379 
-3301964063 4427121267 6287603280 2701864405 6136704170 4724981633 
3272155406 4443509142 8827051256 5791274142 9993300683 9456974483 
-3360904585 6105583183 9165002424 0662741023 0225048978 9698033896 
3575737460 4219555981 9129266555 5989902959 0530967475 0149308840 
-3938203714 6330828996 9820128556 0612330899 2524618373 3081845270 
4487440790 8868913249 8326030389 3004205172 0245190471 5431955621 
-5287138451 3084639245 8874959414 2947804923 2594368395 9622261454 
6437622713 7244491349 9042800667 1677782611 9172380042 1411734852 
-8096222421 9565879024 7656076552 9424645004 7668534847 6081265330 
1051157838 8628570124 5816196304 2965997898 6550384727 3423836664 
-1408203883 4011555717 8698751176 5545058211 3232462935 5473987872 
1945653141 5301963087 1159916240 0144089172 4852195156 6547523254 
-2771176064 3673666863 9014759954 6964057084 7073852378 9087831113 
4066907131 0982533140 4283511158 4340680849 2442156126 1209071308 
-6147156326 3112063163 4993144727 4695504987 4780828014 1970737566 
9565509653 1612403230 2621220549 9756772240 4203216858 8173566721 
-1531740280 6250821644 2295112055 8899492779 4131291751 7980160285 
2523072428 6554988608 8278146153 5492568651 5060501657 9828886944 
-4273376466 0715799682 6200969389 3402285668 7326955860 7387402661 
7439494211 4542174306 3738654083 9216789784 3131143122 8939600724 
-1330714677 5512747370 6900054781 7815984803 0665937039 3007347467 
2444772985 2653406682 0635601619 0496375056 8505428888 9570733071 


347 
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Table H.17: Continuation of preceding table. 


-4611594349 5227124902 0719548071 1813306967 9427245694 5569440731 
8928397655 9952320750 9031140256 3017371931 5389243136 6904802255 
-1773619852 5651526683 1595496349 6260400864 2118170647 6947449466 
3613853594 8471972196 6584273515 7165456309 1354985121 2129506874 
-7550322713 3739696715 7486727728 3006295790 5658233599 2181773438 
1617002848 8668642204 7394393126 8075542360 6574700965 5920976280 
-3548746827 2284853604 9138127916 9503848541 5153679267 4443067950 
7978661335 2852286005 9241831571 4231551411 8774432221 3684024412 
-1837175744 6904324224 8415278188 8383928581 7053785949 5747190989 
4331265999 3115836136 2183475565 8239042741 4507948572 7186025037 
-1045209045 2911797193 7193258105 2558754541 5565899467 0692886763 
2581065514 1987810089 9707654797 4741907677 3377383408 1278700748 
-6520614581 8387778469 9333219707 6107151822 5185651052 9013026341 
1684846341 9687898075 4783003040 6114009586 4928197587 5019890709 
-4451490426 8906044510 2555960700 2510100001 9694107811 2124089848 
1202312799 0555700569 6415001461 5208559076 4114140947 9603346892 
-3318884994 5714545923 5635587981 5525006393 7656494149 2572721481 
9361117813 4732182388 4696687894 0762835488 5562350765 0668956828 
-2697268820 0316834448 3172511100 5030769842 1874254433 6000257290 
7937506771 2015249131 9389678265 6327433067 0895042368 1200670639 
-2385128164 1614335081 9172506362 2521442090 4381092722 9162655048 
7316669218 6769233470 5449619982 6457180265 2589135970 5647122787 
-2290854349 2134024340 8307468282 0344727128 9737921142 1809219641 
7319375253 7843879144 8922191028 0093192637 1122200192 4798860832 
-2385914905 6133313409 2942835188 1787421020 5248459913 8364816660 


Н.2. Symbolic Energy Corrections to Order 10 


H.2 Symbolic Energy Corrections to Order 10 


The symbolic energy corrections for a general harmonium state have been 
given in (10.53) to (10.56) to order 4 as functions of 4 and т = k(k +1). Here 
we give more extensive results to order 10 obtained using program harm in 
Section 10.2.3 with jmaz := 10 or more efficiently with procedure hvhfpower 


in Section 10.6 with nmaz := 10 and d := 2. 


1 
EY = 59 (5 q?—37 +1), 


] 
Е) = —169 (143 4* — 90 4?т + 345 4? — 21 т? — 126т + 28), 


1 
Е) = Tad (1530 g® — 1305 4*т + 11145 4* — 6825 q?7 + 8645 4? 


— 337° + 3377 — 27067 + 484), 


] 
E™ = ~——_q'*(1502291 48 — 1640100 48т + 22937530 46 


Е(5) = 


Е (6) 


EM 


1024 
+ 251370 4*т? — 19742520 4*т + 54811295 q* — 3060 q?7* 


+ 2184330 q?r? — 31859700 g?7 + 25371140 42 — 4005 7° 
— 7260 т? + 1425540 r? — 7286640 т + 1137344), 


1 
1049 (27669770 q'° — 36942507 q°r + 738100629 4° 


+ 10748400 ат? — 818853750 ат + 3796517920 4 

— 346242 gtr? + 187966626 4*т? — 3192023007 g*r 

+ 5300835461 4* — 6930 4?т* — 4502190 q?r° 

+ 458172330 q?7? — 2944640160 д2т + 1820247660 4? 
— 8379 т° — 17955 т* — 4433688 т3 

+ 165916284 т? — 492400656 т + 70057408), 


1 (-610881106480 фт + 164689108353 g*r? 


— 1430376269490 4*т — 7886005400 4?т° + 221330307900 q?r? 
— 949563212520 42т — 86105853394 48т + 30280493840 дёт? 
— 2363069520 q*r® + 11579750 4?т* — 2399789700 а'0т 

+ 1015072091 48т? — 99282080 4°т3 + 623889 q*r* 

— 45500 4?т° + 17262526720 + 583854083483 48 

— 1297228041607 + 1777016373300 4* + 502265307440 4? 
+ 16259896 т* — 3937115160 r° + 56786744976 r° 

— 129214 т? + 1518336155422 — 49703 7° 

+ 1749218303660 4° + 63393364650 4'°), 


1 
31990 (—522962253144870 ат + 139762652943507 gtr? 
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— 836335777316358 4*т — 8508808592940 q?r° 

+ 131887711729980 42?т? — 447473931577560 а?т 

— 121991813347635 дет + 45877477646220 4т? 

— 4801867864563 4*т? + 83251027320 q?r* 

— 9852064808820 а'2т + 4679187532845 ат? 

— 678390832020 g°r® + 19085833767 g*74 — 18670200 4?т° 
— 184491014565 q'*7 + 101903505600 4'°т* 

— 17676727005 g®r* + 614328660 q°r4 — 852159 4*т° 

— 348000 4?т° + 6706247297280 + 485651234257405 48 

— 53025299553600 т + 866076004563108 4* 

+ 213223231554000 q? + 54367159608 т* — 2913414281352 т? 
+ 26974389458160 т? — 35741790 7° + 6129773123305 422 
— 1052541 те — 345951 77 + 1051180670572670 9° 

+ 90295906154220 q’° + 100977902060 q'*), 


(8) _ _ 30 
Е оао (594204250476429312 


— 78125322929429248200 4°т + 21059948889078261960 ат? 
— 100073398486962479040 4*т — 1421633697707002560 q?r° 
+ 15727724851189248480 4?т? — 45948118777707484800 4?т 
— 25471579777432757280 ет + 9816883396020120420 абт? 
— 1168004616414294120 gtr? + 31571147636285400 q?r4 

— 35438029552820412004'0т + 1762322608743286980 дёт? 
— 301494175483704840 дет? + 14174187079413690 4*т* 

— 89606370351960 42т? — 187881788567547360 а'?т 

+ 112493961213303180 gr? — 24515511450738360 48т3 

+ 1599545316614700 g°r4 — 16175781583920 g*r° 

+ 1490296500 42т° — 2507933204497800 4 т 

+ 1706018271083940 q!?r? — 431074490161560 q/°r? 

+ 33403509754290 487“ — 411328477560 g°r° 

— 102913020 g47® — 465517800 q2r’ 

+ 74039990765605923747 4° — 4892215995275360256 т 

+ 91597184634442058480 4* + 20311060777074397440 а 

+ 13631589661850160 т* — 380165855322250368 т? 

+ 2737908587619986688 т? — 74473619966592 r° 

+ 2209203410900611994 4"? + 4424409528 r° 

— 1474764984 т" + 1209106249546731 4:8 

— 423795141 т? + 129064684435547846440 4 
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Е) = 


4194304 


+ 1909453521 7676629420 4'° + 101214248995905300 q"*), 


g°4(—25814146312845876753600 q°r 


+ 692399339681 7001215672 q*77 

— 28208806153268837891184 g*7 

— 489436751303964915360 42т3 

+ 4375791106917473077920 q?r? 

— 11538709576991 932483200 4?т 

— 10536073661405744149863 а8т 

+ 4081401630633420208500 q°r? 

— 516002964315660454464 g*r° 

+ 17129844727027436040 q?r4 

— 2046049483298294493900 а'°т 

+ 1035730559479051124436 дёт? 

— 192100084822342975740 ет? 

+ 11441535593246037630 4*т* — 143989898161068960 q?r° 
— 185540570384991723762 4 2т 

+ 114984483100736622300 q'°r? 

— 27920308338823244652 q°r° + 2414349602975836680 q°r* 
— 52866280306087794 g47° + 118810876946580 4?т° 

— 6875210871080888700 q'4r + 4969583971210418532 4'2т? 
— 1461572357237327700 4'0т3 + 161426490399666030 ат“ 
— 4885774343654820 дет? + 17263487650500 g*r® 

— 4087874700 42т' + 24967232274976587192509 48 


— 1128669070553841223680 т + 23611717163095060880400 q* 


+ 48168476472171481 43360 42 + 5660516676902782800 т“ 
— 109761157872722670720 т? + 674395434813222931200 r? 
— 76084458466518768 т° + 1287018717191992469678 4? 
+ 132591899082505240576 + 123226696670280 r° 

— 8765961120 7° + 3265591352230432797 4 

— 4063522995 т8 + 29439272409650730 4:8 

— 1038064335 7°? — 68351957131283631 q'°r 

+ 55177690881684000 g'4r? — 18400407216980964 q'?r° 
+ 2346113399519700 q!°r* — 83645792066298 ат? 

+ 355099612560 g°r® — 579423780 qtr’ 

— 1237877550 g?r® + 37257598511306352133240 4° 


+ 8021872386582406004430 4'° + 99943774907337685240 q'*), 


351 


352 


29) _ 


1 
— 33554432 
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4°(—78819994188089558998955280 q°r 


+ 20900907556191045796019376 а*т* 
— 76330207211168409554762784 а*т 
— 1504989428729927565063360 q?r° 
+ 11638672255133970624528000 q?7? 
— 28486904632238844693120000 42т 
— 37833957808142411180439306 q°7 
+ 14588413585614219123310680 дет 
— 1896844322866615243106832 ат? 
+ 70029642241102314072960 42т* 

— 9205254363128560213593480 420т 
+ 4676921528377172358421953 ат 
— 903313310951043093479760 ат? 
+ 60890069843360827567344 4*т* 

— 1060638052988267273520 q?r° 

— 1162459430361333415823148 q'?7 
+ 730518003379744477989000 4:07? 
— 187677317474753262846624 q°r° 
+ 18810058549127374745100 q°r* 

— 592132893691543799364 4*т° 

+ 3515847328666328040 4?т° 

— 73168040040549018147000 q!4r 

+ 54352720848717170041266 412т? 
— 17270475838742681 973600 ат? 
+ 2283233578581999430926 q°r* 

— 104669437769418521160 q°r° 

+ 1074970943571787878 q‘r° 

— 828061775624160 д2т' 

+ 77743074781517741179335204 q° 
— 25984401283807 18260068352 т 

+ 59669708540845054795350592 q* 
+ 11360572249431698060631040 4? 
+ 19143705751154399907648 т* 

— 295437931886714699357184 r° 

+ 1628542899229124748180480 77 
— 419987499241744560672 7° 
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+ 5861041781659400437943907 q’” 

+ 296749791679762077908992 + 2232074007469920432 т° 

— 1053610521588144 т’ + 34705378442365672338990 41° 

— 177867803412 т? + 843187971747245957840 418 

— 90087252450 т? + 5917362461354516899 420 

— 20721643839 77° — 1985244095915674215930 q'°r 

+ 16816261 16022930233640 q'4r? 

— 625896996064290484560 q!?7° 

+ 100464361507158503400 q'°r* 

— 5877020173201344468 g°r° 

+ 82825025031214200 q°r® 

— 98704083050496 g*r’ — 87460896600 q?r® 

— 15205758562221894240 q'®r + 14197453680723157845 q'°r? 
— 5893161624600616080 q*4r° + 1069529057590659822 q'?r4 
— 71867091085629840 q’°r® + 1183390343326170 q°r° 

— 1679177790000 q°r’ — 13676757633 ат 

— 26681701200 42т° + 103043677115947937319659040 q° 

+ 29282693277431 735282281140 q*° 

+ 630213981608272652509380 q'*). 


Appendix I 


Tables of Screened Coulomb 
Energy Corrections 


1.1 Ground State Energy to Order 100 


In Tables I.1 to I.8 the 3-dimensional ground state energy corrections Е) 
for the Yukawa potential e~*”/r are given to order 100 in rational form. The 
floating point values of the energy corrections expressed in the Maple internal 
floating point format are also given to 60 digit accuracy in Tables [.9 to [.12. 


356 


Table I.1: Ground state energy corrections for the Yukawa potential. The 
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denominators are expressed in prime power factorized form. 


Е И 
ПЕ 
ЕР 


3/22 


| 
— 
~— 
NO 
= 


E 

i 

i 
—10771 24814 77467 74201 20851 827 /233355172111 

5 


9| 19022 47435 94919 42077 28480 29801 67651 521 /238375473111131 
30 | —72709 02876 86525 51676 77699 90699 38769 3327 /238395572111131 


= 


<> 


>| SO] Co 


~] 


к 
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1.1. Ground State Energy to Order 100 357 


Table 1.2: Continuation of preceding table. 


СВО 2 
31| 61761 40432 17338 30903 08267 40905 45487 89063 3/239395573 
111131 
2| —32616 15550 42142 04234 65124 14426 22644 82034 147 /2463854 
73111131 
33 | 12733 56381 37314 72017 98783 24735 96174 71109 96009 3/243 
3105573112131 
34 | —22271 08736 32478 73387 25394 13678 31183 97179 36187 5729 
[24731955 7311713117! 
35 | 72941 76451 30383 00457 06795 32680 73448 28799 10322 85439 
[24731056731 12131171 


36 | —23353 52475 05474 18436 37762 90140 61854 69314 29706 91684 
859 /2513115673112131171 
7| 21572 66725 30984 16848 03381 35940 07753 96852 76491 88157 
3/2513105571112131171 
8 | —69375 40749 47614 63278 69149 12945 23802 16276 68130 65734 
26233 /2513195673112131171191 
9| 11407 53312 08055 26005 87771 52339 09978 02115 00930 85089 
07636 9037 /2523125673112132171 191 
—18630 42643 01465 94048 18894 44827 19210 51651 73503 86541 
17987 75813 9/2573125772112132171191 
41| 84417 32429 71757 53914 24493 68930 52369 60417 72721 97585 
89605 6537 /2563115773111132191 
42 | —29358 41457 25863 57336 61611 47474 18931 80637 10603 66214 
80079 97654 65281 /2583135774112132171191 
22009 61232 40931 26460 39823 45341 07739 80475 78027 83933 
75128 96878 46183 3/2583135774112132171 191 
4 | —29491 45094 22211 14196 56910 01506 09492 19814 79352 93584 
31407 44305 14187 0021/2623135774113132171191 
45| 72364 04324 56742 09057 25225 45976 42553 36187 65592 02500 
48019 38428 08053 97/2623115673113132171 191 


eo 


i) 


4 


> 


3 
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Table 1.3: Continuation of preceding table. 
Se 

46 | —31637 37667 82061 22470 78566 73652 64163 88829 15056 69322 

47 | 65476 45177 62503 60195 77052 23819 97783 20542 92545 76712 
Ы 36167 35641 16144 39436 633/2633135774113132171191231 

48 | —23884 97585 41272 05499 96253 59645 19931 10508 42578 62562 
oer saa one sna azn I0 

49 | 20033 84289 42922 17061 88083 07669 57774 72262 42728 84985 
“ 20104 89813 45743 47156 25941 /2°73!4577° 11313119! 

50 | —12918 47385 28698 80570 93510 76026 30917 52588 29617 64244 
19488 46690 37222 19401 14503 4253/27°314597° 11713719123! 
29034 72319 24983 27246 31295 94783 15265 14810 75804 57520 
97522 18688 47497 43099 92227 96571 237/27031557 
7° 11313717719! 23} 
—42927 75533 44261 21617 24679 10002 56594 22515 09050 07074 

90340 74492 62822 15449 61159 74989 83469 57/27431459 
7° 11313317719!23! 
37100 78076 23842 85220 73339 36326 93370 29800 79592 46163 
82292 99676 78158 47127 01123 96556 09493 233/274314 
59751 1313317719! 23! 
—97445 86310 15810 42050 55235 21486 40709 60061 49903 77643 
38793 54511 65420 95493 39093 77097 98802 6009/2743!5 
5976113133172191231 
12397 48275 02479 17347 07740 35007 37471 58600 16436 77295 
19118 72465 67722 12211 20827 28122 54488 79362 23/275 
316510761 14133172191 
—63721 97063 68629 36548 47304 55059 67556 82878 08117 87998 
75936 99626 59189 42956 80935 71631 51381 59580 05569 
[28031451077114133172191231 
43065 97087 69478 31141 77424 82844 97157 97742 82297 00485 
42896 31983 27344 34413 53155 65795 38645 27627 64687 1 
[2793165977114133172192 
—22654 95033 31601 84217 05366 02810 44239 62017 62169 21580 


26225 75842 33386 36355 91081 97974 61385 20802 26142 14185 
1/281 31751076114] 33172192231291 


52 


3 


55 


56 


57 


1.1. Ground State Energy to Order 100 359 


Table 1.4: Continuation of preceding table. 


14767 43599 52954 03511 92981 42885 40990 08415 28673 08842 
20946 99621 43318 54824 61725 33147 43454 88662 18914 71300 
233 /281 31751077114133172192231291 
—48398 14190 56742 59506 49302 26118 74911 67203 60567 65196 
10779 01167 55207 24729 13046 42696 71724 29309 83027 72303 
6581 /285317511771 1413317219229! 
45476 21250 14868 12095 85172 34021 95956 16147 05830 48360 
86364 80499 10297 36036 02920 33638 75012 74055 40735 07648 
30044 9/28531851176114133172192231291 
—14638 81977 47104 94821 87613 67400 97522 44734 54338 18551 
39424 20053 96578 85797 34058 73831 94502 07478 30801 63504 
52018 213/28531851077114132172192231291311 
13484 87453 72094 34980 79188 64237 43012 25913 81444 21049 
15937 60233 14877 35616 70323 47689 86913 95065 54079 70797 
41098 93761/28631951178114133192231291311 
—89433 55000 32365 34503 77600 49723 69129 33025 58244 15590 
94357 60950 89262 95989 98460 65530 16425 15054 20560 44993 
99557 80514 9999/29431951178113133172192231291311 
13281 27419 49967 87817 02114 26193 88303 91447 53286 90854 
57952 14446 66104 04987 31061 36299 39808 02935 63328 61603 
18123 81782 18761 03/29031851278114134172192231291311 
—42403 41743 70780 50656 70325 00015 17723 71879 19427 34716 
24483 65361 75570 59758 79355 72709 38289 42173 46743 60037 
47362 37454 67505 06325 7/29532051278115134172192231291311 
20568 19414 77304 23896 88803 68520 43002 64425 50227 44414 
69605 94662 45645 29796 53763 29840 90825 08590 72935 59081 
03676 24082 19866 27427 9/29531951277115134172192231291 311 
—12094 18098 57853 35108 38351 35842 77242 78048 18353 68908 
96505 08773 90119 90981 12377 86462 50543 74512 81256 69102 
84624 86862 32889 11624 07070 9/29932051278115134173192231 
291311 
15753 75225 71112 44277 99073 90302 36355 70696 62109 99946 
37125 58202 56560 78502 90392 08206 16959 10329 84553 32940 
09346 02969 00749 94495 89648 7/29932151278115134173191232 
311 


64 


65 
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Table I.5: Continuation of preceding table. 


—12771 25717 64800 76593 52912 39389 85932 75111 32803 83854 
91928 90328 50462 83191 98643 86442 93777 71511 05679 75425 
85852 15719 42372 37385 99472 37881 /29932151! 791 15134173192 

232291311 

79755 04398 67884 72363 48629 79504 44621 09429 65275 65327 

03213 28358 63467 04165 23571 59370 65778 19437 82435 67575 

90716 77906 66137 17363 70686 89749 /210032151279115134172 

192232291311 

—13957 25694 98456 33514 37907 72837 36613 21077 20224 20538 
31758 14834 25658 00181 35216 28732 84075 45507 38083 43904 
21531 03190 75476 30826 85683 73428 31399/2105322512791 15 

134173192232291311 

75576 44329 46196 09456 70685 15776 49406 61660 50655 68493 

31679 85082 66853 83290 96805 87383 01462 75230 16152 77560 

26151 20052 84631 63675 05017 35461 68391 /2104322512791 15 

134173192232291311 

—40774 20461 82443 84725 78975 88746 25995 80769 35772 47477 
19256 90537 32217 14522 14511 07077 32716 15563 44232 83867 
25575 17680 60713 02131 27077 32047 23537 953/210632151279 

115134173192232291311371 

11988 39358 52482 21197 40613 64500 81670 70352 75688 66232 

04823 20376 94700 00511 43671 64801 12818 03272 35675 85255 

21806 35651 36820 27605 50077 37086 42167 9701/210632351379 

115132173192232291311371 

—68661 32448 16837 53556 06606 02136 86919 54735 22514 26612 
78744 80151 70246 38682 44289 70588 36796 81940 37322 44195 

15478 45973 53997 23707 69696 73044 01484 66154 2577/2110 

32351379 115134173193232291311371 

17447 44866 38853 91929 43744 48102 05207 20912 99333 23263 

79434 65428 01978 78778 10473 58388 96785 44323 24147 01565 

18760 27227 58304 19217 54396 99879 97862 73840 23979 /2110 

3235137101 151341731 9323229137! 

—23959 98777 40289 94097 14971 94309 27464 38260 89495 70049 
68220 02552 69818 54936 68099 13917 51141 45023 16074 64037 
61537 26485 01702 59544 47565 24881 69292 23063 47729 4927 

[2110324513710] 15735 17319323729131!37! 
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Table 1.6: Continuation of preceding table. 


26159 18217 39975 24383 35301 76860 53558 38341 98076 83447 
32274 75116 67574 76823 84944 87801 14477 80543 96034 24948 


12816 39269 00462 03799 80671 44156 17204 90615 29725 3831 
/211132351379 4 15135173193232291311371 

—13557 57988 32385 51112 62877 49469 19510 59385 57223 91463 
85921 45733 06800 86731 47374 20447 08330 54180 62488 97824 
66221 97378 08403 02878 51637 15045 08850 59568 70570 62754 

561/2117323513710115135173193232291311371 


81 | 53412 72339 27908 98135 06892 00708 81753 07046 84805 47054 
99501 25939 86686 77757 75895 40530 89878 83172 64546 99674 


85435 50924 95596 61916 59632 69037 42265 72203 55785 20563 

15011/2115326514710115135173193232291311371 
—68778 31143 39282 03550 54808 96747 42096 51377 25819 85845 
95779 12524 71039 10632 89392 22698 83696 33331 22649 25086 
64445 35327 40714 10760 51312 10232 99624 21035 45159 35698 
42507 769 /2118325514710115135173193232291311371411 
81720 07266 54729 33684 96436 33081 74553 47810 78876 70563 
00739 65419 58818 31426 23038 25311 57979 26926 81824 43226 
06389 85974 39621 33038 08534 84062 07813 70531 71027 98112 
22474 9527 /2118325514710115135173193232291311371411 
—33186 47472 68412 51773 36995 18436 32889 15335 95754 63654 

81675 29407 48911 76958 76738 47608 35715 83091 62945 54886 
88798 44501 62701 02323 24936 84512 94149 76216 91632 36859 
71285 66201/2122327512719115135172193232291311371411 


82 


83 


84 


85 | 14493 35127 23799 95294 91244 16374 72868 97589 36133 36806 
39313 06129 38753 92590 68409 40644 46063 56527 69015 51748 
21501 94697 34536 33544 78094 34696 88543 87109 31162 56013 
92511 39956 07225 7/2122327515710115135174193232291311371411 


| —50657 90203 45337 85411 16088 54932 02423 39088 43098 41054 


84035 70803 30983 61104 21380 84622 15620 92446 59881 74269 
89372 04376 29569 81534 03802 71336 32639 88391 43379 30919 
54391 49186 97614 23/2122326514710115135174193232291311371 
411431 
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Table I.7: Continuation of preceding table. 


32514 82304 02792 92942 94389 02879 38835 40497 19213 36741 
36173 04188 64074 06372 13570 93162 46144 50547 12704 05868 
27320 75045 09857 72882 32392 63419 37190 86903 03558 25610 
66309 01819 06417 52866 3/21233285147101 15735 17419393209? 
31137141143! 

—54580 67348 08900 17401 19895 98244 91073 92484 49618 10461 
25799 15531 98516 07042 84341 61701 95056 97744 94386 03694 
60095 22590 85950 70343 11782 54832 91337 15231 32504 79162 
44548 91264 84677 19938 1503/2!283285157101 1613417419393? 
292311371411431 
44353 47877 93085 79177 28954 37746 42041 07730 36547 69775 
35509 30683 61810 88859 89160 54007 24151 69428 60099 64495 
84275 15793 48034 05919 06531 38701 44260 23868 99871 72657 
09707 98380 44919 07171 71573 7/2127328515710116135174193 
232292311371411431 

—43562 66686 30856 85882 54329 72153 46064 20366 65362 13192 
54922 53621 19775 95108 16871 57964 61083 73222 99633 79022 


85782 32651 46389 15515 12344 91326 55206 13373 26905 55314 
50297 74909 60771 68253 30693 61/212932951673 1151335174193 
232292311371411431 


12929 05124 38965 48827 69624 64640 41227 18743 89216 31861 
58831 90245 39517 20972 87212 84844 71862 02257 02573 52735 
90616 27361 11128 74932 31141 50022 27122 93751 48846 69251 
52884 48296 10933 82120 06243 05801 53/2129328516711 116136 
171193232292311371411431 

—24377 87803 28410 80371 57474 73579 14456 07373 29084 37984 
54874 43813 77457 15622 43100 41101 81332 44915 44336 29953 
24025 24131 75533 92515 35046 67415 70664 04729 41310 84702 
97991 05981 43660 11273 85734 72779 7401 /21333285147111 16 
1361741193933292311371411431 
53940 24841 77265 50720 41626 10224 82552 47504 76997 31970 
07846 37881 37188 58463 50049 96886 04665 78920 81048 55661 
01903 83050 66380 46399 57243 45204 05754 63121 13904 69129 
24823 07780 44548 91783 43610 89887 64527 1/2133330516711 
115136174193233292312411431 


1.1. Ground State Energy to Order 100 363 


Table I.8: Continuation of preceding table. 


—19181 67832 03063 67326 62231 52140 41404 54677 01873 87110 
61489 68481 91508 07129 51930 92961 70345 45965 81077 96219 
15345 23598 89308 87995 62154 34098 81277 93800 80035 04649 
44396 42283 58751 25090 60546 80466 69507 05035 7/2133330516 

710116136 17419323329231237! 41143147! 

11152 58818 02347 49375 91148 40546 21166 65836 57339 07129 

29524 10831 74827 28144 23994 52083 84638 31756 43795 51076 

78938 33669 47274 87951 70870 13767 65317 58664 65334 36749 

97803 12740 80791 02701 61237 17171 54998 15719 08223/2134 

3295177117 16136 1741949339973 1237141143147! 

—33959 69224 34050 91169 87083 19971 36243 59210 65147 48316 
28407 61126 13851 59537 11016 01422 71070 43870 11943 82002 
89369 51720 02836 67462 32740 17477 18556 34504 20273 41037 
43517 74869 08071 18498 15723 60217 80076 87520 72730 461 

[2141331516711 16136 174194233292312371411431471 

56532 03284 96196 73431 78419 25549 59590 11433 87689 86811 

65052 96007 98027 71352 03011 27963 39758 69769 64765 79311 

61506 42718 75707 78723 92577 73444 28418 52694 87047 94334 

98612 19090 25456 21476 06953 13864 12489 82963 12555 879 

[2138331516711 116136 174194233292312371411431471 

—29736 21341 16465 22099 52877 45495 74981 77049 85037 42176 

35832 88552 87603 35743 25645 80671 61707 72505 33930 35879 

81112 83737 61461 87507 59881 08768 27293 38163 14296 89761 

83647 59987 33262 47249 93379 08125 45598 34673 80089 07244 

901/2142331517713116136174194233292312371411431471 

63174 08444 59326 55041 86762 79626 64069 68262 28137 22341 

84447 21775 08709 04565 39318 51388 83800 97105 56018 29065 

35758 65173 99192 81571 52668 51836 85350 43044 01322 06306 

16898 60602 80458 13287 50960 39038 89045 48420 16776 55445 

8723 /214233151771211713617419423329231237141143147! 

—48184 72128 88432 24371 60025 52804 31301 30741 32116 72296 
83998 96134 15127 81306 36539 56253 23247 89603 06144 88993 
71544 68059 94335 44135 63583 62336 45042 45401 17970 17682 

35184 61618 87006 70318 44844 12369 51603 93886 72130 54729 

90868 719/2146331 518713117136174194233292312371411431471 
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Table I.9: The Maple internal floating point format for the energy coefficients 
for the ground state of Yukawa potential. Е“) is defined in terms of the integer 
I, and exponent e, by E™ = I, x 10°. 


-5000000000 0000000000 0000000000 0000000000 0000000000 0000000000 
1 
-7500000000 0000000000 0000000000 0000000000 0000000000 0000000000 
5000000000 0000000000 0000000000 0000000000 0000000000 0000000000 
-6875000000 0000000000 0000000000 0000000000 0000000000 0000000000 
1312500000 0000000000 0000000000 0000000000 0000000000 0000000000 
-3020833333 3333333333 3333333333 3333333333 3333333333 3333333333 
7885416666 6666666666 6666666666 6666666666 6666666666 6666666667 
-2260188802 0833333333 3333333333 3333333333 3333333333 3333333333 
6975889756 9444444444 4444444444 4444444444 4444444444 4444444444 
-2289030273 4375000000 0000000000 0000000000 0000000000 0000000000 
7915552408 8541666666 6666666666 6666666666 6666666666 6666666667 
-2866438809 9952980324 0740740740 7407407407 4074074074 0740740741 
1081923003 8565176504 6296296296 2962962962 9629629629 6296296296 
-4241181438 6567615327 3809523809 5238095238 0952380952 3809523810 
1721872252 9834350370 6459435626 1022927689 5943562610 2292768959 
-7223922257 6310262057 7265556106 7019400352 7336860670 1940035273 
3126226151 0395523017 4661733906 5255731922 3985890652 5573192240 
-1393466634 5308060763 7946988329 4753086419 7530864197 5308641975 
6389374738 8295126541 5817341476 5211640211 6402116402 1164021164 
-3010515737 3139414206 6465273525 7695381393 2980599647 2663139330 
1456261287 0969658988 5858181112 2072526927 4376417233 5600907029 
-7225946310 9846876353 0906717161 8240120999 2975865991 7390076120 
3675224678 1280740695 8527609035 7100600349 9183062675 1261671897 
-1914745824 9886869203 5052459967 8625042168 7191202940 2108767188 
1021180326 8812565453 4860848700 0579611372 7503107256 7448228824 
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Table 1.10: Continuation of preceding table. 


-5571870767 5028140467 2495837489 0880739584 9313276820 3039367061 
3108594515 9692778078 4040582603 7160060389 3695297089 0957736931 
-1772394041 7376650021 1835193941 4349681125 2495341603 3403981998 
1032210361 4706309986 4326396972 1497587747 0290553783 4373825512 
-6137267834 3397979676 1233562845 9684983823 0467029658 4442091298 
3723710074 9058589698 4207546159 4106757832 0618758386 0698716229 
-2304479005 2884781454 2352067178 2251137786 2611772213 5189654773 
1454034609 8515224646 5806224571 6546766070 5158670455 1630274804 
-9349691740 4813316185 9806972108 6881554388 4816552550 3915478950 
6124380027 6147131339 5224820049 7509124421 7879858772 5102924824 
-4085047089 4916419629 9972306116 6910238468 6322851731 8096051017 
2773548808 9861079728 1336009406 0895488757 1513647023 6830072213 
-1916098496 0916910847 2033503873 2129127885 3369927481 4143405814 
1346443592 4178555794 4666227437 9508672021 4382840960 6806984962 
-9620491903 0613519812 6503253941 5372298482 9987106943 5355093024 
6987163121 5042759585 0877053405 8811613681 7031291981 9019935093 
-5156556152 2808541008 5550221668 7977903817 0617067583 6385973304 
3865801457 3135232822 8662100588 1003102578 5962145745 6166667928 
-2943137988 9828276519 6334010239 4941260038 3653951840 0413562853 
2274824321 6635866232 0578345463 2575879962 2698903073 8053274655 
-1784557172 8058689884 8272079439 4242188298 0064952494 4547206962 
1420501803 8737486242 2442486291 2242479099 4681190247 6657684756 
-1147015167 7217242471 4794814165 6476377333 1318098402 9739400674 
9392986734 0759103655 0363089054 0472562753 3654398239 9157236895 
-7799022925 7372222303 0908638097 8520412968 4641236887 5604282240 
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Table I.11: Continuation of preceding table. 


6564125298 5699542825 0603795541 5012840327 6000059358 9226840736 
-5599061833 1233900599 7063473914 8148179190 0676546785 5498568262 
4839050258 4502625580 3885553565 6793685884 0820488447 4178464780 
-4236617301 4585613020 7346336206 4894816234 3036852482 5866195729 
3756671652 0520242037 0410681029 3156798723 6983772669 1770929010 
-3373071741 0918361095 1464766947 2932177138 4212766001 6940340296 
3066213193 8171300723 4692408052 0554384413 3188711937 1537696714 
-2821318884 4186777982 0289250556 4572475443 7412613452 6625551277 
2627218046 3413035792 5652702962 0450511873 6707296271 1575010648 
-2475469381 4849654195 8930533709 3436891137 4046253615 5952512472 
2359728875 2104765426 8897404743 6098817406 9015497435 5790659570 
-2275293921 0428896449 2880718714 3155724207 2250990528 8074718743 
2218776453 5934823509 0966887074 0175122482 9045864521 6489339648 
-2187872378 4103640010 8431433713 9369801236 7530980726 2715638264 
2181204845 3903021239 8087675326 1405082654 9208031311 7955187666 
-2198226288 3272065177 6511466306 1333368848 3915816784 7663675187 
2239169633 1246518359 5841728180 9876761979 3918610115 2161359171 
-2305043349 5850634531 5926875012 0898000805 8373689783 9642834478 
2397668587 5801039582 6879690229 3384735525 9610947343 6914253441 
-2519759886 8515199882 0537442553 9094737106 0008890651 2403521034 
2675054212 1221277027 9934658411 1202463997 5975219086 7071406920 
-2868496658 3814451886 9919972421 8423526649 2965206512 4924051079 
3106495435 6288299714 4416178738 3610315141 3475264348 222687691 2 
-3397264081 6758019074 9451268946 7502658752 7130824216 8292485478 
3751275778 7405616710 7781893495 8719169337 5971081426 5381965714 
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Table 1.12: Continuation of preceding table. 


-4181863845 4809952457 7368095793 4032538222 3945885412 6962249198 
4706014869 2346222240 7518317438 1153981343 1827504203 2956172282 
-5345417820 1178153561 2556072392 5182482659 3554986664 7186570805 
6127855651 0521666111 0549780360 2667067637 1327365520 6393675969 
-7089057878 2016598141 8816784929 1181617148 9291025849 8862498067 
8275177063 9907935061 0138060477 1988598773 1914519542 0221872655 
-9746114140 2910042620 0634921232 5161865761 5443835015 4571316671 
1158000449 7721434151 0640730662 1596494559 6551304934 5770419276 
-1387929936 6956095935 9355417593 5546016943 1681677776 7407001394 
1677905062 4410226920 1769414858 9237251074 0803064072 8350386725 
-2045825414 5808957225 8144175759 3098422426 3430061813 8712306069 
2515545988 2175696648 5894746367 6269423894 2687134853 8957510579 
-3119036386 9278459626 6314958626 4846789908 7460964003 8610943946 
3899382901 4736862348 5581106053 7210173118 1382582809 3557469887 
-4914984224 3630285416 5446546205 6667419690 5630299330 0034555989 
6245446080 0726969063 0354372098 6058747625 8495996429 2383764607 
-7999906226 9668703322 6211123464 8060245418 4666359520 0924884233 
1032885393 6525895553 1472200045 3431822950 6088489656 0690520453 
-1344099966 0689421842 1010354428 1374765447 1434771776 8382569595 
1762748062 9727605538 9560451982 4873164686 3872738597 6300735558 
-2329677747 5375611047 1598832621 0854458580 5058449982 7571777035 
3102535040 8679876610 8190895730 7771331096 7954990403 0801516905 
-4163146468 0340393408 4795341042 2040796314 9105395821 2198248227 
5628340160 1971048335 6288811460 8245564598 7891926675 8340492729 
-7665892145 3895500898 7291899588 2285274325 2675111975 8646396432 
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I.2 Ground State Yukawa Energy for D Dimensions 


Here we give the ground state energy corrections, Е), to order 20 for the 
Yukawa potential as a function of the dimensionality, D, of space, where 
а = (D —-1)/2. The results were obtained using program yukawa given in 
Chapter 10. For D = 3, corresponding to q = 1, these results agree with 
those in Section I.1. These results can also be obtained аз a special case of the 
general results obtained in Section 10.7 using the HVHF method. 


E® = 1, 
1 
EO) =—7(2q+1)4q, 


1 
E®) = т atta", 


1 
EM = — 96 (24+1) (1+9)9(8а+3), 


pat 


| 
Е® = тво (297 DU + q)q°(14q° +194 + 2), 


1 
E® = 5880 (29+1) (1+9 4°(352 4 + 717 q° + 366q + 15), 
1 
EM = 506d (2q¢ +1) (1+ q) q°(1412 4 + 4266 43 + 3927 4? 
+ 975 q+ 18), 
] 

(о 7(179712 45 + 700380 4* 

Е 545190 (21+ 1) 1 +91 (1791129 + 7003804 


+ 963200 4° + 516270 а? + 69963 4 + 630), 
(9) _ 


aa (2q +1) (1 + ¢) q°(378488 g° + 1861548 4? 


+ 3453110 q* + 2887365 q° + 984317 4* + 78282 4 + 360), 


Sai (2q +1) (1 + q) q°(45541376 q” + 269644956 4 


+ 636292328 4? + 741330030 q* + 421778021 4 
+ 95748786 4? + 4701978 4 + 11340), 


EO) — — 


1 
(11 (о 1 (196064784 ¢® 
Е 141996400 | q+1)(1 +4) 9q°°(19606 Ч 


+ 1372223304 q’ + 3962644672 4° + 5980091880 4° 
+ 4890737523 4* + 2000150418 4? + 312021459 4? 
+ 9817650 4 + 12600), 


1 
ЕЯ?) =  (20+1)(1 11 (15326904320 а? 
5131220480 2910 (+99 ( q 


+ 124019751600 g® + 426139362240 4' + 797478701040 4° 
+ 863182841892 4° + 525757069656 4* + 159351215149 43 
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аз) = 


24) — 


E(5) — 


BEC) — — 


а?) — 


+ 17509257756 42 + 362702952 4 + 249480), 


12 10 
36229939200 16694 
З65590ЗоРоо (29+ 1) (1 + a) 9 (1669499542724 


+ 1541173562160 q? + 6171449660400 ¢° 

+ 13873578404040 q” + 18879951230070 4° 
+ 15570332081199 4? + 7316565979727 q* 
+ 1675816502205 g° + 132348556512 q’ 

+ 1841137020 4 + 680400), 


— : 2 4 + | 13 607894787 11 


+ 167158696194864 94° + 767369086212960 q? 

+ 2025166513843440 4° + 3345250122027748 q’ 

+ 3521457388273440 4° + 2295020331986063 q° 

+ 850716320483700 4* + 149354063253549 4? 

+ 8620608484422 42 + 81700391340 4 + 16216200), 


1 
9g 4 1) (1 4g) g48(211784322060352 012 
1287556300800 (21+ V+ aa q 


+ 2455815303942432 4" + 12756642751520976 94° 
+ 38819998729394520 q? + 75865193413291788 q® 
+ 98006675279010498 4' + 82867906409813129 q° 
+ 43705981252775820 4° + 12969971722783614 q* 
+ 1765290925315929 4? + 75492178431552 4? 

+ 492409520820 gq + 52390800), 

] 


Ц 15 
5356234211328000 (21+ NU +99 
169749761163788288 913 + 2176599231105743808 412 


+ 12655851427488482304 q'! + 43784354951710332960 4" 
+ 99277565322019100016 4° + 152994975117927238296 q° 


+ 160604807816113191388 q’ + 111801333041251309170 ¢° 


+ 48496447489477110123 4° + 11641854579250570818 4* 
+ 1240206570337639554 43 + 39733997269820490 4? 
+ 179622954548100 4 + 10216206000), 


1 16 
30351993864195000 29+) И+99 ( 


1873321690466160000 q'4 + 26373161698074072000 q’° 


+ 170113313552727636000 4" + 66136209347 1382758000 4" 
+ 1713307171597864042200 42° + 3083351031989259971940 q° 
+ 3895030298084286963030 48 + 3407658858652817865525 а' 
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+ 1986391646728795857551 4° + 716721321129445657311 q° 

+ 140271827719069738263 4* + 11792303844034846860 4? 

+ 285576699651872940 42 + 898853056693200 4 

+ 27243216000), 
1 


--o SS lh 1 17 
1639007668666368000 29 TVUta)a ( 
198904642891512020992 4"? + 3055212146121522191040 q'* 


+ 21694517471759885737600 43 
+ 93874319325955215771360 4:2 
+ 274413366211811453566576 4" 
+ 567187444402158264316632 q'° 
+ 842422484344642603672556 q° 
+ 895065769176713338505730 q® 
+ 664168540663544166865043 q’ 
+ 32811505328961 1522858638 4 
+ 99282918398368947665774 q° 
+ 15940912965847874801550 q* 
+ 1065045416083112633004 4° + 19635105716799489720 q’ 
+ 43149256270772400 4 + 694702008000), 
1 


—_______________ (2 1(1 18 
3663664200548355006 “2 tUU+aa ( 
881605439885227737344 016 


+ 14694803677264062401664 42 

+ 114115414032009083181440 q'* 

+ 545133889614053232615360 q'° 

+ 1779757013450346294168896 4:2 

+ 4168839186435149280355392 q'! 

+ 7150315912864453182077224 42 

+ 8996034435941621650733580 q° 

+ 8184565357878197887999543 48 

+ 5215973653026445067791890 q’ 

+ 2202972656085763695241576 4° 

+ 562416901251700328587260 q° 

+ 74470381307307898518357 а* 

+ 3978377582931916886484 4° + 56149366111315320060 4" 
+ 86275460695006800 4 + 735566832000), 


28) — 


Fos) — 
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1 


(о 1) (1 19 
576810184041431040000 PEt A+ aa ( 
133081708841429781970944 а" 


+ 2395575051681341359206144 4:8 

+ 20228833297322436285453312 45 

+ 105941598673642386638031360 4" 
+ 382976667450621239391256896 43 
+ 1005534024110422885923770016 4? 
+ 1963311318369062370992653968 q!! 
+ 2868734324193790566252864840 42° 
+ 3113455457733881465175745060 q? 
+ 2456976315499961667233189940 48 
+ 1357163757766366551421919785 4' 
+ 493215269077034604861187440 4° 
+ 106740735683529448099891990 4° 
+ 11708421745993697427421770 q* 

+ 502746416539161286926960 q° 

+ 5455782033056001995400 4? 

+ 5864192432401665600 4 + 26398676304000), 


FE) — 


1.3 Energy Series for Screened Coulomb Potential 


Here we give the energy corrections E\”) for a general state of the screened 
Coulomb potential to order 10 as functions of 4 and 7 (see (10.6) to (10.8)) 
and the coefficients V; defining the screened Coulomb potential (see (10.62) to 
(10.67)) These results were obtained using the HVHF method of Section 10.7 
and procedure hvhfscr . They extend the results to order 5 reported in (10.137). 


EY) = —И, 


1 
Е®) = —5 73 ф-т), 
1 
Е) = —54 (5 gq —37+1), 


l 

E® = 59 (-7 У?4* — 35 Ула* + 30 Ула?т — 25 Vaq? — 5 VQ" 
+ 3 Ver? — ЗИ? +6 Vir), 
1 

E® = —q*(—45 VaVaq" — 63 Vag" + 70 Vsq?r + 14 VaVsq?r 
— 105 Vsq? — 63 за? — 15 Ver? + 15 VoVar? 
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+ 10V2V37 + 50 Ут — 12 V5), 


Е® = — qh(—-143 V3q — 231 Veg? — 33 Vig? — 231 VaVaa" 


+90 У24т + 315 И;а*т + 135 Мат — 735 Veq! 

— 585 У, Иа. — 345 У24* — 75 Ve qt + ТИЗа?т? 

+ 63 V,Vaq?7? + 21 Vi'q?r? — 105 Veq?r? + 189 Мат 
+ 126 Veq?r + 525 Veq?r — 84 V2Viq? — 28 И24? 

— 294 Veq? — 15 Уи + 10 V7? + 5 Vor® 

+ 30 VoVir? — 40 Ver? + 60 Ver), 


1 
E() = — g°(—364 ViVaq® — 546 ИУ" — 429 И — ВУИ 


+ 99 V2Vaq*r + 462 У, У. ат + 660 V3Viq*7 + 693 Ула*т 

— 2310 V2Vsq* — 2860 V3V4q* — 2310 Vrq* — 1298 V,/V3q4 

+ 90 VoVsq?r* + 90 V,/Vaq?7? — 315 Уза?т? + 2205 Viq?r 

+ 1170 VoVsq?7 + 225 V2V3q?7 + 1620 У, Иа?т — 972 Ма’ 
— 1104 VaVeq? — 186 У? Уз а? — 2121 Vg? + 35 Vor? 

— 70 VoVsr? — 28 V3Var? + 63 ViV3r° + 140 У. Ут? 

— 28 ИУи? + 84 УР Ут? — 385 Vor? + 168 У. Ил 

+ 882 Ит + 168 У. Ут — 180 V7), 


254 (-7368 ИФ — 13680 V3V5q° — 9900 V2Veq" 


— 10440 V,V2q® — 930 Ула? — 8400 У? У, 4 — 6435 Veq® 
+ 16016 УИ абт + 12012 Увабт + 5824 У У246т 

+ 8736 УРабт + 4368 У? Улабт + 10920 У. Уват 

— 54054 Veg® — 45500 У?У, 4 — 65520 VeVag® — 4550 УЛ 
— 43316 V2q° — 54600 V2V2q° — 82992 V3Vsq° 

— 2640 УзУ; ат? + 1848 У. У24*т? — 1650 Veq'r? 

+ 2112 Vi Viq'r? + 198 Улдт? — 6930 Уза т" 

+ 34320 V2q'r + 46200 VaVeq*r + 20768 У,У24*т 

+ 64240 УИ; ат + 64680 Уват + 15576 V2Viq*r 

— 21648 У.У24* — 22660 V2Viq* — 69300 V2Veq* 

— 32395 V2q* — 880 V;4q* — 93555 Veq' — 68640 Иа. 
+ 720 У? У, а? т? — 720 У Уч" т? + 720 УИ ат" 

+ 1260 Vaq?7? — 1800 У Ува? т? + 180 Ул а?т? 

— 360 У242т3 — 18270 Ува?т? — 5760 V3Vsq?77 

+ 4500 V2Viq?r? + 360 И4а?т? + 3600 У, У24?т? 

— 3600 У242т? + 1800 У, Уз а?т? + 59388 Уват 


Е (8) = 
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+ 22080 VoVeq?r + 2232 V/Vaq?r + 24384 УУа?т 
+ 2976 V,Viq?r + 11664 У2д?т — 6480 V2Veq? — 2484 У24? 
— 27396 Veq? — 4608 УЗИ; 4? + 63 V2r4 + 140 VoVer4 
— 336 УГУ,т“ — 35 Ver* + 168 V,'r* — 252 V? 7° 
+ 700 Var® — 1120 VoVer® + 672 У?У,т3 — 3780 Var? 
+ 252 У2т? + 1680 V.Ver? + 5040 Var), 
1 


Е® = ~~ 4q°(—12155 Vog* — 21879 ИУ — 1224074 


— 14484 УЗИ, 4" — 59058 УИ а — 30855 VeVaq® 

— 34425 ViVsq® — 22032 У2У, 48 + 49980 VsVeq°r 

+ 48120 VoV3Vaq°r + 44100 УЗУьабт + 29700 VoVrq°r 
+ 25740 Vog®r + 3720 УЗУ, 4ёт + 10440 УЗ4ёт 

+ 16800 V2Vsq°r — 214830 V2Vrq° — 99420 УЗИ. ав 

— 89160 У} 4° — 175140 У2У,4° — 292950 У, И; 46 

— 276150 V3Veq® — 150150 У а? — 443160 V2V4V3q° 

+ 4368 V/Vsq*r? + 3640 УИ т? — 18018 У ат? 

+ 5460 У УИ, ат? — 16926 У, У; ат? — 13650 V3Veq*7? 
— 4914 Уайт? + 216216 Уайт + 273000 VsVeq'r 

+ 54600 УЗа*т + 297752 Уайт + 91000 У2УБа*т 

+ 196560 И, Ига*т + 254800 УИ. Иа*т + 18200 УЗУза*т 
— 416325 У,И,4* — 52416 УЗУ,4* — 69160 УЗ4* 

— 435435 Voq* — 416871 V2Vrq* — 195468 У?У. 4. 

— 396942 V2 V3Vq* — 440895 V3Veq* — 1100 V3Veq?r° 
+ 4620 Voq?r* — 4620 V2V7q?7° — 660 V4Veq?r? 

+ 2024 УЗИ а?т3 + 264 УЗа?т? — 264 У УЗИ ат? 

+ 17820 V2Veq2r? + 11572 V2Vaq?r? — 264 УЗ4?1? 

— 85470 УЧ? т? — 48950 VsVeq?r? + 20856 УИ Иа? т? 
— 60390 V4Vsq?r? — 11550 VaVrq?r? + 21648 УЗа?т 

+ 232540 У У-а?т + 240900 У Иьа?т + 45320 У2У;2т 
+ 3520 V2Vaq?r + 374220 Vog?r + 207900 У Ух а?т 

+ 110264 УИ Ила?т — 102300 У, Ух? — 132660 VoVrq? 
— 108900 У. У. 4? — 30360 УМ Ила? — 18480 "25а? 

— 3872 УЗ4? — 289300 Иа? + 225 V3Ver* 

— 1170 V,V3V4r* — 1440 У?И;л“ — 315 Ил“ 

+ 945 VoVrr4 + 1260 УЗУ,л* + 495 VaVer4 

— 1440 ИИ? — 8820 VaVrr° + 2280 УЗУзтз 

+ 7980 Vor? + 1440 V2V5r° — 540 V4Ver° 
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— 300 VsVer? + 7560 V2VaVar? + 9324 V2Vor? 
+ 6912 V2V5r? — 9324 У. Ут? — 56532 Vor? 
— 9300 VVer? + 16848 V,Ver + 18000 Ут 
+ 109584 Vor + 19440 VoVrr — 20160 Vo), 


E09) — 5554 (154660 У Иа — 95095 У, Уд — 135850 УЗИ! 


— 109725 У2И,4:° — 304950 УИ; 4: — 46189 Удо 

— 7980 У?4'° — 204535 У2У, 42° — 80123 V2q"° 

— 164445 V,V/q"° — 165110 V2V2q"° — 88350 УЗУ, 410 

+ 109395 Уюдет + 324360 У. УИ авт + 86904 У2У248т 

+ 110160 V7 Veq°r + 228888 V3Vrq°r + 264690 У, Уват 

+ 137700 У248т + 177174 У, У248т + 153153 У, Уват 

+ 228276 Vi Vag? + 43452 УЗУаёт — 3205860 У. УЗИ, а 
— 1238790 V2Veq8 — 1725636 УИ, 48 — 1327326 И, за? 

— 1525716 V7V2q° — 1685754 И, У248 — 802230 Viog® 

— 1846200 У. Уз? — 839460 Ve Vig? — 2045202 V2Vig® 

— 69360 V,°q° — 935850 248 — 14100 У Ут? 

— 66570 У246т? — 35730 У? Ул абт? + 23340 УЗ, абт? 

+ 1860 У546т? — 126000 У, Узабт? — 90090 Улоабт? 

— 11070 V,V7q°r? — 48510 У,Узает? + 9450 V2 Veq*r? 

+ 33780 V/Viq°r? — 102060 УИ ат? + 875700 У2 Уват 
+ 1503810 V2Veq°r + 1329480 V2V2q°r + 596520 V2V2q°r 
+ 2086560 У. Идет + 1688760 УГУ: ат + 1171800 V2q°r 
+ 298260 У?Улает + 2293200 VsVeq°r + 2473200 V2V3V5q°r 
+ 1351350 Viog®r — 3600597 Viog® — 960150 УЗУ, 46 

— 4666410 V3Vrq° — 4455360 V4Veq® — 2932515 V2Viq° 

— 1520430 V2V2g* — 2539425 V2 Veq® — 45636 У548 

— 4228455 V2Veq® — 2649645 V2V;7q° — 5430750 У V3Vsq° 
— 2167431 У246 — 9100 У2 У. 4*т3 + 10920 V2V2q'r° 

— 19110 V2Veq*r? — 1820 У2\,4*т3 — 10920 VaV2qtr? 

+ 5460 V2q*r* + 3640 V3Vrq*7? + 1456 УРа*т? 

+ 7280 УЗУ,4*т3 + 30030 Vigg*r? — 18200 УИ а*т3 

+ 9100 У, Мат? — 173810 У? У а*т? + 86450 У? Иа“ т? 

— 580580 V3V7q4r? — 35490 У, У244т? + 165620 У2У244т? 
— 248430 У. Уза*т? — 690690 Viog*r? — 700700 У, Уват 
— 27300 V2V3Vsq'7? + 8372 Уба*т? — 366730 У24*т? 

+ 118300 V;°Vaq*r? + 1416324 У?У,4*т + 2369640 V2V3Vsq*7 
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+ 3918915 Viog*r + 1665300 У? ат + 2918097 У Уват 

+ 3404310 ViVeq*r + 977340 У? Уват + 3479112 УИ: дит 
+ 314496 УУ} ат + 1190826 V,V2q*r + 157248 УЗУ а*т 
— 116584 У?У? 4" — 2708264 V3Vrq* — 4467320 Иод 

— 692796 У, УР 4* — 1190020 У24* — 1433640 У У. У 4 

— 631748 V3 Viq* — 3017924 УМ, 4* — 92040 УЗУ, 4. 

— 2440100 V4Veq* — 824460 У2И,4* — 1551 V2 Viq?7* 

— 7590 V.V3Vsq?7* — 8085 V7 Veq?r* + 2310 У У а?т* 

+ 8085 У. Уза"т* + 1485 V2q?r* + 1056 У?д2т* 

+ 5346 У У? ат“ — 3465 Viog?r* + 2178 УЗУ:а2т* 

+ 3300 V4Veq?r* — 3069 V,V2q?r* + 108570 Viog?7? 

— 6644 ViV4q?r* — 80850 У. Уза?т? — 16720 Ve Veq?r* 

— 50600 V2V3Vsq77°* + 3520 У?а2т? + 17820 V2q?r° 

+ 15400 V3V7q?r* + 24816 V2V2q?r° + 28600 ViVeq?7° 

— 33924 V.V2q?r* + 21164 УЗУ,42т° — 64680 У, Уз ат? 

— 372680 V3Vzq°r? — 28292 VeViq?7? + 52404 УУ2 ат? 
— 400400 ViVeq?r? + 121880 У, М.И. ат? — 200420 У242т? 
— 979440 Viog?r” + 138380 V2Veq?7? + 38280 V3 Vagq?r? 
+ 40744 V2Viq?7? + 92400 V2Veq?r + 928620 У, Узд2т 

+ 409200 V2q?r + 2603700 Viog?r + 91080 VoV2q?r 

+ 195360 V2V3Vsq?r + 95568 У?У, ат + 838200 У. Veq?r 
+ 918720 V3V7q?r — 221760 У, Ма? — 1062864 Ving? 

— 69696 У24' — 158400 Иа? — 150480 V4Veq? 

— 315 VoVgr° — 270 V4Ver* + 810 У? т? 

+ 900 У? И;т? + 792 УЗт? — 1980 УЗУ,тз 

+ 63 Иот? + 3960 УЗИлт* — 7200 УИ,“ 

+ 6300 V2Vgr* + 2700 VaVer* — 3240 МУ? т* 

— 2520 Уот* — 34020 V2Var* — 7560 VaVer? 

+ 3240 V,V/r° + 10800 V?Ver* + 32004 Vior® 

+ 6480 V4Ver? + 45360 У›Увт? — 145152 Vior? + 181440 Vior). 


I.4 Energy Series for Yukawa Potential 


Here we give the energy corrections Е") for a general state of the Yukawa 
potential to order 14 as functions of 4 and 7 (see (10.6) to (10.8)). These results 
are special cases of the screened Coulomb results of the preceding section with 
У; = (-1/7/Л and were obtained using the HVHF method of Section 10.7 and 


376 Appendix I. Tables of Screened Coulomb Energy Corrections 
procedure hvhfscr . They extend the results to order 6 reported in (10.138). 


EM =1, 


Е = -1 84 —т), 

B®) = —9'(5q?-37 +1), 

EY = 5 (т gq’ — 3042т + 554? — 15 т? —67), 

E®) = apt (itl 4* — 70 4?т + 245 4? — 457? — 507 +4), 


1 
E®) = — Frey 1 (4763 48 — 2070 4*т + 11580 4* — 945 q?r? 


— 2940 q?r + 1057 42 — 3407° — 2057” — 307), 


] 
EM = 161251 (22763 48 — 10857 qtr + 84700 4* — 4095 q?7? 


— 26145 42т + 19677 4? — 2163 7° — 3843 7? 
— 2058 т + 36), 


1 
E®) = 51609509 (13283265 g® — 6922188 ат + 70720286 48 


— 2150610 4*т? — 25530120 4*т + 32003125 q* 
— 1044540 42т3 — 4270770 42т? — 5463612 q?r 
+ 640764 4? — 290535 т* — 233940 т3 — 609007? — 5040 т), 


1 
Е®) = Bogen! (32694383 4 — 18584460 дет + 237169110 4° 


— 4889430 4*т? — 98129304 4*т + 180758487 ¢* 
— 2153580 42т? — 16367010 4?т* — 41938380 q?r 
+ 12261700 4? — 1011105 т* — 2301180 7° 

— 1867740 т? — 634896т + 2880), 


9) — 161486100 (4546296155 Ф° — 2804511420 q°r 


+ 43305010860 4° — 618494310 g°r? — 20191096800 q°r 
+ 50710286067 4° — 240704100 g*r? — 3118055850 q*r? 
— 14743588860 g*7 + 7721142910 4* — 125921565 q’r* 
— 575000580 4?т3 — 1047390960 4?т? — 865398600 q?r 
+ 39607128 4? — 28002744 7° — 28206990 т“ 
— 10363752 т? — 1628424 т* — 907207), 

1 


(1) — 
4 1135411200 


q'° (22729725165 94° — 15145344885 q°r 
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Е?) — — 


Е@З) _ 


24) — 


+ 276158552065 4° — 2770818270 дет? — 143264808390 ат 
+ 466085135747 4° — 946155210 g*7° — 19655194020 а4*т? 
— 162150984765 q*7 + 130650413355 q* — 516170655 q?7* 
— 3909515610 q’r° — 13446563130 4?т? — 22452675960 а?т 
+ 3116758788 42 — 214199601 т? — 576537885 т“ 

— 582288168 7° — 305918316 т? — 78843600 т + 100800), 


10/5 1 12 _ 10 
490497638404 (2056261008581 4 1473038695128 q 7 


+ 31128322638028 q!° — 217800867735 qr? 

— 17782661848050 т + 72227185413009 48 

— 62705236440 g°r? — 2079419934900 g°r? 

— 29184556564548 g®r + 33095679279058 46 

— 35419732425 4*т^ — 396832359000 4*т3 

— 2445642316425 4*т? — 7633362971850 4*т 

+ 2087740280780 4* — 18669386736 42т° 

— 91903691880 42т* — 193387842648 g?r° 

— 235346209956 42т? — 148243033224 д2т 

+ 2958072624 q? — 3396620997 7° — 4107581478 т° 
— 1938537216 т* — 442960056 7° — 48465648 т? 
— 19958407), 


1 12 12 10 
RrgRTANDT NI (51890307003725 gq" — 39793115247834 
Saaremaa (51890307003725 4 — 397931 15247834 qr 


+ 960050625454063 49° — 4565198302665 q°r” 
— 598840800828270 48т + 2953046826532803 48 
— 1025996884380 g°r? — 56887506883350 ат? 
— 1357045598966382 g°r + 2042956234227649 48 
— 630689275125 4*т* — 9390288638640 g*r? 
— 104670051798585 4*т? — 589260132419010 g*r 
+ 261364587881072 q* — 390560354730 а2т° 
— 2894914119825 q?7* — 10488331389900 4?т° 
— 25352426004360 q?7? — 32615196434184 q?7 
+ 2372151822768 4? — 142348402287 тб 
— 435041410986 7° — 512458344216 т* 
— 336139263720 7° — 136687717296 7? 
— 29490851520 т + 10886400), 
1 


И 4? 14 
5368001 (2890766140116003 g 
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— 2363788786249800 4'2т + 64316389459335650 41? 
— 195943893650505 g!°r? — 43493627918184444 g°r 
+ 254777440062167022 4'° — 26618046054600 д8т3 
— 3129130174170000 g®°r? — 131087803469434812 g®r 
+ 251344167374562834 g® — 21524804316015 q°r* 

— 361309864375460 т? — 8581990855022585 q°r? 
— 86825991925620948 q°r + 56082658483686835 q° 
— 16201168807824 4*т° — 153539945649090 4*т* 

— 882899979393432 gtr? — 4136914428600954 q*7? 
— 10116187814480748 4*т + 1609062509131896 q* 

— 8185809907275 4?т6 — 42889756269360 а?т° 

— 98596648955805 4?т* — 140198008810860 q?r° 

— 134708283489780 q?r? — 70869179017728 а2т 

+ 658142740080 4? — 1240465100160 7’ 

— 1750668087168 r® — 1007034308280 r° 

— 300561036204 r* — 48716327088 7° 

— 4020690960 т? — 129729600 т). 


Appendix J 


Solutions to Exercises 


J.1 Solutions to Chapter 1 Exercises 
Ш Solution 1.1 


Use bilinearity to expand the commutator 


[А+В, А+ В] = [А+ В, А] + [А+ В, В] 
= [A, A] + [В, А] + [А, В] + [В, В] 
= [В, А] + [А, В] =0. 


Therefore [A,B] = -[В, А]. 


М Solution 1.2 


Expand each of the three terms in rule (5) to obtain 


(A, (B,C]] = АВС - ВСА- ACB +CBA, 
(B,(C,A]] = ВСА - САВ - ВАС + ACB, 
[С, (A, B]] = CAB - АВС - СВА+ ВАС. 


Add these results to obtain the Jacobi identity. 


Ш Solution 1.3 


[AB,C] = ABC — CAB = ABC — ACB + ACB— CAB 
= ALB,C] + [A,C]B. 


The second identity can be obtained in a similar manner. To prove the third 
identity write 


[AB,C] = ABC — CAB = ABC + ACB — ACB — CAB 
= A{B,C}—{A,C}B. 
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Ш Solution 1.4 
Use the definition 


е, хе, = У ее, 
4 


of the vector cross product in terms of the Levi-Civita symbol €,4¢ (see Ap- 
pendix A). The defining commutation relations follow from this definition: 


[e,,en] = Уве. 
7 
The Jacobi identity is a consequence of the vector identity (A.6). 


Ш Solution 1.5 
From (1.4) 


(Е Exe)rs = У (Buy )rt(Exe)es — bir (x ib) bes 
t 


t 


— bird, kOes = ak( Ext) rs: 
Similarly (ExcE.,)rs = 6a(Ex;)rs. Therefore 
(Е, Е ке] „з = к (Ее) — be( Ek; )rs = (6,4 Exe — bE kK; )rs- 


Ш Solution 1.6 


Identities (a) and (b) can be obtained by direct calculation of the matrix prod- 
ucts. Thus, o? = 02 = 02 = [,, the 2 x 2 identity matrix. These results are 
special cases of the first identity for k = 7 (Ее = 0). Similarly, 0102 = 303, 
0201 = —103, 0203 = 101, 0302 = —101, 030, = 102, 0103 = —202, which give 
the remaining cases of identity (a). Subtracting we obtain the commutators 
[01,02] = 2103, [92,03] = 2401 and [03,01] = 2402, which gives identity (b). 
Identity (c) follows in a similar manner since 


{01,02} — {92, дз} — {93,01} — 0, 

{01,01} = {02,02} = {03,03} = 2. 
Identity (d) follows from (a) and the formula for the components of the vec- 
tor cross product (м X v)¢ = ),4 €,ke¥, Ve in terms of the Levi-Civita symbol 


(Appendix A): 


(u-o)(v-o) = 2. UT, VEO k 


= S| uve | У. €,Ke0¢ + i) 
ak Г 
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= 1). (x cnet On + у. U,V, 
L ak J 
=i) (ux v)orturv 
Г 
= ЦКихо) о и.5. 
Identities (е) and (f) now follow from (9): 


[u-o,v-o] =u-vti(uxv)-o—v-u—-i(vXUu)-o 
= 2i(u X v)-o, 
{u-o,v-os}=u-vti(uxv)ot+u-uti(yXxu)-o 


= 2u-v, 


since u-v = v-u and v Хи = —uX v if the components of м and v com- 
mute. 


М Solution 1.7 


Here we use the assumption that the components of the orbital angular mo- 
mentum Ё commute with the components of the spin S. Therefore 


СЛ, Jk] = (£,4+5,, [к + 5] = Ил, [к] + CS,, 9%] 
=1У вым +t >, ее 
t Г. 


= 93 Ее (4 + Se) = 8). Еее. 
4 Г 
Ш Solution 1.8 
(1, Lu] = I (Е.Е. Ly] 
Jj 
=, Li + YUL, LAL, 
J J 
=1 У. €,neL, Le + 3 У. Cj neLeL, 
16 76 
=1 у. €,neL, Le + iy” Cth, L, Le 
76 76 
= 0 since ель, = — 6. 


№ Solution 1.9 


[Е12, Fa] = Е11 — E22 is derived in the text. The others can be obtained as 
follows: 


CFia, Fy] 
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= [ата а+а,] = at [a,,a%a,] + [aS ,a¥a,]a, 
= a; ({a,, ау }a, — ау {a,,a,}) + ({ау ау }a, — ау {ay ,a,})a, 
= —a} a, = — Ey, 

[Ел2, Fa] 
= [aFa,,aza,] = а* [a,,a7a,] + [at ,ara,Ja, 
= as ({a,,a5 }a, 7 a; {a,,4,}) + (ар, аи }a, — az {az a,})a, 
= as a, = Ё12, 

CE, Ful 


_— at, ata )—at + + + 
= [a,a,,a5a,] =a; [ааа] + La, ,apa,la, 


= а, ({a,,a5 fa, — a5 {a,,a,}) + ({an,a5 }a, — аз {ан ,a,})a, 


= ата, = Ea, 
(Ea, E22] 
= [ata,,a%a,] = at [a,,a%a,] + [at,ata,la, 
= a; ({a,, a, }a, — a, {a,,4,}) + ({az,an }a, — an {а a, })a, 
= —ала, = —En, 
[Елт, E22] 
= [ата а+а,] = а+ [a,,a;a,] + [at ,ata,Ja, 
= а, ({a,,a7 }а, — a; {ара} ) + ({ар»аи }a, — an {a ,4,})a, 
= 0. 


Ш Solution 1.10 


The set of all n x n skew hermitian matrices is a real Lie algebra if it is closed 
under commutation and if any real linear combination of hermitian matrices 
is also hermitian. Thus, if A and B are skew hermitian then 


[A, В]! = (АВ- ВА)! = (АВ)! —(BA)t = BtAt — atBt 
= ВА- AB = -[A,B], 


and the commutator is also skew hermitian. If A = >; a;A; is a real linear 
combination of skew hermitian matrices then A is also skew hermitian since 
a; = а;. This is not true for complex linear combinations so the set of п x п 
skew hermitian matrices do not form a complex Lie algebra. 
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Ш Solution 1.11 


An nxn complex matrix A depends оп 2n? real parameters. The skew hermi- 
tian condition А! = —A gives п? conditions, one for each matrix element, and 
the trace condition, Tr(A) = }°,(A),, = 0, gives another condition so there are 
212 — п? — 1 = n? — 1 independent real parameters. 

The matrices G,,, H,, and О, are clearly traceless and they are skew her- 
mitian since 


СИ, = —i(E!, + EL) = ~i(E,, + E,,) = —-G,,, 
t _ _ _ 

A, — Е\, — Е, — Ex, — Е — —Н)к, 

Dt =-КЕ! — Е 1,41) = -КЕ,, - Eygr gai) = -О,. 


JJ J 


They are also closed under commutation (see Exercise 1.10). 
Finally we must show that the п? —1 matrices Gx, Нк and О, are linearly 
independent. Let 


A= у. ОСТ к + у. By Нк + > 7D 


g<k y<k 


where the coefficients a,,, 8, and y, are real. Expressing this linear combina- 
tion in terms of the linearly independent matrices E,,,: 


У (tay: + Byk) Ель + У (ак — Bok) Ek, + mE 
< 2<& 


n—1 


+} > (“, — 1-1) Ey) — MYn-1Enn = 0. 


1=2 

Therefore ta,, + 8,4 = 0 and ia,, — Вь = 0 for 7 < k which implies that 
a,, = 0 and 6, =0. Also y, = 0 and y, — 7,-1 = 0, 7 = 2,...,n — 1 implies 
that y, = 0 for j = 1,...,n—1. Therefore the п? — 1 matrices are linearly 
independent and form a basis for the Lie algebra su(n). 


Ш Solution 1.12 


Because of the antisymmetry property of the commutator there are 28 com- 
mutators [E,, Ек] to evaluate for 7 < К. For example 


CEy, Е2] = [С12, Н12] = Ё12 + Eu, Ё12 — Fad 
= —2[ Fy, Fa) + Ел, Fie] = —24[Ё12, Eo] 
—24 (Е! — Е) = -2D, = —2Ё3, 
[E4, Ев] = [Gi3, аз] = — (Елз + Es1, £23 + E32] 
= —[Fy3, E32] — [E31, Fo3] = —Е12 + En 
— Н12 = —Е», 
[Еа, Es] = (Gi3, Ais) =i Fis + Еза, Елз — Ез1] 


| 
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= —2 [Елз, Ex] + 1 [FE 31, Fi3] 


= —i(Ey, — Ess) + КЕзз — Ен) = —2(Ex1 — Es) 


= —22( Fy, — Eo + Foo — Езз) 


= —2D, — 20. — — Ёз — V3Es. 


The complete set of 28 commutators is 


(Ey, £2] —2Ёз [Е1, Ёз] = 2K» (Ey, Е4] —Ё7 

(Ел, Es] Е [Е1, Ев] —Es (Ey, E7] Е4 

(Ey, Es] 0 [Е›, Ез] —2Ё1 (Eo, Е4] —Ё в 

[Eo, Es] — by (Fo, Ев] Е4 (Eo, Ет] Es 

[Eo, Hg] = 0 [Ез, Е] = —Es [Ез, Е5] = Е 

[Ез, Ев] = -Ё№ [Ез, Е*] —Ё6 [Ез, Eg] 0 

[Е.В] = —E3—V3Eg [ЕЕ] = —Е› [Е.Е] = —E, 

[Е.Е] = V3Es [Es, Ee] = Ey [Es,E7] = —E, 

[Es,Es] = —V3Ey [Ee, Er] = E3—V3E 3 (Ee,Es] = V3E; 

[E7,Eg] = —V3Eg. 

These results can be used the show that ее = —ex,¢ (from antisymmetry 
of the commutator) and e,4¢ = —е вк. It follows that e,,¢ is antisymmetric in 


all three indices. All non-zero values can be obtained from the following ones 
using antisymmetry: 


е123 = —2, 
€147 = 6165 = 6246 = €257 = €345 = €376 = —1, 


е458 = @678 = —\3. 


E,, E, and Ез form a subalgebra since they are closed under commutation. If 
we define Ё, = — ny J = 1,2, 3 then 


[Е Fo] = Fs, (Fo, 3] = В, [Е5, Е1] = №, 


which are just the defining commutation relations (1.6) of su(2). 


Finally ИС = >°, Е; then using Exercise 1.3 


у. [E*, Ex] — УЕ, [Е,, Ex] + у. [Е,, Ex] E, 
J 


1 J 
= У. ее Е, Её + > €jeLek, 
7 jt 


= У ‘ем Е, Ee + > ete, EL, Es 
gf jf 
= 0, since ак, = —€pkl- 
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Ш Solution 1.13 


Verify that properties (1.7) and (1.8) hold for T’ and T”. From (1.7), letting 
С =аА + ВВ, 


T'(C) х(С)\ _ (аТ(А)+ВТ"В) oX(A)+6X(B) 
2 mc) -( 2 rin tars) 


Therefore property (1.7) holds for T’ and Т". From (1.8), letting С = [A, B], 


T(C) X(C)\ _ (tP(A),T(B)) X(A, В) 
( 2 me) = ( 2 ЕН 


where 
X(A, B) = T'(A)X(B) + X(A)T"(B) - T(B)X(A) - X(B)T"(A), 
and property (1.8) also holds for T’ and T”. Therefore they are representations. 


М Solution 1.14 


Using the commutator identities of Exercise 1.3 and the boson commutation 
relations 


2 
(Л, J2] = “4 [ata, + аа, ata, — аа] 
2 
= —1(— lay ay, 4,471 + [аз ‚ата,]) 
2 
= 1-9 а [4,, 42] — [ay а, ] ара, + a,a7 Laz, a] 
+7, at 
+ [a,,ay]a,a; ) 
2 
_ + + + + 
= —ql-a a, + а) а, —a,a; + 424; ) 
р 
= 1-21 a, + 2ata,) = iJs. 


The other commutators are obtained in a similar manner. 


J.2 Solutions to Chapter 2 Exercises 


Ш Solution 2.1 
1 1 
A= So dk S5k = 5 У dk 5k + 5 Sd kS 7k 
ak ak ak 
1 1 
= 5 S44 4S 5h + 2 У акузь, 
ak ak 


1 1 
=5 > kk — 5 У`ажвук = 0, 
gk gk 


since ах, = —a,, and 3%, = 3.4. 
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№ Solution 2.2 


Derivation of (2.11): Let g be an arbitrary function of r: 


0g  .Of(r) Og 
— К Fe "On, + Fe, 
ВП 
Oz, 
Therefore, 
— OF rT) с аи 
[р,, f(r)] = On, = —1f (")— = г f (r). 
Derivation of (2.12): This is a special case of (2.11) with f(r) =r~” so 
[p,,77")] = —iz,r7'(—nr7""") = inz,r7”’. 


Derivation of (2.13): Use (2.12) and (2.9) to obtain 


[p,, rr "] = I, [p,,r "J + [ру ть] 
= a,(inz,r~"~*) + (—16к)г" 
=" "(пт — 6,4). 


Derivation of (2.14): Let К = уш the preceding result and sum over 7 to 
obtain 


[p,,2,r-"] = ir-"(nz,2,r~* — 3) = и "(п — 3). 


Ш Solution 2.3 


Derivation of (2.17): Evaluate the components [z,, p?]: 


[x,,p’] = [+,›рьрь], (summed over k) 
— Pk [z,, Pe + [z,, Pel De, from (2.1) 
= 1p,6,~ + 16, крь = 2ip,, from (2.9). 


Derivation of (2.19): 
Lr ‘pp’ = [тру РьРь], (summed over J, k) 
= [z,,pepelp,, from (2.4) 


= (Pk [z,, pel + [z,, pr] px)p,, from (2.1) 
= px(i5,%)P) + 16,4pep, = 2ip’, from (2.9). 
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Derivation of (2.20): Evaluate the components [z,,r- p]: 
[z,,r°p] = [z,,2,p,], (summed over k) 
= ть [т,,рь] = 14 (10%) =22,, from (2.3). 
Derivation оф (2.21): Evaluate the components [p,,r +p]: 
[p,,7-p] = [p,,r,p,], (summed over k) 
= [p,, te] pe = —165.Pe = —tp,. 
Derivation of (2.22): Use (2.11) to obtain 
Cf(r),r-p] = Cf(r),2,p,], (summed over 7) 
=2,[f(r),p,] = iz,2,r7' f(r) 
=irf'(r). 
Ш Solution 2.4 
Derivation of (2.23): 
(L,, тк] = [(r x P);, ть] 
= [€;¢mePm, te], (summed over and т) 


= Е тт [Рт, Ck) = €¢mTe(—tbkm), from (2.9) 


= — ке = 16,69. 
Derivation of (2.24): 


(L,, ped = [(r x P);5PkJ 


= [€,¢m2ePm, Pk], (summed over # and т) 
= €ylm [xe, Pr] Pm = €5tm(26¢k ) Pm: from (2.9) 


— 36) ктРт. 


Derivation of (2.26): Here we use (2.11) and the rule derived in Exercise 2.1: 


[L,, f(r)] 


лье [тре f(r)] 
веть [ре f(r) 
в тк(—ит "| (г)), from (2.26) 


—мтьтиг (г) = 0. 


Ш Solution 2.5 
Derivation of (2.29): 


[L*,p,] = [Ly Lx, p,], (summed over k) 
= Dy (Ly, р] + (Le, p,) Ly, from (2.2) 
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= [y,(t€x,epe) + (еее) Ly, from (2.24) 

= —1€,neLype — 1€,nepi Ly 

= ве крек + t€kemPm) — ЗЕ лереЁк, from (2.24) 
= — 24 рек + €,ke€mkePm 

= 24 креГь + 26,mPm, from (A.10) 

= 2i(p X Г), + 2p,. 


Derivation of (2.30): Evaluate the components [L,,p*] and use the rule 
derived in Exercise 2.1: 


[L,,p’] = CL,, рьрк], (summed over К) 
= pylL,,px] + (L,,pe]p,, from (2.1) 
= px(t€,nepe) + (ЗЕ льере)рь, from (2.24) 
= 1€,4¢(PkPe + pepe) = 0, from Exercise 2.1. 


М Solution 2.6 


Derivation of (2.32): Use the rule derived in Exercise 2.1: 


Pp: Г = p,L, = €)kP LEP = 0, 
L-p=L,p, = вытьрр, = 0, 


since p,t,p; and хкрер, are symmetric in 7 and 4. 
Derivation of (2.33): Evaluate the components (p x D),: 


(p X L), = €,nepeLe = €;kePe(€tmnZmPn) 

= €)klEmnlPklmPn 

= (6)mbkn — Oyndmk)PkEmPn, from (A.9) 

= PkU Pk — РЕТЕр, 

= (т,рь — 16,k)Pk — (р-т)р,, from (2.9) 
хр’ — ip, —(r+p—3i)p,, from (2.10) 
xp’ — (r+ p)p, + 2ip, 
= 2,p’ —(p,(r+p)+ip,) + 2ip,, from (2.21) 
т.р’ — p,(r +p —%). 


Derivation of (2.34): Evaluate the components of (r x L),: 


(r X Г), = выть 
= €5klELmnLkEmPn 
= €)klemneT kL mPn 
(6,mOkn — 5)n5km)2k2mPn, from (A.9) 


= LEX; Pk — ТЕТЕр, 
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(рьх, +16.) -г?р,, from (2.9) 
„рут, +ат, — rp, 
(r+ рут, +12, —(p,r? +2iz,), from (2.12) 
(r+ p)x, —iz,—p,r’ 
(r-p—i)z, —p,r’. 
Derivation of (2.35): Evaluate the components using the rule in Exercise 2.1. 
(r XL), + (2X1), = выть [а + € pele xe 
= выть + ето + ттт), from (2.23) 
= €,pe(CeLe + тек) + t€,K0€mkeLm 
= 216mm = 2tz,, from (A.9). 
Derivation of (2.36): Evaluate the components using the rule in Exercise 2.1. 
(px Г), + (ХР), = вирь + вые 
= вырьГь + €,ne(PeLe + t€kemPm), from (2.24) 
= серые + рек) + t€;ke€kemPm 
= 216, трт = 2tp,, from (A.9). 


3 


=( 


|| 
3 


7.3 Solutions to Chapter 3 Exercises 
Ш Solution 3.1 


ЛУ: — УЛ, = Тек 
тук) Vi — Emjk Vid = 2EmakE ke Ve 
(JX V)m + (VX Dm = 25meVe = 2V mn. 


Ш Solution 3.2 


[J+ V,J,] = ЛИЛ — JpJeVi 
= ЛУ, — (Л, + веке) Vi 
= УЛ, — зе ве Лк — ЛЕСУ, + зелье Ve) 
= веке ЛИ — зелье ЛЬ 
= веке ЛДУ + зень ЛУ = 0. 


Ш Solution 3.3 


[J?,V,] = (idk, VI 

Je Ce, Vj] + Мы УЛ 
2€ 6,00 Ve + eke Ved 
—2€ hed Ve ЗЕ вк Ved 
=(VxJ-JxV),. 
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Ш Solution 3.4 


(J?,(J X V),] = вы[Л, Ved 
= вы № [Л*, У] since [J?, J.) =0 
= веке КУ xJ-JxV), 
= 22€,nJ.(tV —- JX V)e 
= —2€, Ke, Ve — 21€,kt€tmnIkIm Vn 
= —2€,n0F4 Ve — 22( 6m 5kn — бпдьт ) ЛЕ Лт Vn 
= — Зее ЛЬ И — ЗИЛ. Л,М, — Л.ЛЬМ, ) 
= еще ЛИ — ЛИЛ, + зе И) + uJ’ V, 
= 2i(J°V, —(J-V)J,). 


М Solution 3.5 


(J*,0J?,V] = (?,0(V x J-J x V)I 

= [J*,-2V —-2J x V] 
—2[J?, У] — 2:(21)(J?V — (J -V)J) 
—2(J?,V] +4ЛУ —4(J-V)J 
=2(ЛУ —2J-V)J+VJ’). 


Ш Solution 3.6 
Let с, = w,e'® and define |jm) = e'%|jm)’. Then from (3.57) and (3.60) 
Узе” |ут)' = V(j — m)(j + т) шее" у — 1, m)’ 
— ma,e'™|jm)’ 
+\/(97-т+1(0+т+1 ое tte’ |7 + 1,m)’, 
Ут)" = (7 — m)(7 + т) ле — 1, mm)! 
— та, т) 


+ JG = mF NGF mF Tyres toi + ту, 


We can now choose the y, such that 7,41 — 7, = @,41. In fact if jo is the 
smallest value of 7 then 7,41 = 7 + Q@y+41 +... +41. Therefore 


Ут) = y(j — m)(j + m)w,|7 — 1,m)’ 


— та, lym)’ 


+\/0-т+100+т+1) “11+ 1,m)’. 


Similar results are obtained for (3.58) and (3.59). 
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М Solution 3.7 


To prove (a) write |n) = N,(a*)"|0) where №, is a normalization factor. Then 
(п) = N,,(0la"(a*)"|0). 


Now use [a,a*t] = 1 to move one annihilation operator to the right of all 
creation operators. The result is 


a"(at)" = a"*(at)"a + па" (а*)” 1. 


For п = 1 this is just the commutation relation [a,at] = 1 and assuming this 
formula the general result is proved by induction since 


а” ау" = a(a"(at)")at 

a(a"~*(at)"a + па” (а*)" Т)а+ 
"(at)"aat + па"(а*)" 

"(а*)"(ата+ 1) + па"(а*)" 

= а"(а*)" "а + (n+ 1)a"(at)”", 


а 
а 


which is the same identity with п replaced by п + 1. Therefore 
(п) = N2(Ola"-1(a*)"alo) + Ма" Ча). 


The first term is zero since a|0) = 0 so 


N2 
nin) =n—~ = 1, 
( | ) Ni, 
and | 


Therefore №2 = 1/n! and we can choose N, = 1/Vn. 
To prove (b) let at|n) = a,|n + 1) and use (a) to obtain 


at N,(a*)"|0) = an Nagi (at )"*"|0). 


Therefore a, = М / М1 = Vn +1. 
To prove (с) let ап) = В, п-—1) and apply [a, at] = 1 to the general state 
|n) to obtain 


(at — ata)|n) = (nba — Ban-1)|n) = |n). 


Therefore уп + 18n41 — Упб, = 1 and we can choose В» = \/п. 
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Ш Solution 3.8 


Since the annihilation and creation operators for the two states commute 
({a;,af] = 6,,) we can extend the results of the preceding exercise to the 
two state case by writing 


(at) (af) 0, 0), 


Using the definitions from Exercise 1.15 for J,, J. and J3 it follows that 


+ т, 2) = \/ (ny + 1)п2 | + 1, п2 — 1), 
7-ти, по) = \/т1 (п + 1) \n4 — 1,72 + 1), 


Уз|тл,п2) = (ny — N2)|n1, п2). 


ho | — 


None of these operators change the total number п = п! + nz of bosons in the 
two states so the subspaces 


Vn = {|ni,n2)|nytnre=n}, n=0,1,2,... 


are irreducible invariant subspaces and we obtain all unirreps of su(2). If we 


define 


. | 
m= 5 (m1 — 12), 1 = 5 (m1 + 12), 


then 27 is а non-negative integer, т = —j,-j + l,...,j and ме obtain the 
representation (3.19) to (3.21) if we denote the state |n1,n2) by |jm). 
The number operator № = ata, + af a, gives the total number of bosons since 


N|ny,n2) = (ny + n9)|\n1, 22). 
It can be chosen as the Casimir operator since 


[№, J,] = [а#а, + аа, ata] 
= aj [a,,a74,] + [а; аа] а» 
= ata, —afa, = 0. 

[N, J_] = [ata, + afa,,ata,] 
= [af aza,Ja, + аз [а аза,] 


— + +, — 
= —а) а, taza, =), 


1 
[N, J3] = 5 lay ay + asa,,afa, —afa,] =0. 
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The connection between N and the usual Casimir operator J? defined in (3.7) 
18 


1 
Л? — 5(7+4- + J_J,) + Ji 


1 1 
— “(ata at +, + + +, \2 
= —(а1 AoA а, + A аа: Ay) + rie a, — a ay) 


2 
= ata, (af a, +1)+ (ata, + 1)aza, + “(at a, — a} ay)" 
= afa,afa, + (ata, + аз dy) 
t (ааа, + a} азаза, — ат азаз а) 
= ата ата. + м + с (№ — Чат a,a3 а.) 


1 oot 1a 
=-N4- *= SN (5 1). 
gy egy ah 5+ 


so the eigenvalues of J? are j(j +1). One advantage of the boson formalism 
here is that it is obvious that N is a Casimir operator since it conserves the 
total number of bosons. 


J.4 Solutions to Chapter 4 Exercises 


М Solution 4.1 


By direct calculation using [a,at] = 1 and the general commutation rules 


(2.1) and (2.2) 
[T,, To] = 2(a2f, — а. В2)(а*а + аа*), 
[Т», Тз] = 2(a3 + 83)(—azatat + Baa), 
[Тз, 11] = 2(a3 + вз) (она а" — Baa). 
Substituting into (4.1) we obtain 
2( 2 В! — а: 92) (а*а + aat) = —2(a3ata + Взаа*), 
2(a3 + Вз)(—моата* + Вьаа) = (она*а* + Baa), 
2(a3 + Вз)(аната*+ — B,aa) = КазаТа* + Byaa). 
Compare coefficients of the bilinear products to obtain the system of equations 
Вз = аз, 2(281 — 0182) = —юз, —202(a3 + Bs) = 104, 
2B2(a3 + Вз) = 261, 20: (аз + Вз) = 192, —28 (аз + Вз) = 162, 


whose solution has the form 


Q,=Q, а = а, azg=+t-, 


1 р 1 
= За _ Вз = £7) 
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for any real constant a. A standard choice of the upper sign and a = 1/4 gives 
the realization 


1 . 
T, = д(а*а" + аа), Tz; = (аа — аа), Тз = (ata + аа*). 
The Casimir operator is evaluated as follows 


16T? = (ata + аа")? — (ata* + аа)? + (atat — aa)? 
= ataata+at*aaat + aatata + aataat 
— 2atataa — 2aaatat. 
Now use aat —ata = 1 to put each term in the canonical form with all creation 
operators to the left of all annihilation operators and obtain the simple result 
T? = —3/16. 

Therefore k(k + 1) = —3/16 and we obtain the two 73 eigenvalue spectra 
from (4.23): one for k = —1/4 and the other for k = —3/4, corresponding to 
g=k+1l+p=3/4+p and д = 1/4+ р respectively. This is analogous to the 1- 
dimensional harmonic oscillator considered in Section 4.9. The two eigenvalue 
spectra correspond to states with an odd number of bosons (Ё = —1/4) or an 
even number (k = —3/4). This also follows directly from the realization of Ти 
and То which implies that T, = 7, +77) = satat and Т- = 7, -17, = аа 50 
the raising and lowering operators can only change the total number of bosons 
by 2 at at time. Since 73 conserves the number of bosons it follows that the 
subspace of states with even numbers of bosons and the subspace with odd 
numbers of bosons are separately invariant under the action of the so(2,1) 
generators. They are also irreducible subspaces. 


Ш Solution 4.2 
Using the definition (4.106) of the radial momentum (see also Section 2.2) 
0 М д 
R,PrR) = В+ -—| =-1 В, ==] =. 
LR Fa | aR 4 | a 
Ш Solution 4.3 
Use (4.106) and apply (4.45) to an arbitrary functionf to obtain 


OR R OR 
— Шо _n Of ‚д. —п — Ш —п-1 
= 8 aR +15 р(В Г) = -тВ` "7 }. 


Note that this result also follows from the derivation of (2.11) and (2.12) given 
in Exercise 2.2. 


(R-",Prif = — le 0 я Г = — ie 0 | f 
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For part (b) expand the identity [R~"R", Pr] = 0 and use the identity 
(4.31) for positive powers of В to obtain 


А" ГВ”, Pr] + (R™, Pri Е" = 0. 
Now postmultiply by R~” to obtain 


[R-", Pr] = —R-" LR", Pr R™” 
= —R(inR™")R™ = -т В". 


М Solution 4.4 


Using the definition (4.98) and the canonical commutation relations (2.7) to 
(2.9) for the coordinate and conjugate momentum vector components 


(Lik, Lem) = (rjp, — ТЕР LePm — тр] 
= т; [рь, рт] + (25, Pm) pp — [р tmpe] — [25,2 mpel Py 
— ЧЕ [р;, три] — [ть тр" р; + ть [р;, LmPel + [хь, "рр; 

= быт рт + 6 таирь + бт — 6 иттрь 

+ 1652 kPm — тт; — Юттьре + дыттр; 
= —2640(LjPm — LmP;) +106 т (терь — TEL) 

+ 16т (тури — Lep;) + 16je(LEPm — TmPk) 
= И-быЁт + bjmLen + SkmLje + Окт) 
— (бет — Sim Lee + бет. + де кт). 


Ш Solution 4.5 


With an implied summation over j,k = 1,...,D 


2(L?, Lem = Рук, Ст 
= Djg (Lip, Ст + Иль, т Гук 
= КР + LjmLje — Готье — LjeLjm 
+ Сы Ск + LjeLjm — Ск — LjmL je) = 0, 


using the antisymmetry property (4.99). 


Ш Solution 4.6 


We need to use the canonical commutation relation given in (2.9), which is 
also valid in D-dimensions for j,k = 1,...,D and the generalization of (2.10) 
to D-dimensions given by [z;,p;] =r-p—p:+r = Di, since 6;; = О (summed 
over 7). Substituting (4.98) into the definition (4.101) 


1 1 
Г = эль = 5 (tiP — тьр;)* 
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(турьтурь — ТурьТЕр; — LEPjTjPR + LEDPj Tk; ) 


= =(2;(x;p. — 1654) Px, — 2 (тьрь — Dt)p; 


Sears 


— x (xjp; — Dt)p, + 24(rep; — 26;x)p;) 
=r? Pr —т.р- LjLEPj Pk + iDr +p 
=r 2? — т;(руть + 165%) Dk + 1(D — l)r т.р 
рр — ("рр 2) -р. 


Ш Solution 4.7 
Let и be а homogeneous polynomial of degree #. Then 
u(Ar) = u(Az,...,Atp) = A“u(21,..., 2D), 


and we first show that r-Vu(r) = Cu(r). Let y = Ar and differentiate the 
homogeneity condition with respect to А to obtain 

du(Ar) _ > Ou(Ar) dy; 

dy — = ди dA 


= l\"u(r), 


ОГ 


ras Аи (г). 


Yj 


Let A = 1 to obtain r-Vu(r) = fu(r) and substitute into (4.103): 
Шт) = (r°p’ — (г.р) + i(D — 2)" -рщг) 

(—r?V? + (r-V)* + (D — 2)r-V)u(r) 

= (€ + (D —2)£)u(r) 

= (+ D —2)u(r). 


Ш Solution 4.8 


The radial equation for the D-dimensional harmonic oscillator is 


1, (D-1)\(D-3) &@4+D-2) 1,, _ 
|+ 372 + 52 +5“ г” — Eosc| R(r) = 0. 


Substitute the definition (4.106) of р, to obtain 


1/42 D-id 2+ D-2 1 
-5 (+> О рей — Виж] lr) =0 
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Replace the derivatives by 


а аа _c,_,d 
dr фар a’ dp 


Ф сара [а ec, fd ,_,\d 
dr? adrdp\” dp) a? \dp? J} dp 


2 
С 1-а l-a d —а а 
= — — 1 — —_ 
ор (> Ip + (1—a)p ip 
2 2 2 
© og 1-2. & 
~ а2Р dp? + all a)p р 


to obtain the differential equation 


e414 с 4d О 
fe (р парт 


ар 2 p* 
Ww" 2a b 
Роса — Eosc| р’Р(р) = 0. 
С 
Now use the operator identities 
b_ ob b-1 
dp? =Р dp +P 
a, ,@ d 
ор = p?>— + 2bp? 1— + b(b—- 1) р’? 
ap? =P aa t Abe + (b—1)p, 


to obtain the transformed radial differential equation 


а - L+(D=2)a+2bd  @Ё+р-2) 55+ (D~2)a) 


We can now compare this result with the radial equation for the D-dimen- 
sional hydrogen atom using p as independent variable: 


d ПО-1а 3(3+0-2) 22 
Hae ogy tS вн] Plo = 


These equations have the same form if we let 4a—2 = 0 and 1+(D—2)a+2b = 
р — 1 to obtain а = 1/2 and 6 = (D — 2)/4. Now equate coefficients of p~? to 
obtain 
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Finally a comparison of the constant term and the 1/p term gives the 
connection between the energy eigenvalues 


2.2 2 
we = -2By, Kose = 22. 
с с 
Therefore 
2/2 Z? 
Ен =- ; 
Ебзс 


and using (4.121) for the harmonic oscillator energy levels 


2422 Z? 7 2022 Z? 
w(l+2u+D/2)  w(2s+2n+ D—1) 
72 
и 
2 (s + 2-1 + и) 


Ен = 


which is just (4.115). 


№ Solution 4.9 


(4.236) follows immediately from the orthogonality relation 


/ © e207 (0) [69 dy — PHO, 
0 р 4 р! Pq 


To obtain (4.237) write (4.238) in the factored form 


20 
403 


Мл пот | i € fas Im(E)” dé + [ пан ar] =1. 
Since the Laguerre polynomials satisfy the recurrence relation 
(п +1) (2) = (Qn +а+1 - =) (2) - (n+ a) Ly) (2), 
and are orthogonal then 
[ты + brn +1 Эль =0 
SO 
[Ева = эти + Irn] + 1 
Therefore 
2m м2 no т(2та + Ш] + 1+ 2n2 + [m{ +1) = 1, 
dad тата, 


and the result (4.237) follows since п = ny + no + |m| +1. 
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7.5 Solutions to Chapter 5 Exercises 
Ш Solution 5.1 
From the Jacobi identity 
ClJ,,V_J,V4] + ((1V_,V4], J,] + C1V4, Л.Т, V_] = 0, 


but [J,,V_] = 2V3 and [У,, J4] = 0 $0 2LV3, Vi] = —L{LV_, V4), 1,1, which 
is (5.10). Similarly 


(LJ, V4I,V-1 + CIV), VI, J-1 + ПИ, J_1, V4] = 0, 


but [LJ_,V,] = —2V3 and [V_, J_] =0 so 2[V3, V-] = ПУ,, V_], J_], which 
is the first part of (5.11). Again from the Jacobi identity 


CLJ_, V3], V4] + (№, V4), 1+ ((V,, J_], №] = 0, 


but [J_,V3] = V_ and [V,,J_] = 0 so [V,,V_] = П\, V,], J_], which is 
the second part of (5.11). 


Ш Solution 5.2 


According to the Wigner-Eckart theorem the reduced matrix elements of J 
do not depend on the particular component so apply it to Л. We know that 
(¥/7'm|J3|yjm) = 6,6;;m but from the Wigner-Eckart theorem 


—т 0m 


Vel . — т p lg 1-1 . 
(ут Лт) = (-1] (? } ) tata 


From tables of 3-} symbols [RO59] 


( rm ) = (-1)-" 
~m Om LG + 1)(27 + 1)? 
Therefore ('j'l|Jl19) = бб [Л + 1)(25 + IP”. 


The formula (5.83) for reduced matrix elements of M is obtained in exactly 
the same way. The reduced matrix elements of I are obtained from 


. . т( Jo 9 jo \,- . 
(j2m,|I|j2m2) = ey =(-1)” ( и 7 (72152). 


Since 


the result (5.84) follows. 
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Ш Solution 5.3 
To show that Ё is a constant of motion calculate 


a fay )= 4 
а РТА 


То show that U is a constant of motion first calculate 


d т. 
хр = Рхр= 7, x (хр) 


Next use the vector identity A x (B x C) = (А.С)В-(А. В)С to obtain 


dr dr 
= ® — 2 =  — — 2__ 
г х (гхр) = (т-рут -г’р m(r ar mr. 


Next note that 


dr ld ld,, dr 
У ag ae 
so that 
dr d (т 
rX(r xX p)=mrr— mr no (=). 
Therefore 
d 2 а (т 


and substituting f(r) = —k/r? 


so U 1$ also a constant of motion. 


Ш Solution 5.4 


k 
mU +L = (px L)-L-——r-(r Хр) 
k 
= (Lx L)-p——p-(rxr) =0, 


m2U? = (p x L— mk) . (px L— mk") 


2mk 
(p x L)- (px L) - ——(px L) + + mk? 


7.5. Solutions to Chapter 5 Exercises 401 


2mk 
= (L x (p x L)) -р- (г X p) +L + mh? 


= 2mEL? + m?k?. 
The orbit equation is obtained by calculating О т: 


mU +r = mUr созд = (p X Г) +r — mkr 
= (r X p)+ L — mkr = L? — mkr. 


Therefore the orbit equation is given by 


1 mk U 
= (1+ 70088), 


so the eccentricity is e = U/k. 
Ш Solution 5.5 


From the orbit equation derived in the preceding exercise 6 = 0 corresponds 
to r = a(1 — e), where а is the semi-major axis of the ellipse in the case of a 
closed orbit. Therefore mkea(1 — e) = [2 — mka(1 — e) зо [2 = mka(1 - е?). 
To obtain the energy substitute this result and U = ke into (5.100) and solve 
for E. 


Ш Solution 5.6 


L-U=5L+(pxL—Lxp)-2r-" 
Г 


1 
=5L-(pxL—Lxp), 


since Ё commutes with functions of r and L-r = 0 (see (2.26) and (2.31)). 
Using (2.33) 


L+(px L) =(L-r)p’ —(L-p)(r-p—i) =0, 


since Ё .г = 0 and L- p= 0 (see (2.32)). 
Therefore, using (2.36), D-(L x p)= L-(2ip—p xX L) =0and L-U =0. 
similarly 


1 
U-L=5(pxL—Lxp)+L— 2-9-1 


1 
=5(pxL—Lxp)-L, 
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since г - L = 0 (see (2.31)). Using the second equality in (2.33) 
(p x L) +L = p*(r-L) -(p-r —i)p-L =0, 
since r- Ё = 0 and p- L = 0 (see (2.32)). Therefore, using (2.36) again 
(LX p)-L=(2p-—pxL)-L=0, 
andU-£L=0. 


Ш Solution 5.7 
Using (A.9) 
(рх L)+(p X L) = €jpe€jmnPrLepmln 
= (Sim en — Sin Ome) PkLePmln 
= реГерь Ге — prLepele. 
The last term is zero since from (2.32) Lypp = L-p = 0. Therefore, using 
(2.24) 
(рх L)+(pX L) = pe(pebe + teen;p;j)Le 
= pL’ + евр 
=p l*+i(px p)-L 
— р? Г. 
To derive the identity of part (b) first use (2.33) to obtain 
(p x L)-p=(rp’— p(r-p)+ip)p 
=тр’-р-р.(т.рр tip. 
Now use (2.17) and (2.21) to obtain 
(p x L)- p= (p'r + 2ip)-p— p-(p(r- p) + ip) + ip” 
= p'(r +p) + 2ip* — p°(r + p) — ip’ + ip’ = 2ip’. 
An alternate derivation using the Levi-Civita symbol is 
(p X L)+ p= с мрь р; 
= €jnePk(Dj Le + Зе тт) 
= (p X p)+ L + 2i6kmPkPm = р, 
where we have used (2.24) and (A.10). 
The identity of part (c) is obtained in a similar manner using (2.33), (2.10) 
and (2.19): 
p:(p x L)=p-(rp’ — p(r-p) + ip) 
(p-r)p’ — p*(r +p) + ip” 
(r +p — 3i)p’ — p'(r-p) + ip" 
[r- p,p*] — 2ip* = 0. 
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An alternate and simpler derivation using the Levi-Civita symbol is 
р. (рх Г) = Еыр;рь Ш = (p X р) Ё=0. 


The identity of part (4) can be obtained as follows using the basic commu- 
tation relations (2.9) and (2.33) and the identity (A.10): 


(p X L)+r = Евр; 
= сырь(т Le + t€¢j;m2m) 
= €;hePR2; Le + Зет т 
= €jne(tjpa — 15jk) Le + 2bkmP om 
= Ге + ipa, = L?+2ip-r. 


Finally, the identity of part (e) is easily derived since 
r-(p XL) = Еыт;ры = Lely = Г. 
Ш Solution 5.8 


2_(! _ _ "). (5 _ _ “| 
= (5фхЕ L Xp) 2- 5х L ГХР) 2-)}. 


Substitute Ё хр = 2ip — p X LE from (2.36) to obtain 
U? — 2? = (px L - ip)’ - 2(p x L—ip)-— - Z—-(p x L - ip). 
From the preceding exercise 
(p x L—ip)’ = (px L)’—i(px L)-p—ip-(px L) —p’ 
= pL’ — i(2ip*) — p’ = p'(L* + 1), 
т 1 1 
— 0). = Г).т- —Ф.т- 
(p x L~ip)-" = (px L) т: пр-т 
= (1? + ip-r)+ _ip-r- 
r r 


1 1 
= -ШИ+ар.т-, 
г г 


3/3 


1 1 
‘(px L—ip)=—r-(pXL)—t-r-p 
1 1 
— - [2 _ +—Т .р. 
r г 
Therefore 
22 1 1 
(2 — 2? = p(L? +1) - ий _ Zi(p-r)— 4 Zi-(r -p) 
22 | l 
= p'(L? +1) -——L? — 2i(r -p —3i)— + Zi-(r +p) 
r r 


22 2 
= p'(L? + 1)-——L? — — Zilr-p,r'), 
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Finally use (2.22) to obtain 


22 


22 72 _ 22 
r 


т 


U?— Z*=p*(L?+1)- 


-2 (57 и =) (2+1 = 2H(L? +1). 


Ш Solution 5.9 
By direct calculation using (2.36), (2.24) and (2.23) 


[L,,U,] = $(L,,(p xX L), —(LX pk] — 2 Ш, er] 
= (L,,(p x L)x] —i(L,, pp] — Zr“ CL,, 24] 
= [L,,(p X Г] — Кети) — Zr" (2€;kmm). 


Now using (2.25), (2.24) and (A.8) 


(L,,(p X L)k) = ет С, peLmd 

= ет (Ре С, Lm] + (L,, pel Lm) 
2€kem€gmnPeLn + ет ап Lm 
L€ktm€mnPtlin + t€kmn€ymePeLn 
(кет пут + Enkm€tym)PeLn 


—2€t¢nm€kymPtLn = 1€;km(p x D) mn. 


Therefore 
Z 
(L,,U 4] = ЗЕ кт ((p X Ёп —tpm — = 2m) 
= 6) ктОт- 


Ап even simpler derivation is obtained by observing that р xX Г, р, and т 
are so(3) vector operators and r~’ is a scalar operator so U must also be an 
so(3) vector operator. 

Ш Solution 5.10 
Using the expression (5.107) for U 
LU,, Uz] = (тр, rep’) + [p,(r +p), pe(r > p)] + (2, A, 2,7] 
— 5 (Aji ~ Ax) + (Ву — By) = (Che — Cry), 
where we have defined 
Ay, = [2,p", pe(r + p)), 
Bi = (z,p’, 2, H), 
Chk — [р, (г -p), t.H]. 
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Now evaluate each commutator. Using (2.17) 
[т,р’,тьр”] = 2, [р*, тьр*] + [2,,тьр’] р’ 
= 2, [р, тыр’ + ть [т,,р’]р’ 
= -2(турь — тер, )р°. 
Using (2.21) 


[p,(r > p),pe(r-p)] =p, [r->p,pel(r-p) + pelp,, r+ pl(r-p) 
= р,(1рь) (г -р) + рь(—1р, (т.р) = 0. 


Using (2.17) 


(z,H,2,H)] =2,(H,2,)H + тк [т,,Н]Н 
= 32,[p’,c,]H + 1ть [тр] Н 
= —1(x,p_ — ткр,)Н. 
Using (2.9), (2.19) and (2.20) 


Аль = 2,[p’,pe(r + p)] + [х,,рь(т р) р’ 
= x,pel[p’,r +p] + pelz,,7-plp’ + Cx), pe] (г р)’ 
— —2Qix, pep’ + ртр” + 6 (т ‘ру’ 
= —2iz, ppp” + Итурь — 16,4)p” + 16 (т + рр 
= ры? + 6,4(1 + ir + p)p’. 


Therefore 


А — Ав, = —Цхурь — тьр,)р". 
Using (2.17) 
Bi = TI, [p?, 2, H] + [z,,c,H]p’ 
LX [p*, Н] + т, [2х] Н + 2 [z,, Н]р* 
= т, ть [р*, Н] — 2iz,p,H + 52k [x,,p*]p’ 
= тт, [р*, Н] — 2iz,p,H + izgp,p’. 


Therefore 
By, — Bry = (туре — хьр,)(-2Н — р’). 
Finally, using (2.9) and (2.20) 


Ск = р, [т р, тьН] + ([p,,2,H](r-p) 
= р,ть [т *р,Н)] +р, [т ‘р, ть] + ть [р,, Н] (т *р) 
+ [р,, 2] H(r-p) 
= рить [r+ p,H] + p,(—ix,)H + ть [р,, Н] (г -р) — i6,,H(r +p). 
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Using (2.19), (2.22) and (2.12) 


[vr -p,H] = 5[r-p,p'] — Z[r-p,r"] 
= 3(2ip’) + 2" ' = hip’ + iH 
[рН] = —Z[p;,r7*] = —Z(ez;r7°). 
Therefore 
Ск = SipjtKp — столут (т .р) — 16;,H (Pr р) 
= отр; — 15;,)p’ — iZaxjayr°(r - p) — 6 Н(т-Р), 
and 
Сл — Сы = —эИтрь — тр. 
Collect these results to obtain 
LU;, Uy) = —22( rj pe — тьр;)Н. 
and, since Туре — ТЕР; = Ее and (Li, H] = 0, 


LU;, (7. ] = (—2H )tejneLe. 


№ Solution 5.11 


This identity was proved more generally in Section 4.5 (let а = 1 and & = L’ 
in (4.57)). An alternate derivation can be obtained as follows, using (4.26) and 


(4.27). Since 
2 2 Г 2 
Р = Pa+ ap [L", f(R)] =0 
then 
[7 = В?Р? — R?P2 = R?P* — R(P,R+7)Pr 
= R? P* — RPpRPp —iRPp. 


From (5.134) to (5.136), В = Тз — T,, ВР, = Т, and ВР? = T3 + Т, so 


L* = (7. — T,)(T3 + T;) - T; — 1412 
= T? — T? — T} + ТТ] - 21 
= T? —T? —T}, from (4.1). 
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Ш Solution 5.12 


C,°Cg 
= 1(RP’)-(RP’) -3ВР*.Р(В.Р)-1Р(В.Р). RP? 
+P(R- P)- P(R-P)—18RP?-R+18P(R-P)-R 
— taR’P? + ta(R- P)’ + taBR’. 
Now evaluate each term using (2.10) and (2.17) to (2.22): 
(RP*)-(RP*) = В.Р?ВР? = В. (RP? - 2iP)P? 
= R?P* —2i(R- P)P’, 


(RP?)- P(R- P) = R- P((R- P)P? — iP?) 
=(R-+P) — 2i(R- P)P?, 


Р(В.Р). RP? = ((R- P)P -iP)- RP? 
=(R-P)(R- P — 3i)P? —i(R- P — 3i)P’ 
= (R-P)P? — 4i(R- P)P? — 3P?, 


) 
P(R-P)- P(R-P)=((R-P)P-iP)-P(R-P) 
Р. “PUR P)- iP*(R .Р) 

Pe P)P —iP) —i((R- P)P? - 27 P?) 
(В P\P —iP)-P —2i(R- P)P* — 2P? 
?P? — 31(R- P)P? —2P?, 

RP?-R=R-P*R=R.- (RP? — 2iP) 
= R?P*_aR-P, 
P(R-P)-R=P-(R-P)R=P-(R(R-P) —-iR) 
= (R- P — 31)(R- P) —i(R- P — 32) 
= (R-P) —4:(R- P) —3. 
Therefore 
Cy+Cg = 4R’P* — (a+ B)R’P? + 1аВ В? —3 
= —}i(R- P)P? + L(+ )(R- PY! - 36i(R- P) — Ра 
Now note that 
R?P* = R(RP*)P? = R(P?R+ 2iR'(R- P —-i))P? 
— (RP?*)? +2(В.Р- i)P?, 
and 
BR? P? = BR(P?R+2:R7'(R- P —2)) 
= B(RP’)R+ 2iB(R- P — 1). 
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Therefore 


С. Св= (ary — 18(RP’*)R — taR(RP?) + 1аВВ* 
+ (a+ 8)(R+ PY — 28i(R- P) — 28 
= (ВР? — oR)(RP* — BR) + a+ B)(R-P)? 


1 
~ 4 


~ 28i(R+ P) — 28. 


iB 
+ В) 


Finally, substituting В.Р = T,+2 gives the required identity. Substituting 
a = В = 1 and using the realization (5.114) of Т, we obtain A? = T? + T? —1, 
and from the preceding exercise Т?+Т2 = T?—L*. Therefore A*+L?+1 = T?. 


№ Solution 5.13 


(L;,T3] = вы [ХьРь, 13] 
= €;ne(X~CPe, T3] + [Хь, 73] Pe), 


[Рь, Тз] = $ [Рь RP? + В] =40P,,R1+ 3 [Рь RIP? 
=-иХ:В 1+ P*), from (2.11), 


[Хь, 13] = $ [Хь, RP? + В] = 3 В[Х,,Р?] 
— 2 


= +R(2iP,), from (2.17). 
Therefore 
(L,, T3] = —4i(ejneXpXe)R-*(1 + Р?) + tR(€;neP.Pe). 


Both terms on the right are zero, since X,X, and P,P; are symmetric in k and 
£ and €;x¢ is antisymmetric in k and # (see Exercise 2.1). 

To derive [A;,73] = 0 use commutation relations (2.11) and (2.17) to 
(2.22): 


[A,73] = 4[RP?, RP?]+1(RP?, В] - [Р(В-Р), ЕР?] 
—т[Р(В-Р), Е] -4(R, RP’). 


Evaluate each commutator and put the terms in а canonical order with position 
operators to the left of all momentum operators: 


[ВР?, ВР?] = ВЁ[Р*, В] P* + RLR, P?)P? 
= R(-2iR7'R-P—2R™")P?+2iRPP?’, from (2.17),(2.18) 
= —2i1R'R(R- P)P? —-2R7' RP? + 2iRPP’, 
[ЕР*, Е] = R[P’, Е] 
= В(-2В'В.Р-28`"), from (2.18) 
= —2i1R°'R(R- P) -2R'R, 
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[Р(В.Р), ЕР?] 
= РВЁ[В.Р,Р?] + Р[ В.Р, В]Р? + [Р, Е1Р?В.Р 
= РВ(24Р?) —iPRP? 
— ВЕР В.Р), from (2.19),(2.20),(2.11) 
= (ВР — В 'В)Р? -iR"'RP?(R-P), from (2.11) 
(ВР — В \В)Р? — В" В((Е.Р)Р?-21Р?), from (2.19) 
=: ВРР? — В \ВР? —-iR'R(R-P)P’, 


[Р(В.Р), Е] =Р[В.Р, Е] + ГР, Е] В.Р 
= P(-iR)+(-iR7'R)(R-P), from (2.22), (2.11) 
= —1(RP —iR™'R)-iR'R(R-P), from (2.11), 
[В,ВР?] = RLR,P?] =2:RP, from (2.17) 
Collect these results together to get [A,73] = 0. 
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Ш Solution 6.1 
From (2.23) and (2.24) 
(То, L;] = [R- P — 2, Lj] = CX,P,, Г] 

= Хь [Рь, £5] + [Хь, £5) Ph 

= X4(—1€;nePr) + (“еле ХОР 

= —ем(ХьР + XP.) = 0, from Exercise 2.1. 
That [Тз,Г;] = 0 was shown in Exercise 5.13. A similar derivation using 
ВР? — В in place of RP? + Е shows that [Ти, L;] = 0. 
Ш Solution 6.2 


Using the definition of A given in (5.128) and the commutation relations (2.19) 
to (2.21) 


[T,,A] =1(R-P,RP*] - [В.Р,Р(В.Р)]- В.Р, Rl, 


where 
[В.Р, ВР?] = В®В.Р,Р?] + [В.Р, В] Р? 
= R(2iP’) + (—В)Р? = iRP’ 
[R-P,P(R-P))=(R-P,P)](R-P) =:P(R- P) 
[В.Р, Е] = -iR. 
Therefore 


[Т,, A] = i(1 RP? — P(R- P) +4R) =iB. 
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Ш Solution 6.3 
First evaluate [L,, Вь] by expressing В = A+ R from (6.12) and using the 


commutation relations (6.4) and (2.23) to obtain 
CL,, By] = Ш, X_ + Ag] = 1, Хь] + Ч, Ax] 
1€,Ke( Ag + Х}) = 2€,4¢De. 


Next evaluate [В,, B,] in a similar manner to obtain 
[В,, By] = LX, + A,, Xk + Ax] 
= [X,, Ак] + [А,, XJ + (A,, Ag] 
= [X,, Ax] — (Xx, Ay] +. 
Using (2.17), (2.20) and (2.9) 
[ХАН = [Х,, ХьР*] - [X,,P,(R- P)] 
= $X,(X,, Р*] - Р(Х,В.Р] -[Х,,РА(В-Р) 
= £X;,(2¢P,) — P,y(tX,) -6,В.Р 
= 1X;,P, —1(X,P, — 16,,) — 16, > P 
= —1(X,P, — X,P,) — 16,(R> P —1) 
= —1€,4¢L¢ — 16,41. 
Therefore 
[В,, Bel = — в ке Ге + зе ее + ЗЕ ке 
= —2€,n¢L¢. 
Next evaluate [A,, B,] using (6.12) and (6.5): 
[А,, Be] — [А,, Хь + Ax] — [A,, Xx] + [A,, Ак] 
еее + 16,412 + ЗЕ 
= 16472. 
Finally evaluate [T>,B,] using (6.12), (6.10) and (2.20): 
[То, В,] = По, Х, + A,] = (T2,X,] + 1, А,] 
= [В.Р,Х,] +18, = -1X,4+7B, 
= 1A). 


Ш Solution 6.4 


CX Св 
= (LRP? — P(R- P) —iaR) x (1 RP? — P(R- P) — 48R) 
= 1RP? x RP*-—1RP*x P(R-P)-18RP?xR 
—3P(R-P)x RP’ + P(R-P) x P(R-P) 
+1ВР(В.Р)х R-iaR x RP’ 
+ aR X P(R- P)+ зав ВХ В. 
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Now use commutation relations (2.17) to (2.21) to obtain 
RP? x ВР?’ 
= ВХР?" ВР? = Rx (RP? —2iP)P’ 
= —2:(R x РР? = —2LP’, sinceeR x В=0, 


RP? x P(R- P) 
= (RX P)P(R-P) 
= (RX P)((R- P)P? — 2iP?) 
= L(R- P)P? — %LP?, 


RP’xR 
=RxP’R 
= Rx (RP? — 2iP) 
=(Rx R)P?-2Rx P=-2L, 


Р(В.Р)Х RP’ 
= P x (R- P)RP’ 
= P x(R(R-P)-iR)P? 
= (P x R)(R- P)P? —i(P x В)Р? 
= —L(R- P)P? +iLP’, sineeP xX В=-ВХР, 


P(R: P) x P(R-P) 
=Рх(В-Р)Р(В.Р) 
= Рх(Р(В.Р)-+:Р)(В.Р) 
= 0, sinceP xX P=0, 


P(R-P)xXR 
=Px(R-P)R 
= Px (R(R- P) -:iR) 
=(PXR)(R-P)-iPXR 
= —-L(R-P)+iL. 
Collect these results to obtain the required identity. Now the four identities 
follow by substituting a = +1 and В = +1. Note that Ах В = LT, gives 


О = 0 in (6.14) and (6.15). Also since L-A =0, L- R=0, from n (2. 31), and 
В =В- А, then L-B=L-(R+4A)=0, so W = 0. 


Ш Solution 6.5 


Letting k = 7 in (6.4) and (6.6) and summing over 7 directly gives (a) and (b). 
Identities (c) and (d) are easily obtained as follows 


[В Г.А] = (B,;, ГГ] = ГВ, Гу] + (B;, Ly] Ly 
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= [+(—0;Т2) + еле ВеАь 
= —11,L; + ее ( Ак В — бе То) 
= —1.12[; + Ее Ак By = —0.. 


Similarly [А;, Г. В] = ~D;. 


To derive (e) calculate 


[А;, De] = ГА; ToL — €kmnAmBn] 
= T,[A;, [к] + (A;, 12] [+ 
— Екти( Ат [А;, Bn] — [A;, Am] Bn) 
= Зее То А — 1B Le — Ето Ат(16 и 12) — €nkm€ejmLeBn 
= Зее То Ас — 1B Le — ет: AmT2 — дед; — Snj ber) LeBn 
= зелье СТ, Ag] —1BjL, -9Ё.В + ЧьВ; 
= — в кеВе + 71(L,, В] — 636. В 
— —€;neBe — €njeBe — 163.0 ‚В = —16;,L . В. 


As a special case let К = j and sum over j to obtain (6.20). Similarly (+) and 
(6.21) can be derived. Finally (g) and (h) are easily derived: 


=1L-B, 
[72, b> В] = L;[T), By) + (12, [1 В; = L,(2A;) 
=Ё.А. 
Ш Solution 6.6 


From Exercise 5.11 and Exercise 5.12 with a = В = 1 and a = В = —1 it 
follows that 


L? = T} - Т? - 73, 
A? =Т+Т-1, 
В? = Т2 — 72 +1. 


Substitution into (6.13) gives @ = 2. 
Ш Solution 6.7 
Define 
О. = 3(RP? + aR), 
and the vector operators 


С, =1RP? — Р(В-.Р)-1ВВ, 
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so that Т, = D_1, Тз = В, A= C, and В =С_1. Then 


[., Св] = (ЕР, RP?] —1(RP?, P(R- P)] - 1В[ВР?, В] 
+ aR, RP?] — 10 [В,Р(В-Р)]. 


These commutators have already been evaluated in Exercise 5.13: 


([RP?, ВР*] = -2iRPP?+2:R"R(R- P -i)P’, 
[ВР?,Р(В.Р)] = —ВРР? + В ВР? +iR'R(R-P)P’, 
[ВР*, В] = -2 ВР, 
[В, ВР?] = 2:R'R(R-P)+2R'R, 
[В, Р(В.Р)] = КЕР — ВВ) +В 'В(В.Р). 


Therefore 
[Da,Cg] = (8 — a)iRP = 3(6-ayT, 


and the four cases а = -1 B=1, а=- 


1, B=-1, a=1, B=1, a= 1, 
В = —1 give the commutators (6.26) to (6.29). 


Ш Solution 6.8 
From (2.9), (2.11) and Exercise 2.1 


(L,,04) = ет CRP,, XeP J] 
= €ktmRLEP;, Xe] Pm + €hemXelR, Pd P, 
= —t€kymlt Pm + tR*(€kemXtXm)P, 
= т А Рт = ЗЕ тт. 


To evaluate (6.32) and (6.33) use the definition of С in the preceding exercise 
and (2.11), (2.18), (2.21), (2.22) to obtain 


[Г,, Са] = + [ВР,, RP*] - (RP,, P(R- P)] — ial ЕР, В] 
= iRIP,, В] Р* +iRIR, P?)P, - RP(P,,R- P] 
~ P(R,R- P|P, - [В, P](R- P)P, — за Е[Р,, В] 
=зВ[Р,, RIP’ +} R(2iR"(R- P —1))P, - RP(-iP,) 
— P(iR)P, -iR7'R(R- P)P, — 1а В[Р,, В] 
—3(RP’ — аВ)[В, Р,] + В "ВР, +iRPP, —iPRP, 
= —}(RP’ - аВ(В,Р] + В 'ВР + ИВ,Р]Р, 
1 
2 


(RP? — aR)LR, P,). 


Therefore from (2.9) we obtain (6.32) for a = 1 and (6.33) for a = —1. 
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To derive (6.34) and (6.36) use the definition of О» in the preceding exercise 
and (2.11), (2.18) and (2.21) to obtain 


[T;,D.] = (ВР, RP*] + tal ВР, Е] 
= a RLP, R]P* +3Е[В,Р?] + зо В[Р, В] 
+R(-iR“ R)P’ +3 В(2В (В.Р-1)Р+1аВ(—В В) 
= =" Rp’ +КЕВ.Р)Р+Р- ти В 
= -НАЕР* +КР(В.Р) +:Р)+Р-тоВ 
—(:ВР* -Р(Е.Р) +1аВ). 


Therefore a = —1 gives (6.34) and a = 1 gives (6.36). To derive (6.35) use 
(2.21) and (2.22) to obtain 


[Г,Т = (ВР,В.Р-П = ВР, В.Р] +[ВВ.Р]Р 
= R(-iP)+iRP =0. 


Finally to derive (6.37) use (2.11) to obtain 


(Г; 0%] = [ЕР;  ЕР;] — Е[Р; Е] P, + RLR, P,J P; 
= R(-tR7-'X;)Py + R(iR*X;,)P; 
= —1(X;P, — ХЕР;) = Зее. 


Ш Solution 6.9 
From (B.78) and (В.84) 


Q2 = (Lip + Li; + Li, — Li — Lig) 
+ (23 + [4 — Гл — 145) 
+ (L34 [35 = [3в)' 
+ (—Lis — Lig) + (-155) 
= + А? - В? - Г" + ТТ -T? -T. 


From the so(4,1) results (6.13) and (6.24) for our particular realization, T? + 
В? - А? - [2 =2s0 Q, = —2—T* + T? —T?. Since Г = RP then from (2.11) 
and the so(2,1) realization (6.42) to (6.44) 


Г? = ВР.ВР = ВРВ.Р 
= В(ВР —:В-'В).Р 
= R?P? —iR- P = (Ts —T)(73 +) —i(Th +2) 
= T} — ТЁ+ (73,T%)] —i)+1=T3 -—Tj +1. 


Therefore Q2 = — 
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For Q3 we obtain from (B.85) after some simplification 


48Q3 = Заводе ГГ" LL! а < b,c < d,e < f 
= 48€,4¢(—Lya Dus [ив + ГБ лв 
— Lag Lys Lye + Г56 [46 


where a summation over 7, k, 6 = 1,2,3 is implied. Therefore 


48Q3 = —48A-(B x G) 
+ 48 [45(ГлвЁ2з — Го6Глз + LagLi2) 
— 48 [46 ( Гл5 [оз — Los Ly3 + [35[12) 
+ 48 [56 ( Глаз — Гааз + Гза[.12), 
4: =-А.(ВхГ) +ТАГ.Г)-ТкВ.Г)+Т(А-Г). 


From Exercise 6.4 for the scaled hydrogenic realization 
A-(BXI)=(AxX B)-r=T,(L-T). 
But from (2.26) and (2.31) 


L-T=L-RP=R(L-P)=0, 
r-L=R(P-L)=0, 


and since A- EL = В.Г = 0 then Оз = 0. 


J.7 Solutions to Chapter 7 Exercises 


Ш Solution 7.1 
From (7.9) and (7.10) we have the two identities 


(p)| Eo — Hol) = (Уфо), 
(pO [Eo — Holy) = (ФУ) — BO (PO |p). 


Since Но and У are hermitian the left hand sides of these two identities are 
equal so the required formula for E®) is 


EO = (dol VIG) = (У) — BO (WO), 
Similarly, from (7.9) and (7.11) 


(ФЕ — Hol) = ($8 Уфо}, 
(ФЕ — Hold) = ($ Уфо) — Е (Уфо) — BO (PO |p). 


Since E4) = (43) |У|%0) we obtain 


E® = (Уфе) — EM (pO |p) _ EO (yO py, 
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From (7.9) and (7.8) for n = 4 


(Ее — Holo) = (ФИО, 
(YO [Bo — Hold) = (ФУ — ЕО) — Еф) 
— Е (2) (pO) |p), 
Therefore 
Е) = (yMy — Е) |4) _ Е) (фа) фо) _ EO (pO |p), 
From (7.10) and (7.11) 


(ФСЕ — Holy) = (POV — EOS), 
(Во — Hols) = (У — BODO) Еф). 
Therefore 
(GOV — BOY) = (GOV — BOI — BH}, 
and w) can be eliminated from Е<). Therefore 
Е) = (p@yv — EM |p) — ESV pO |yO) 
— (уе) + (Vy) 
= (POV = BOG) — Е) — 2Re(HO |p). 


In our applications the wavefunction corrections will be real and we can replace 


Re(pO |p) by (pM |p). 


Ш Solution 7.2 


Let (A) denote a ground state expectation value of the form (w|A|%) for some 
operator A. Then 


E™ = (УСУС...СУ) +all bracketed terms, 


where the leading term has n factors of V. The bracketed terms are obtained 
by inserting one or more nested bracket pairs () having a У factor at either 
end in all possible ways and attaching a minus sign if an odd number of bracket 
pairs were inserted. Brackets can be inserted beginning with Е) зо we have 


EQ) = (У), 

E®) = (VGV), 

E®) = (УСУСУ) — (VG(V)G у) 
= (VGVGV) - (У)(УС?У), 

Е) = (VGVGVGV) - (VG(V)GVGV) - (УСУС(У)СУ) 

+ (УС(У)С(У)СУ) — (VG(VGV)GV) 

= (VGVGVGV) - (У)(УС?УСУ) - (У) (УСУС?У) 
+ (У)2(УСЗУ) — (УСУ)(УС?У), 
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which give the results in (7.17) to (7.23). It is clear that higher order corrections 
have many terms giving complicated formulas: there are (2n — 2)!/[n!(n — 1)! 
terms in Е). Nevertheless the bracketing technique is a convenient way to 
generate the formulas to order 4 (there are 14 terms in order 5 and 42 terms 
in order 6). Other explicit formulas can also be developed [5170]. 

Ш Solution 7.3 


The unperturbed ground state wavefunction is 


1 
Фо = g100 = —=е " = 2Уще ", 


Е 


and the perturbation is 


[4 
У = 2 =гсоз9 = ТУ, 


where we have used the spherical harmonic functions 


1 3 
Yoo = Vin’ Yio = | qq 0089. 


The unperturbed energy is Ey = —1/2. Since E™ = 0, (7.38) can be 
expressed as 


1 1 1 
(ty 141) yn ery 


2 r 2 J3 
Now use 
10 д L? 
\72 — Ш 2— = 
r? Or ( 4 r? 
to obtain 


a 20 Ш 2 4 
O20 Ve wm Ary 
[= гдг г? ы г 1 $ J3 Yo 


If we assume that 4) = f(r)Yio then (d¢o|™) = 0 since Yoo and Ул are 
orthogonal. Since the spherical harmonic functions Ушж(9,ф) are eigenfunc- 
tions of L? with eigenvalues £(¢ + 1) it follows that L?y) = 2.0). Therefore 
we have the inhomogeneous radial differential equation for f; 


Pf, df 2 2 4 oer 
Gt tra tats haar | 


Now assume that (г) = gi(r)e~” to obtain 


UH о (2 7 1) dy _ 29% _ 4 


dr? 
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Since f; should be finite at the origin we look for a polynomial solution. 
Substituting 91(г) = axr* gives the solution 


g(r) = —58 (2 + г"). 
Therefore the first order correction to the wavefunction is 
$) = gi(r)e""Nio, 
and the second order correction to the energy is 
EM = (УФ) 


2 со 
= >] г (г)е ar | Ул dQ) 


_ 2 [* 3 - 1 9 
== | r°gi(rje “dr = г 


Ш Solution 7.4 


Since Е) = 0 we now have to solve (7.10) which is 


е". 


9 [4 9 
(Но — Ey)p — Уф — 190 -- | = r1(r)YioYio + 5100 


Since 
у. = | (39-1) =f (48, Yio — 1) 
20 = 16 — 16 10710 , 
then 
YoY; _ ly, чу 
10110 — J5r 20 2. /т 00, 
and 


(Но — Ро) = [ho(r) Yoo + ho(r)Y 20] e', 
where we have defined 


1 
ho = с(4" +2r°—27), № 2r? + г3). 


2 
тет 
35 
As in the previous exercise we can substitute for У? to obtain 


e 20 DB 2 й 
д то тг | pO) = —2(hoYoo + 3Ую)е". 
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Now let 1^(2) = де-" to eliminate e~" and obtain 


029 1 09 [79 
92 +2 — 1) Or = —2(hoYoo + h2Y20). 


Now substitute д = go Yoot92Yo0 and use L?Yo9 = 0, L? Yoo = 6Yo9 to obtain the 
pair of differential equations (the spherical harmonics are linearly independent 
angular functions) 


r 


dr? r dr 
d 92 1 492 692 
чо [- 298 _ 298 — 
dr? + (- 1) dr 2 ahy 


Again we look for polynomial solutions go(r) = Утв", 92(г) = i cer*® and 
the results are 


НЫ, gale) = Ser? +r? + Br) 
The arbitrary constant bp is determined by requiring that (¢9|p) = 0: 
(фе) = 2 || r2go(r)en® dr || Yoo¥oo dO 
0 Q 


+ 2 f° r°go(r)e” dr | YooY20, 40 


81 bo 
e727 
=2 |” r*go(r jer dr=2 (Fe 2), 
since the spherical harmonic functions are orthonormal. Therefore (¢o|) = 
0 for bp = —81/8. 


We can now evaluate EF‘) using the formula derived in Exercise 7.1 аз 
follows: 


4 со 
(оби) = J [ rao(r)o(r)e ar | оо 40 
An °° 3 —2r 
+ =f r°gi(r)go(r)e dr | Yio¥io¥a0 dO. 


The angular integrals are easily evaluated: 


1 1 
Yi0¥i0% a = —— | YoY dQ = 
[ 10710 700 МЛ 10710 a 
1 
— 1 1 — 
[ УсУюУь dQ = [ (У + == Yoo) У» dQ = Van 
Therefore 
1 со 
(LOIV 8) = 5 т’) ar 
ye _ 4329 
+= 6 (r)ga(r)e" dr = 5, 


43 
(bO|yO) = [ rgi(r)gi(r)e~2" dr [ Yio¥io d= = 
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Finally Е“) = —82 _ (—2)(8) = —3555 and to fourth order the ground state 
energy is 
1 
ЕЕ By 
2 4 64 


It is clear that the generalization of the Dalgarno and Lewis method to higher 
orders is possible but not very systematic and not easily automated. 


Ш Solution 7.5 


Here we show only the Maple statements and not their output. The line 
numbers are not part of the Maple program but are included for reference. 
First define the differential equation for f(r). 


01 # dalgarno 
02 del := diff(fi(r), г, г) + (2/r)*diff(f1(r), г) 
03 + (-2fr°2 + 9/г — 1* (г) — (4/3` (1/2) ужтжетр(-т): 


Now factor out the e~” part and multiply by г? to get a differential equation 
with polynomial coefficients. 


O04 del := simplify(subs(f1(r) = exp(—r)*g1(r), de1)): 
05 del := simplify(de1+exp(r)): 
06 del := simplify(del+r’ 2); 


Maple will not directly find the polynomial solution using its differential 
equation solver dsolve but it can easily be found directly by substituting a 4th 
degree trial polynomial into the differential equation, using collect to collect 
coefficients of the various powers of r. 


07 = gl_trial := a0 + а1жг + a2er°2 + аЗжг`9 + afer’ 4: 
08 result := collect(simplify( subs(g1(r) = g1_trial, de1)), г); 


Now set the coefficients of the resulting polynomial to zero, solve the re- 
sulting system of equations, assign the results to ap to a4 using assign, and 
make a function g;(r) from the result. 


09 equations := { seq(coeff(result, г, i) = 0, i = 0..5) }; 
10 solve(equations, {a0, al, a2, a3, a4}); 

11 assign(”); 

18 gl :=r-—> gl_trial: 


Now repeat this procedure to find the solutions go(r) and go(r) of Exer- 
cise 7.4. Here we also make use of the operator ” which represents the result 
of the last Maple statement. 


18 hO:= (4*г`2 + 2er°3 — 27)/6: 

14 deO := diff(g0(r), г, г) + 2x (1/r—1)*diff(gO(r), г) + 2*h0: 
15 = g0_trial := 60 + bl«r + b2«r°2 + 69жг`9 + bhar 4: 

16 collect(simplify(subs(g0(r) = g0-trial, гж4е0)), г); 
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17 equations := { seq(coeff(”, r, i) = 0, 1 = 0..4) }; 
18  solve(equations, {b0, b1, b2, 63, b4}); 

19 assign(”); 

20 90:=г-> gO_trial: 

21 

29 12 := (2/3/sqrt(5))* (2er°2 + г`3): 

23 4е? := diff(g2(r), г, г) + 2«(1/r—1)*diff(g2(r), г) 
24 — 6«g2(r)/r°2 + 912: 

25 = g2_trial := cO + cler + c2er°2 + cder°3 + char 4: 
26 collect(simplify(subs(g2(r) = g2_trial, r°2*de2)), г); 
27 equations := { seq(coeff(”, г, i) = 0, i = 0..5) }; 
28 solve(equations, {с0, с1, c2, c8, c4}); 

29  assign(”); 

90 92:=тг-> g2_trial: 


Define the spherical harmonics needed to evaluate angular parts of matrix 
elements. 


31 У00 := sqrt(1/4/Pi): 
82 У10 := sqrt(3/4/Pi)*cos(theta): 
33  Y20 := sgqrt(5/16/Pi)* (3*cos(theta)*2 — 1): 


Define the radial parts of фо, p™ and p®). 


34 RO := %жетр(-г): 
35 R1 := 91(т)жехр(-г): 
36 R2_00 := g0(r)xexp(—r): 
37 R220 := g2(r)xexp(—r): 
Now evaluate (¢o|)). Setting it to zero will determine bo. 


38  psi0_psi2 := int(RO«R2_00«r° 2, г = 0..infinity) 


39 * 2 Pixint У00х YOO«sin(theta), theta = 0..P1) 
40 + int(RO+R2_20«r°2, г = 0..infinity) 
41 + 2 Pixint У00х Y20«sin(theta), theta = 0..P1): 


48 simplify(”); 
43 solve({”}); 
44 assign(”): 


Define the radial and angular parts of the perturbation. 


45 VR:=r: 
46 VA := cos(theta): 


Calculate Е) = (d9|/V |b). 


47 deltak2 := int(RO« VR*Ri+r°2, г = 0..infinity) 
48 + 2 Pixint У00х УАх Y10«sin(theta), theta = 0..Pi); 


Finally calculate Е) = (4p |V|p@) — Е (ФО). 
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49 pstl_psil := int(R1*R1*r°2, г = 0..infinity) 


50 * 2 Pixint (Y10* Y10sin(theta), theta = 0..Pi); 

51 pstl_V_psi2 := int(R1*VR*R2_00+r°2, г = 0..infinity) 

02 * 2жРызт(( У10+ УАх Y0O0*sin(theta), theta = 0..P1) 
58 + int(R1* VR+R2_20«r°2, г = 0..infinity) 

54 + 2+ Pixint(Y10* VA* Y20«sin(theta), theta = 0..Pi); 


бэ = delta 4 := psil_V_psi2 — deltak2«psil_psil; 


Ш Solution 7.6 
First project (7.66) onto &("+)) to obtain 
(VM lec — K |) = (ОО) 


п-1 
_ > EO) (Ur) gig), 
=0 


Now substitute n — 1 for m and m +1 for n to obtain 


(Ug — Kol Wor) = (WOW IW) — У Be HSH), 


r=0 
The left sides of these results are identical since Ко is hermitian. We also 
assume that the matrix elements of W and S are real so 


(VW) em) — (+5) + ут Ett) (G15) pe) 


r=0 


п-1 
— у. Е) ("+0 |5] ф 8). (А) 
s=0 
Substitute m = 0 into (A) to obtain 


(WW) = (WOH wD) + (HS 
— у Е") (90159). 
s=0 
Substitute for (VW |W|W-)) using (A) with 1 for т and n—1 for п to obtain 
(Bo WO) = (WOW HOM) + S> BEM (WO-D И 
r=0 


п-2 
— у` E18) (GQ) 59 )) + Е) (9) |5 Фо) 


s=0 
п-1 
— у` Е") (VO Sip), 
=0 
Now make both sums over $ go from 1 to n — 2 to obtain 


2 
(Фо) = (WOW PHO) + FP BOGEN Фо) 
r=1 
2 2 п-2 
_ у Е +1") (9) |5 Фо) — > у` ЕН -"-5) (90) Sh), 
r=1 


r=1 s=1 
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This suggests the following general result for p > 1. 


р 
(Фо[И/|9®)) = (ФР)|И/|Ф (2) + УЕ (9+1 |5 Фо) 


т=1 
Pp р ПР 
- 2 вен) — У ЕН" 599), (В) 
r=1 т=1 s=] 


which we can prove by induction as follows. 
Assume (В) and substitute for (V®)|W|W"-?)) using (A) with р Юг т and 
п — p for n to obtain 


P 
(ФИФ) = (YP) И/|ф-1-Р)) 4 S > Bett) (ple?) Spy) 


r=0 
п+1-р р 
— BOO HOH SHO) + (9) 
s=0 r=1 
р п-р 
_ УЕ (п+1—г) (9) |5 Фо) -у 3 Е (n+1l—r— dy Ww) Spy), 
r=1 r=1 s=1 


Now rewrite the double sum for s = 1 to n — p — 1 to obtain 


Р 
(ФИ) = (WOW |BOI™) + > Ее 


т=0 
п-+1-р р 
_ у` Е®-Р-3) (MPH) | Si pl)) 4 3 E®)(U+—-")| 5165) 
s=0 r=1 
р 
_ УЕ (n+1-r) (0) |S|Go) — ye (р+1- vy BO) | Sp yer?) 
r=1 
n—p-1 
-у > Е(п+1-"- Vw) s we) 
r=1 3=1 


= (Фр [W|Wn-1—p) + BPAY (WO?) S|) — Е (9+5 Фо) 
р р 
+ Е (95 Фо) — ЕН (905) 
— ral 


pti n—p-1 
-У у Bet) (40996) 
т=1 s=1 
p+ 
— (УФН Pr yer-P-)) 4 у` Е) (9 +1") |5 Фо) 
r=1 
р+1 
_ > E™*1-) (G1 $ Фо) 
r=1 
р+1п-р-1 


-у` > Et t—~r-s) (GO) Spl), 


r=1 s=1 
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which is just (В) with р replaced by p+ 1 so (В) is true by induction. Now 
replace the left side of (B) using the energy formula (7.74) to obtain 


(Go|S| Go) Be) = (WOW wer?) _ УЕ) (Go/S| wrt) 
s=1 
р р 
+ у` Е) (9+1) |5 Фо) _ у` Е +1") (90| 5 Фо) 
r=1 r=1 
р пр 
_ > 3 EM ters) (Gi 56). 


r=1 s=1 
Combine the first two sums (п > р) to get a sum over г from p+ 1 to п and 
then change the summation index to go from 1 to n — p to get 
р 
(Фо[5[Фо) Br) = (B/W iwer-?)) _ у (Go| S|[U) BO) 
=1 
п-р р пр 
— У ` (Go| SU) Е +19) — > S > (WS) WO) Betis), 
s=1 r=1 s=1 


Finally let п = p+ q to obtain the symmetric formula (7.75). 


J.8 Solutions to Chapter 8 Exercises 
Ш Solution 8.1 
Denoting by AE(Z, A) the energy correction for nuclear charge Z and pertur- 
bation parameter Л we can write (8.2) in the form 
п \3 n\? 
7. n+) (=) RZ - (=) RAE(Z, ) 9=0, 
which can also be expressed as 
А 
7. —п-+ (=) п" ВИ —п’ВАЕ(1, ^2) Ф = 0. 


Therefore 
AE(Z, А) = Z2°AE(1, \Z~°). 


J.9 Solutions to Chapter 9 Exercises 


Ш Solution 9.1 


Denoting by AF(Z, А) the energy correction for nuclear charge Z and pertur- 
bation parameter we can write (9.3) in the form 


7) RR - 7) - (5) razz,» Ф =0, 


Теча 2 
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which can also be expressed as 
А 
7. —n+ (=) п“ В(Е? — 2?) — rn? RAE(1,AZ~*)| 9 =0. 


Therefore 
AE(Z,A) = Z°AE(I, \Z~*). 


Ш Solution 9.2 


01 # eigval: Solve 2 by 2 eigenvalue problem for 1st order energies 
02 # and correct linear combinations of 3s and 340 states 

03 

04 read‘ zrenormdata.m : 

05 

06 # Solve the 2 by 2 eigenvalue problem 

O7 # We return to the original matriz elements 


08 
09 fW:= 374: 
10 fS :=3°2: 


11 NOsq := subs(n=3,l=0, Norm2): 

12 №184 := subs(n=3,l=2, Norm2): 

18 W00 := ДУ * subs(n=3,l=0, W/0,0]): 

14 W0O1 := sgqrt(NOsq/N1sq) * fW * subs(n=3,l=2, W/0,—2]): 
15 ИП := ДИ * subs(n=3,l=2, W/0,0)): 

16 500 := fS * subs(n=3,l=0,R/0)): 

17 511 := fS * subs(n=3,l=2, В [0]): 

18 

19 # Solve quadratic to get the two first order energies 

20 

21 eq := simplify( (W00 — z * 500) * (W11 — z* 511) — №01"? ): 
22 solutions := [solve(eq,z)]: 

23 DE1/0] := solutions/1); 

24 БРЕШИ := solutions/2]; 

25 evalf(DE1/0)); 

26 evalf(DE1[1)); 

27 

28 # Now get the coefficients in the two linear combinations 
29 

30 for r from 0 to 1 do 

31 eq! := (W00 — DE1[r]*S00)*CO[r] + №01 * C1/r]; 
32 ед? := CO[r]°2 + СШ! - 1; 

33 solve ( eq1,eq2, Cofr],C1[r] ); 

34 assign(”); 


85 lprint( coeffs in reference state `.г); 

36 print(CO[r}, evalf(CO[r]), C1[r], evalf(C1[r])); 
97 od: 

38 


39 save C0, C1, DE1, *1storder ; 
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J.10 Solutions to Chapter 10 Exercises 


Ш Solution 10.1 


Consider the Schrodinger equation (10.2) and denote the energy by Е(2,Л). 
Perform the scaling transformation г = aR, р = P/a and choose a = Z™! to 
obtain 


1 1 
5P - z+ AR? — 2—2Е(2, Z**7A)| U(R) = 0, 


where A = Z~*~*}, Since this is the Schrodinger equation for Z = 1 we must 
have 


Z~*E(Z,Z7**A) = E(1, A). 


Therefore 
Е(2,^) = Z?E(1,Z7**)). 
Now let 
E(Z,A) = So E™ (Zz) 
n=0 
to obtain 


У ЕЕ) = 2? YO BMI) (2—2), 
n=0 


n=0 


from which (10.16) follows. 


Ш Solution 10.2 


As in the previous exercise the scaling transformation gives 


1 ] ] 
P? -AR _ _ Я-2 А — 
52-5 - zl 1) — Z-°E(Z, ZA)| V(R) =0, 


where Л = Z7'}. Since this is the Schrodinger equation for 2 = 1 we must 
have 


Z~°E(Z, ZA) = E(1, A). 
Therefore 

E(Z,A) = Z’E(1, 271Л), 
and we have the series expansion 


У` BM (Z)rA" = Yo Zr BM()", 


n=0 n=0 


from which (10.76) follows. 
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Ш Solution 10.3 


pay — (Зоо) 4 Vi (Vol R|Vo) 


= Lo = = Yl, 
(WolS|Wo) — 4) 
and 
(Wo|S|Vo) EM = (Зоо) + (Uo|W, — SED |W) 
— (Фо И Фо) + (Uo|WiGW,|Vo) 
— EG |5СУ/ Фо) — EX (ФС о) 
+ (E%)?(Wo|SGS|Wo), 
where 
(Wo|S|Wo) = 4", 
1 
(Фо Ио) = У) Сао ala) (ala 10) 
a#0 
= У? |(Ro)’ - (В.о), 
1 
(Фо|5 СИ Фо) = >, (015) (а 10) 
a%0 (—a) 
= -'V, |(R-1,0)” — (Вл)? 
— (Uo|WiGS|Wo), 
1 
(Vo|SGS|Vo) = >. (0]5 а) (а|$]0) 
a#0 (—a) 
= q* |( R10)” — (Rio)’| ) 
(Wo|W2|Wo) = —g?V2(Vo| В? Фо) 
1 
=-Ф% [3q? — k(k + 1)]. 
Therefore 


Е®) = -5% [34 — k(k + 1)| , 


J.11 Solutions to Appendix A Exercises 


Ш Solution A.1 
To derive (A.8) substitute the basis vectors into (A.6) and use (A.3) to obtain 


е; Х (е; X ex) +e; X (ex Хе;) + ex X (е; X e;) =0, 


So (€jamei X Cm + Chime; Хе» + Cijmek x ет) — 0, 


т 
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У (€jkm€ime€e + €kimEjme€e + EijmEkme€e) = 0, 


lm 


(У (Ejameime + Снт ти + €ijm€kme)) er = 0. 


4 m 


Since the basis vectors are linearly independent each term in the sum over # 
must be zero. Finally, using antisymmetry properties such as Её = —€iem, 
identity (A.8) is obtained. 
To derive (A.9) substitute the basis vectors into (A.7) to obtain 
(e; x е;) . (ex x ег) = #67 — died jk. 
Now use (A.2) and (A.3) to express the left hand side as 


у. CijmEkinEm * en = у. CijmCkem- 
m 


mn 


To derive (A.10) set у = @ in (A.9) and sum over 6, using 5°, dee = 3 and 
Уи Sieber = дк. Finally, to derive (A.11) set k =2 in (A.10) and sum over $. 


J.12 Solutions to Appendix B Exercises 


Ш Solution В.1 


The derivation is similar to that of Exercise 1.11. Any п хп matrix £ can be 
expressed as 


L = у. ЕЁ. 
jk=1 
Since £7 = —L£ then а; = 0 and ах; = фах so 
L= > ОКЕ + у. ORL; 
j<k j>k 


= у. aj, к + у. an; Ee; 
j<k j<k 
=) аж(Ел — Ев) = У аби. 


j<k j<k 


Therefore any antisymmetric matrix £ is a linear combination of the £;,, and 
as in Exercise 1.11 the £;, are linearly independent. There are (п? — n)/2 of 
these matrices Юг | <j <k <n. 


Ш Solution B.2 
From (B.50) and (1.6) 


(Lik, Lem] = CE 5. — Еву, Вт — me 
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= [Е к, Bem] — (Ej, Emel — (Ee), Bem) + CE, Emel 
= ды Ёт — бт. Вик — (дкт Ве — b,¢E mk) 
— (b;¢E km — бт Ев) + (6тЕы — быту) 
— бе Рут — Em) + b5m( Exe — Err) 
— Skm (Ee — Ец) — b;e(Ekm — Ems) 
= быт + 6тСы — бт — Sel em: 


Ш Solution B.3 
Show that [C,, [к] = 0: 
20C1, Lem] = Иль, Lem] (implied sum over j,k) 
= к ль, Lem) + (Lk, Lem) Lye 
= ак (бет + бт — бт ые — Oke L 5m) 
+ 2(6,¢Lem + Skmbye — бут Dre — бет ) Lok 
= 1 Le Lem + LymLye — Lingle — ет) 
+ i(LimLek + LyeLym — LeeLmk — LymL 0) 
= 41(LpelLmk + Lom Lye — тик — Lye Lym) 
+ (т Ler + Ре Ёт — БкЁтк — т.) 
= 0. 


Ш Solution В.4 


This is easily done using the expression (B.55) for the nonzero commutators 
and the antisymmetry property L,, = —L,,. For example, 


Чл, [2] — [Los, [3] = —[L32, Lai] = — а = iL3, 
and similarly for the other commutators of the form [Ё,, [к], 
[[1, Ai] = [Lo3, [14] = 0, 
(Ly, А2] = Из, [24] = ла = Аз, 
[L1, Аз] = [Lo3, Ёза] = — (32, Ёза] = — 24 = 34.0, 
and similarly for commutators of the form [Ё2, Ак] and [L3, Ак], 
LA, 42] — [[ла, [24] — [Гал [42] — tL = tLs, 


and similarly for the other commutators of the form [A,, Ак]. 


Ш Solution B.5 


The easiest approach is to simplify the expression for C2 and use the explicit 
so(4) commutation relations (5.129) to (5.131) rather than the general com- 
mutation relations (B.54): 


8C2 = Гл12(Ёза — Газ) + Глз(— Гоа + Laz) + Гла( Газ — Ds2) 
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— [1 (за — Газ) — La, (—Log + [42) — Lay (L23 — Ёз2) 

+ Г2з([л4 — Гал) — Гз2([л4 — Гал) 

+ Г24(—Глз + Гз1) — Г42(—Глз + Га) 

+ Гз4( [12 — [21) — L43(L12 — Га) 
= 2[12( [34 — Газ} + 2[1з(— Гоа + [42) + 2[14(Г2з — Гз2) 

+ 2[2з(Гл4 — Г) + 2Lo4(—Ly3 + Ёза) + 2L34(Li2 — Гол) 
= 4([12Г за — Глаза + Глаз + Log ly4 — [24 Глаз + Гза[л12). 


Now using the correspondence (B.62), 
8C2 = 4(L3A3 + [А + Ay [1 + ЦА, + Aol + A3L3). 
Therefore 
С. =5(Ё.А+А.Г). 
Now evaluate the commutators of C2 with DL, and Ах: 


2[C2, [к] = (L;A; + AjL;,L,], (implied sum over j) 
= L;(A;, Ly] + (ГА; + A; OL;, [к] + (Aj, LIL; 
= ее; Ag + LA; + A; Le + А) 


=0, from Exercise 2.1. 


Ш Solution B.6 


Since matrix multiplication is associative and the identity element is [,, we need 
only verify closure and the existence of the inverse matrix. Let А, ВЕ O(n). 
Then A! = A? and (АВ)Т(АВ) = ВТАТАВ = ВТВ = [, so AB € O(n) and 
O(n) is a group. SO(n) is a subgroup of O(n) since det(AB) = det(A) det(B) = 
1 if A,B € SO(n). 

Let АЕ O(p,q) and define C = САТС. Then CA = САТСА = (4? =I, 
and AC = АСАТС = (АТСА)ТС = С? = I, so С = А"! is the inverse of А. 
For closure let A, ВЕ O(p,q). Then (AB)? G(AB) = ВТАТСАВ = ВТСВ = 
G so AB € O(p,q). Finally the above property of determinants shows that 
SO(p,q) is also a group. 


Ш Solution B.7 


Again the derivation is similar to that of Exercise В.1 and Exercise 1.11. Any 
п хп matrix С with the block structure (B.72) can be expressed in terms of 
the elementary matrices Ej, as 


L = > one OFT 


jk=1 
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р р п п Pp 
= У. авЕв+») У. Cp + >. ось 


jik=1 j=l k=p+1 j=pt1 k=1 
+ У. by Ek. 
»К=р+1 
Since а/к = —ак, and b,, = —6,, then 
С = >> ак(Е,к — Ex,) + >» bp, (Ek, — Ex) 
1<j<k<n ptl<j<k<n 
р п 
+ >. > ск(Еук + Ex). 
jg=1 k=p+1 


The number of terms is p(p — 1)/2 + q(q — 1)/2 + pq = n(n — 1)/2 зо every 
С Е so(p,q) is a linear combination of the matrices (B.73). 


Ш Solution В.8 


(Lk, Ст. = [9s Usk — дез Eis, GeeLtm — 9тЕи] 
= 9 sGtt (Esk, Lim] — 95s9mt [Езк, Exe] 
— GksGetlLEs,, Lim) + Gks9mtlEs,, Exe] 
= 95391 Ske Esm — SsmEtk) — 9з9тё (бы Ёзё — SseEtk) 
— 9:9 (6, Езт — бт Вы ) + 9ездте (бе Её — бе Ел) 
= gek(G)sEsm — GmtEt;) — 9т (9 Ёлк — 98 Ёз6) 
— 9тк(9,3В se — 9) + 9 (тик — ЧкзЕзт) 
= Ger ym — 9т Ск — GmeLye + дит 
= greLym + 9ъ.Сьё — GkemL£L 0 — 9.0 Скт.. 


Ш Solution B.9 
Show that [6)2, [,к] = 0: 
2 [Q2, Lx] = JacJbd [LapLea, Lx] - 
= JacG9vd( Lab (Lea; Lx] + (Las, Lx] Га) 
— 29acGod{ Labl Gey Lak + Jak Le, — Чек — Gd; Lick ) 
+ (gay Lok + Gok La; — Чак) — 9b) Lak) Lea}. 


Now use gacJc) = ба), etc., to obtain 


2[Q2, Lyk) = ба. 9rd LabLak + бы дас Гас 
— bar 9d LarLa — 6b) GaclarLicr 
+ 605 9a Lon Lca + бак дас Гол Lea 
— bekGbd Lo; Lea — ба дас [ак са) 
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= Ural jp Lak + дас Гас — Фа [4 — Час [оз Len 

+ 9аГьь [а + дас Гас — Фаза — дас Госу) 
= 9 (Г ьГак — Leola + Гьь за — Гы ла) 

+ tgac( Lak Lei — Daj Lek + Газ Гек — Lax Lc;) 
= 0. 


Ш Solution B.10 
Use the antisymmetry of €gabcq and Гук: 


Вил = Etabedlicalieg, implied sum 

2( Log Las — [24з5 + Lo5L34) 
+ 2(Lo3 Las + Гза[5 — L35 Lo) 
+ 2(— [245 + L34Lo5 + L45L23) 
+ 2(LosLs4 — DssLo4 + L45 L23) 

= Lo3has — Loglss + Los la, 


since the operators in each product commute. Therefore 
W= TL, — (А x В)1. 
Similarly by replacing indices (2345) with (1345), (1245), (1235) and (1234) 


12 = —(Ly3L45 — Ly4L35 + [л5Ёз4) = 121. — (А x В)», 
шз = [1245 — [145 + [льГоа = Т2Ёз — (АХ B)s, 

ид = —([12[35 — Глз 25 + Гл5 аз) = -Ё. В, 

и = [12Ёза — [лз[24 + [1423 = LD: A. 


Therefore 


—_ 2 2 2 2 2 
Qs = wy + We + чз + Wy — Ws 


= (TL - Ax B)’+(L-B) —(L- A)’. 


J.13 Solutions to Appendix C Exercises 


Ш Solution C.1 


The Taylor series expansion about a = 0 of f(e*%r) considered as a function of 
@ 1s 


Letting у = ег it follows that 
Ча ава а 
da ааа “ау ‘ай dr’ 
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and 


Ш Solution C.2 


Я = oT —taaT2 
= => — ОР, —ааТ,]® = у ! —(—iaa)" [r, Т] 
n= оп ° n= =, n! a | 


Now use the realization (4.54) and the basic commutation relation [г,р,] =i 
to obtain 


[r,T)] = Er, Ty] = =Eryrp-] = "Lr,p,] = 2. 
2 a a 


The general result [r, 12] (") = (:)" r follows by induction since 


[r, Ty] et) = [[r, Ty] n) ‚Т2] = (=) [r, 12] = (5) Г. 


Therefore 


со 1 3 п со a” 
= —(-taa)" (=) r=) г = ет. 
а — п! 


The result for р, is proved in a similar fashion using 


1 1 i 
[р,, 12] = —[p,,rp,] = —[p,,r]p, = ——p,. 
a a a 


Finally (C.14) can be obtained as follows. 


— > ] 
T3 = efaols Tze 1007 = > —(—taa)" (73, Т2] (п). 


“= n! 
Since 


[T3,T2]™ = [Т, ТА = #1, 
[Тз, 118 ) = = (73, 12], 12] = -ИТь, Т2] = —Ts, 


the general results 
(Ts, 12] (2n) — (—1)"Ts, [Тз, To] (2n+1) — (—1)" "7, п > 0, 


easily follow by induction and 


— & (а)? —iaa) er ( +1. 
T3 =), ———(-1)*T —1) rT: 
3 >. (On)! "n+ yrniTy 


= T; cosh aa — JT, sinhaa. 


In a similar manner the transformation of A can be obtained. 
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